ELEMENTARY INTRODUCTION TO NON-ELEMENTARY METHODS IN QUANTUM MECHANICS

Yuri Yu. Dmitriev

April 2000, Bologna, Italy

1. ELEMENTARY INTRODUCTION TO SECOND QUANTIZATION

1.1. QUANTUM OSCILLATOR AS A SIMPLE MODEL OF MANY- BODY PROBLEM. BOSE QUANTA

a := 1√ 2 ξ + ∂ ∂ξ , a^† := 1√ 2 ξ − ∂ ∂ξ . Main commutator relations for the algebra of creation and annihilation operators_[ a, a^{†]} = I, (1) N̂ = a^†a, (2) Ĥ = hω a^†a + 1 2 , (3) [ N̂, a^{†]} = a^†, (4) [ N̂, a^] = −a. (5) In Eqs.(2) - (5):

N̂ - the number-of-quanta operator, Ĥ - the Hamiltonian.

Using the identity (Leibnitz): [a, bc] = [a, b] c + b [a, c] , we get [ a, a^{†n]} =^[a, a^{†]} a^{†(n−1)} + . . . +^[a, a^{†]} = n^(a^{†)n−1} . (6) We define the vacuum state vector | 0⟩ as a solution of the following equation a | 0⟩ = 0 (7) and the state vector | n⟩ = 1√ n! ( a^{†)n} | 0⟩. (8) Using the identities (2)-(7) we obtain then a^† | n⟩ = √ n + 1 | n + 1⟩, (9) a | n⟩ = √ n | n − 1⟩, (10) N̂ | n⟩ = n | n⟩, (11) Ĥ | n⟩ = hω n + 1 2 | n⟩, (12) ⟨n | n⟩ = 1. (13) As a consequence of (8)-(10) we call: a -the annihilation operator, a^† - the creation operator and | n⟩ - the state vector with n particle ( n quanta ). Using the definitions (7) and (8) and Eqs.(9) and (10), we obtain the matrix elements < k|a^†|n >= √ n + 1δ_{kn+1}, < k|a|n >= √ nδ_{kn−1} and the corresponding matrices â = {a_{kn}}, â^† = {a^†_{kn}} which we write as following infinite tables

â = {a_{kn}} = (n = 0) (n = 1) (n = 2) (n = 3) (k = 0) 0 √ 1 0 0 . . .

(k = 1) 0 0 √ 2 0 . . . (k = 2) 0 0 0 √ 3 . . . . . . . . . . . . . . . . . . , â^† = {a^†_{kn}} = (n = 0) (n = 1) (n = 2) (n = 3) (k = 0) 0 0 0 0 . . . (k = 1) √ 1 0 0 0 . . .

(k = 2) 0 √ 2 0 0 . . .

(k = 3) 0 0 √ 3 0 . . . . . . . . . . . . . . . . . . .

From these tables we see that they are hermitian conjugate {a^†_{kn}} = {a^⋆_{nk}}. We can also see that the matrix of the number-of-quanta operator is diagonal:

N̂ = {N_{kn}} = (n = 0) (n = 1) (n = 2) (n = 3) (k = 0) 0 0 0 0 . . . (k = 1) 0 1 0 0 . . . (k = 2) 0 0 2 0 . . . (k = 3) 0 0 0 3 . . . . . . . . . . . . . . . . . . .

1.2. HEISENBERG PICTURE FOR QUANTUM OSCILLATOR, COHERENT STATES.

The Heisenberg picture is defined as the following transformation of operators and the state vectors Â_H = e^{iĤt/h}Âe^{−iĤt/h}, (14) |⟩_{Schr} = e^{−iĤt/h} |⟩_H . (15) For the creation and annihilation operators in the Heisenberg picture we get a^†_H(t) = e^{iHt/h}a^†e^{−iHt/h}, (16) a_H(t) = e^{iHt/h}ae^{−iHt/h}. (17)

They satisfy the equations-of-motion ih ∂ ∂t a^†_H(t) = [a^†_H(t), H], (18) ih ∂ ∂t a_H(t) = [a_H(t), H]. (19) The commutator relation (1) for operators which are taken at the same time and the Hamiltonian (12) remain unchanged: [ a_H (t), a^†_H(t)^] = I, Ĥ (t) = Ĥ. Then the equations-of-motion for the creation and annihilation operators is written as [ a^†_H(t), Ĥ^] =^[a^†_H(t), Ĥ(t)^] = =hω[a^†_H (t), a^†_H(t)a_H(t)] = −hωa^†_H (t), (20) [ a_H(t), Ĥ^] =^[a_H(t), Ĥ(t)^] = =hω^[a_H(t), a^†_H(t)a_H(t)^] = hωa_H (t) (21) and we obtain a trivial solution of Eqs.(20) and (21) ih ∂ ∂t a^†_H(t) = −hωa^†_H(t) ⇒ a^†_H(t) = a^†e^{+iωt}, (22) ih ∂ ∂t a_H (t) =hωa_H (t) ⇒ a_H (t) = ae^{−iωt}. (23) We define the coordinate and the momentum operators:

x̂ := 1√ 2 h mω ( a + a^{†)} , (24) p̂ := −i 1√ 2 √ hmω^(a − a^{†)} . (25)

In the Heisenberg representation they are written

x̂(t) = 1√ 2 h mω ( ae^{−iωt} + a^†e^{iωt)} , (26) p̂(t) = −i 1√ 2 √ hmω^(ae^{−iωt} − a^†e^{iωt)} , (27)

ΔX̂ := X − X̄ , ΔX^2 := X^2 − X̄^2, Δx̂(t) = x̂(t) − ^̄x(t), Δp̂(t) = p̂(t) − ^̄p(t), ⟨Δx^2(t)⟩ = h 2mω ( ⟨Δa^{†2}⟩e^{2iωt} + ⟨Δa^2⟩e^{−2iωt} + +^(⟨{a, a^†}⟩ − 2⟨a⟩⟨a^†⟩^{))} , (28) ⟨Δp^2(t)⟩ = hmω 2 ( ⟨Δa^{†2}⟩e^{2iωt} + ⟨Δa^2⟩e^{−2iωt} − −^(⟨{a, a^+}⟩ − 2⟨a⟩⟨a^†⟩^{))} , (29)

⟨Δx^2(t)⟩⟨Δp^2(t)⟩ = 1 4 h^2 (( ⟨Δa^2⟩e^{−2iωt} + ⟨Δa^{+2}⟩e^{2iωt)2} −^(⟨{a, a^†}⟩ − 2⟨a⟩⟨a^†⟩^{)2} ) ≥ 1 4 h^2. (30)

From a simple analysis of the Heisenberg unequality (30) we come to a definition of coherent states of Bose oscillators, for which the unequality achieves it’s low boundary: a | α⟩ = α | α⟩ (31) and conclude that the vacuum state | 0⟩ Eq.(7) is also an eigenstate of Eq.(31) with the eigenvalue which is equal to zero: a | 0⟩ = α | 0⟩, α = 0.

Proceeding in this way, we get for coherent sates the equation ⟨Δx^2(t)⟩⟨Δp^2(t)⟩ = 1 4 h^2, Now we will find eigenvectors of the coordinate operator (24) and we introduce first the basis set {ψ_n (ξ)}:

H_n(ξ) = (−1)^ne^{ξ2}( ∂ ∂ξ )^ne−ξ^2, (32)

ψ_n(ξ) = 1√ 2^nn! · 1 (π)^{1/4} e^{−ξ2/2}H_n(ξ). (33)

which satisfies the recursive relations: ξ + ∂ ∂ξ ψ_n(ξ) = √ 2nψ_{n−1}(ξ), (34) ξ − ∂ ∂ξ ψ_n(ξ) =^√2(n + 1)ψ_{n+1}(ξ), (35) ξψ_n(ξ) = n 2 ψ_{n−1}(ξ) +

(n + 1) 2 ψ_{n+1}(ξ), (36) ∂ ∂ξ ψ_n(ξ) = n 2 ψ_{n−1}(ξ) − (n + 1) 2 ψ_{n+1}(ξ). (37)

Using the functions (32) and (33), Eqs.(9) and (10) and the recursive relations (34)-(37), we show that the state vector

| ξ_0⟩ =^∑_n ψ^⋆_n(ξ_0) | n⟩ (38)

is an eigenvector of the operator: 1√ 2 ( a + a^{†)} | ξ_0⟩ = 1√ 2 ( a + a^{†) ∑}_n ψ^⋆_n(ξ_0) | n⟩ = = ξ_0 | ξ_0⟩ (39)

and we prove the representation

−i 1√ 2 ( a − a^{†)} | ξ_0⟩ = −i 1√ 2 ( a − a^{†) ∑}_n ψ^⋆_n(ξ_0) | n⟩ = = i ∂ ∂ξ_0 | ξ_0⟩. (40)

From Eqs.(39) and (40) we conclude that ⟨ξ_0 | 1√ 2 ( a + a^{†)} | n⟩ = ξ_0⟨ξ_0 | n⟩, (41)

⟨ξ_0 | −i 1√ 2 ( a − a^{†)} | n⟩ = −i ∂ ∂ξ_0 ⟨ξ_0 | n⟩. (42) Thus, we come to the wave function Ψ (ξ) = ⟨ξ | n⟩ and to the coordinate and the momentum operators of the quantum oscillator:

p̂_ξΨ (ξ) = −i ∂ ∂ξ Ψ (ξ) , (43) ξ̂Ψ (ξ) = ξΨ (ξ) . (44) These formulas (43) and (44) and the definitions (39), (40) lead to the coordinate representation for the creation and annihilation operators - first formulas of the 1.1.Subsection. Finally we explicitly solve Eq.(31) by writing | α⟩ =^∑_l α^l√ l! | l⟩ = =^∑_l α^l l! a^{†l} | 0⟩ = e^{α a†} | 0⟩. (45) This solution is non-normalized, the corresponding normalization factor is^1_{(π) 14} e^{− |α|22} .

Using rather obvious transformations, we write also the wave function for the coherent state ⟨ξ | e^{α a†} | 0⟩ = e^{α√2} (^{ξ− ∂∂ξ} )e^{− ξ22} = = e^{ξ22} e^{−α√2 ∂∂ξ} e^{−ξ2} = e^{ξ22} e^− ( ξ− α√2 )2

and the wave function of normalized coherent states is written as follows

Ψ_c (ξ) = 1 (π)^{14} e^{− |α|22} e^{ξ22} e^− ( ξ− α√2 )2 .

2. SECOND QUANTIZATION OF FERMI OSCILLA- TOR 2.1. FERMI QUANTUM OSCILLATOR AS ONE-BODY PROB- LEM.

Main commutator relations for the Grassman algebra of creation and annihilation Fermi operators: {a, a^†} = I, {a, a} = 0, {a^†, a^†} = 0, (46)

N̂ = a^†a, (47) Ĥ_0 = ϵa^†a, (48) [ N̂, a^{†]} = a^†, (49) [ N̂, a^] = −a, (50)

where N̂ - the number-of-particle operator

Ĥ_0 - the Hamiltonian Main identities for commutators and anticommutators: [a, bc] = {a, b}c − b{a, c}, (51) [a, bcd] = {a, b}cd − b{a, c}d + bc{a, d} − 2bcda, (52) [a, bcdf] = {a, b}cdf − b{a, c}df + bc{a, d}f − bcd{a, f}. (53) We define again the vacuum state vector | 0⟩ for Fermi oscillators as a non-degenerate solution of the following equation a | 0⟩ = 0, (54) and the state vector | 1⟩ = a^† | 0⟩, ⟨1 | 1⟩. (55) Using the definitions (46)-(50), we conclude that for the Fermi oscillator a^{†n} = 0, if n ≥ 2.

Hence, for the Fermi oscillator only two state vectors exist: | 0⟩, | 1⟩ . With this restriction we rewrite Eqs. (9) - (13) as follows a^† | n⟩ = √ n + 1 | n + 1⟩δ_{n0}, (56) a | 1⟩ = √ n | n − 1⟩δ_{n1}, (57) N̂ | n⟩ = n | n⟩ (n = 0, 1) , (58) Ĥ_0 | n⟩ = ϵ | n⟩δ_{n0} (n = 0, 1) , (59) ⟨n | n⟩ = 1 (n = 0, 1) . (60) As a consequence of Eqs.(47),(48) and (55)-(57) in the case of the Fermi oscillator we also call a -the annihilation operator, a^† - the creation operator and | 1⟩ - the one-particle Fermi state vector.

Using the definitions (56), (57) and (58), we obtain the matrix elements < k|a^†|n >= √ n + 1δ_{kn+1}δ_{n0}δ_{k1}, < k|a|n >= √ nδ_{kn−1}δ_{n1}δ_{k0} and the corresponding matrices â = {a_{kn}}, â^† = {a^†_{kn}} which we write as following tables â = {a_{kn}} = 0 1 0 0 ,

â^† = {a^†_{kn}} = 0 0 1 0 . From these tables we see that they are hermitian conjugate: {a^†_{kn}} = {a^⋆_{nk}}. We can also see that the matrix of the number-of-quanta operator is diagonal: N̂ = {N_{kn}} = 0 0 0 1 . 2.2. HEISENBERG PICTURE FOR FERMI OSCILLATOR.

The Heisenberg picture is again defined as transformations of operators and the state vectors which were written in Eqs.(15) - (17) and they satisfy the equations-of-motion (18), (19). We rewrite these transformations and equations for Fermi operators: Â_H = e^{iĤ}0^{t/h}Âe^{−iĤ}0^{t/h}, (61) |⟩_{Schr} = e^{−iĤ0t/h} |⟩_H , (62) a^†_H(t) = e^{iĤ0t/h}a^†e^{−iĤ0t/h}, (63) a_H(t) = e^{iĤ0t/h}ae^{−iĤ0t/h}, (64) ih ∂ ∂t a^†_H(t) = [a^†_H(t), Ĥ_0], (65) ih ∂ ∂t a_H(t) = [a_H(t), Ĥ_0] (66)

with the anticommutator relation (46) and the Hamiltonian (57) which remains unchanged if the operators are taken at the same time: {a_H(t), a^†_H(t)} = I, Ĥ_0 (t) = Ĥ_0.

Then the right-hand side of equations-of-motion for the creation and annihilation operators is written as [ a^†_H(t), Ĥ_0^] =^[a^†_H(t), Ĥ_0(t)^] = ϵ^[a^†_H (t), a^†_H(t)a_H(t)^] = = ϵ^({a^†_H(t), a^†_H(t)}a_H(t) − a^†_H(t){a^†_H(t), a_H(t)}^) = = −ϵa^†_H(t), (67) [ a_H(t), Ĥ_0^] =^[a_H(t), Ĥ_0(t)^] = ϵ^[a_H (t), a^†_H(t)a_H(t)^] = ϵ^({a_H(t), a^†_H(t)}a_H(t) − a_H(t){a^†_H(t), a_H(t)}^) = = ϵa_H(t) (68) and we obtain a trivial solution of Eqs.(67) and (68) ih ∂ ∂t a^†_H (t) = −ϵa^†_H(t) ⇒ a^†_H (t) = a^†e^{+i ϵth} , (69) ih ∂ ∂t a_H(t) = ϵa_H(t) ⇒ a_H(t) = ae^{−i ϵth} . (70) 2.3. WAVE FUCTION OF FERMI OSCILLATOR. COORDINATE, MOMENTUM AND INTERACTION OPERATORS.

Here we notice that the operators (24) and (25) do not commute with the corresponding number-of-particle operator N̂ , therefore the coordinate and the momentum of one Bose oscillator is not defined. This is not the case for Fermi oscillators. In order to write expressions for the coordinate and the momentum operators which commute with the number-of-particle operator we introduce a set of mutually anticommuting creation and mutually anticommuting annihilation operators {a_j}, {a^†_j} (j = 1, 2, . . . N) . and we suppose that there is a non-degenerate vacuum state-vector | 0⟩, ⟨0 | 0⟩ = 1. Then the vacuum state is simultaneous vacuum sate for all annihilation operators: a_j | 0⟩ = 0. (71) Now, we define the algebra: {a_j, a^†_k} = δ_{jk}, {a_j, a_k} = 0, {a^†_j, a^†_k} = 0 (72) and the operators N̂ =^∑ j a^†_ja_j, (73) Ĥ_0 =^∑ j ϵ_ja^†_ja_j, (74) [ N̂, a^†_j^] = a^†_j, (75) [ N̂, a_j^] = −a_j, (76) which are an extension of (46) -(50). 2^N state vectors | 0⟩, a^†_j | 0⟩, . . . , a^†_j′a^†_j | 0⟩, . . . , a^†_j′′a^†_j′a^†_j | 0⟩, . . . are mutually orthogonal and normalized. They are eigenstates of the operator N̂ (73) and the corresponding eigenvalue is equal to the total number of creation operators in a state vector. These numbers are not bigger than N. We introduce now an orthonormal basis set of N functions ϕ_{jσj} (r̂) and the following linear combinations of the creation and annihilation operators: ψ̂_σ (⃗r) =^∑ j ϕ_{jσ} (⃗r) a_{jσ}, (77) ψ̂^†_σ (⃗r) =^∑ j ϕ^⋆_{jσ} (⃗r) a^†_{jσ}. (78) For infinite number of particles they satisfy the anticommutator relation: {ψ̂_σ (⃗r) , ψ̂^†_σ′ (⃗r^′)} = δ (⃗r − ⃗r^′) δ_{σσ}′, {ψ̂_σ (⃗r) , ψ̂_σ′ (⃗r^′)} = 0, {ψ̂^†_σ (⃗r) , ψ̂^†_σ′ (⃗r^′)} = 0 (79) and we show that the state vector | ⃗r⟩_σ = ψ̂^†_σ (⃗r) | 0⟩ (80) is an eigenstate of the coordinate operator for Fermi particles: ^⃗R = ∑ σ ∫ d^3rψ̂^†_σ (⃗r) ⃗rψ̂_σ (⃗r) . (81) With the simple algebra it is then obtained ^⃗R | ⃗r⟩_σ = ∑ σ′ ∫ d^3r^′ψ̂^†_σ′ (⃗r^′) ⃗r^′{ψ̂_σ′ (⃗r^′) , ψ̂^†_σ (⃗r)} | 0⟩ = ⃗r | ⃗r⟩_σ. (82) Here the anticommutator (79) has been used. The same algebra leads to the similar representation for the momentum operator ^⃗P = ∑ σ ∫ d^3rψ̂^†_σ (⃗r)^(−ih⃗∇_{⃗r}^) ψ̂_σ (⃗r) (83) and ^⃗P | ⃗r⟩_σ =^∑ σ′ ∫ d^3r^′ψ̂^†_σ′ (⃗r^′)^(−ih⃗∇_{⃗r}′^) {ψ̂_σ′ (⃗r^′) , ψ̂^†_σ (⃗r)} | 0⟩ = i h⃗∇_{⃗r} | ⃗r⟩_σ. (84) The number-of-particle operator (47) and the Hamiltonian (48) are written as

N̂ =^∑ jσ a^†_{jσ}a_{jσ} =^∑_{σ′}^∫ d^3r^′ψ̂^†_σ′ (⃗r^′) ψ̂_σ′ (⃗r^′) , Ĥ_0 =^∑ jσ a^†_{jσ}ϵ_{jσ}a_{jσ} =^∑_{σ′}^∫ d^3r^′ψ̂^†_σ′ (⃗r^′) ĥ (⃗r^′) ψ̂_σ′ (⃗r^′) ≡

≡^∑_{σ′}^∫ d^3r^′ψ̂^†_σ′ (⃗r^′) − h^2 2m Δ_{⃗r}′ + v (⃗r^′) ψ̂_{σ′} (⃗r^′) . (85)

Following commutator equations can be easily proved: N̂, ^⃗R = 0,

N̂, ^⃗P = 0, [ N̂, Ĥ_0^] = 0 (86) and we can write the one-particle wave function as the matrix element:

Ψ_σ (⃗r) = ⟨0 | ψ̂_σ (⃗r) | l⟩_σ. (87) If the one-particle state (55) is specified as | l⟩_σ = a^†_{lσ} | 0⟩, (88) then Ψ_σ (⃗r) = ϕ_{lσ} (⃗r) . (89) Eq.(86) is interpreted as number of particles conservation in a system with the Hamiltonian (86) and Eqs.(83), (84) and (87)-(89) give us σ⟨⃗r | ^⃗R | l⟩_σ = ⃗rΨ_σ (⃗r) , (90) σ⟨⃗r | ^⃗P | l⟩_σ = −ih⃗∇_{⃗r}Ψ_σ (⃗r) . (91) Thus, we have obtained the conventional representation of the coordinate and the momentum operators in the space of one-particle wave functions.

2.4. MANY-BODY SYSTEM OF QUANTUM OSCILLATORS.

A state vector of n-body system of identical Fermi particles is usually expanded by state vectors | n_{{M}}⟩ ≡^∏_{j∈{M}} a^†_{jσj} | 0⟩, (92) where M is a set of n indexes or by state vectors | ⃗r_1, σ_1, . . . , ⃗r_n, σ_n⟩ ≡^∏_{j=1,...,n} ψ̂^†_{σj} (⃗r_j) | 0⟩, (93) which are obviously n-particle generalization of the sate vector (80). If we apply operators (81), (83) and (85) to the state vector (93), we get ^⃗R | ⃗r_1, σ_1, . . . , ⃗r_n, σ_n⟩ = ∑ j=1,...,n ⃗r_j | ⃗r_1, σ_1, . . . , ⃗r_n, σ_n⟩, (94) ^⃗P | ⃗r_1, σ_1, . . . , ⃗r_n, σ_n⟩ = ∑ j=1,...,n ih⃗∇_{⃗rj} | ⃗r_1, σ_1, . . . , ⃗r_n, σ_n⟩,(95) N̂ | ⃗r_1, σ_1, . . . , ⃗r_n, σ_n⟩ = n | ⃗r_1, σ_1, . . . , ⃗r_n, σ_n⟩, (96) Ĥ_0 | ⃗r_1, σ_1, . . . , ⃗r_n, σ_n⟩ = ∑ j=1,...,n ĥ (⃗r_j) | ⃗r_1, σ_1, . . . , ⃗r_n, σ_n⟩.(97) These expressions (94)-(96) lead to coordinate representations of corresponding operators in the space of wave functions: ⟨⃗r_1, σ_1, . . . , ⃗r_n, σ_n | ^⃗R |⟩ =^∑_{j=1,...,n} ⃗r_j⟨⃗r_1, σ_1, . . . , ⃗r_n, σ_n |⟩, (98)

⟨⃗r_1, σ_1, . . . , ⃗r_n, σ_n | ^⃗P |⟩ = =^∑_{j=1,...,n} −ih⃗∇_{⃗rj} ⟨⃗r_1, σ_1, . . . , ⃗r_n, σ_n |⟩, (99) ⟨⃗r_1, σ_1, . . . , ⃗r_n, σ_n | N̂ |⟩ = n⟨⃗r_1, σ_1, . . . , ⃗r_n, σ_n |⟩, (100) ⟨⃗r_1, σ_1, . . . , ⃗r_n, σ_n | Ĥ_0 |⟩ = =^∑_{j=1,...,n} ĥ (⃗r_j) ⟨⃗r_1, σ_1, . . . , ⃗r_n, σ_n |⟩. (101) Using Eqs.(93) and (94), we calculate the wave function ⟨⃗r_1, σ_1, . . . , ⃗r_n, σ_n |⟩ = ⟨0 |^∏_{j=1,...,n} ψ̂_{σj} (⃗r_j)^∏_{k∈{M}} a^†_{kσk} | 0⟩. (102)

We write first the identity: ⟨0 |^∏_{j∈{M}} a_{jσj}^∏_{k∈{M}} a^†_{kσk} | 0⟩ = det{δ_{jσj kσk} }, (103) which is in fact a simple variant of the Wick’s theorem and the right-hand side of Eq.(103) is an antisymmetrized product of the Kronecker deltas δ_{jσj kσk} (Slater determinant). This identity can be proved if we write the lefthand side of as a mean value of the commutator ⟨0 | a_{j1σj1} . . . a_{jn−1σjn−1} a_{jnσjn} ,^∏_{k∈{M}} a^†_{kσk} | 0⟩ and use an expansion for the commutator as a set of anticommutators which is similar to Eq.(52). The wave function (102) is written then as the Slater determinant: det{ϕ_{jσj} (⃗r_k) δ_{σj σk} }. Concluding this Subsection, we introduce the two-particle interaction operator in the second quantization representation. It is written as: V̂ = 1 2 ∑ ijklσσ′ ⟨ij || kl⟩a^†_{iσ}a^†_{jσ}′a_{lσ}′a_{kσ} = = 1 2 ∑ σσ′ ∫ ∫ d^3rd^3r^′V (| ⃗r − ⃗r^′ |) ψ̂^†_σ (⃗r) ψ̂^†_σ′ (⃗r^′) ψ̂_σ′ (⃗r^′) ψ̂_σ (⃗r) (104)

and an application of this operator to the state vector (93) results in V̂ | ⃗r_1, σ_1, . . . , ⃗r_n, σ_n⟩ = = 1 2 ∑ σσ′ ∫ ∫ d^3rd^3r^′V (| ⃗r − ⃗r^′ |) ψ̂^†_σ (⃗r) ψ̂^†_σ′ (⃗r^′) ψ̂_σ′ (⃗r^′) × ψ̂_σ (⃗r) ,^∏ j=1,...,n ψ̂^†_{σj} (⃗r_j) | 0⟩ = = 1 2 ∑ i≠j=1,...,n V (| ⃗r_i − ⃗r_j |) | ⃗r_1, σ_1, . . . , ⃗r_n, σ_n⟩. (105)

In the space of the wave functions this interaction is written as multiplication operator ⟨⃗r_1, σ_1, . . . , ⃗r_n, σ_n | V̂ |⟩ = = 1 2 ∑ i≠j=1,...,n V (| ⃗r_i − ⃗r_j |) ⟨⃗r_1, σ_1, . . . , ⃗r_n, σ_n |⟩. (106) This expression is obtained when we expand the commutator in (105) in a set of anticommutators recursively using the identities (51) - (53).

2.5. WICK’S THEOREM.

The normal-ordered product or normal product is defined as an antisymmetric product : ABCD . . . : (107) of the creation and annihilation operators with all creation operators been moved to the left side of the product. For two operators difference between the normal product and the ordinary product is called a contraction

AB =: AB : +A^′B^′. (108)

Normal-ordered product is obtained from the ordinary product by subsequent use of the anticommutators (72). A simple example of Eq.(108) the first anticommutator in (72) when it is written as a_{jσj} a^†_{kσk} =: a_{jσj} a^†_{kσk} : +δ_{jσj kσk} , (109) where we have used the antisymmetry of the normal prod- uct : a_{jσj} a^†_{kσk} : = −a^†_{kσk} a_{jσj} .

From Eq. (109) we get then a contraction a^′_{jσj} a^{†′}_{kσk} = δ_{jσj kσk} (110) and , obviously, the contraction a^{†′}_{kσk} a^′_{jσj} = 0. (111) Any product of operators can be transformed to the normal product plus normal products with single, double, and maybe fully contracted products: ABCDF . . . =: ABCDF . . . : + : A^′B^′CDF . . . : + : A^′CD^′F . . . : + . . . + : A^′B^{′ ′}C^′DF^{′ ′} . . . + . . . : (112)

- Wick’s theorem. An example of a fully contarcted product is the Slater determinant of Kronecker deltas in the right-hand side of Eq.(103). It is a product of all possible contractions in the operator ∏ j∈{M} a_{jσj}^∏_{k∈{M}} a^†_{kσk} . Now we prove a lemma which states that the following equation is valid: : . . . ABCD : F = : . . . ABCDF : + : . . . ABCD^′F^′ : + + : . . . ABC^′DF^′ : + : . . . AB^′CDF^′ : + . . . + : . . . A^′BCDF^′ : + . . . (113)

It is clear that the only non-trivial case when Eq.(113) has to be proved is the case of F being a creation operator and all . . . ABCD an annihilation operator. Then we can omit the symbol of the normal product in the lefthand side of Eq.(113) and using anticommutators (72), we subsequently write . . . ABCDF = − . . . ABCF D+ : . . . ABC{D, F } := = . . . ABF CD− : . . . AB{C, F }D : + : . . . ABC{D, F } := = . . . F ABCD− : . . . {A, F }BCD : + : . . . A{B, F }CD : − − : . . . AB{C, F }D : + : . . . ABC{D, F } : .(114) In order to compensate the alternating signs in Eq.(114) we introduce a normal product with contractions and preserve the order of normal-ordered operators, writing, for example, the following expression for the normal product : . . . ABC^′DF^′ :^{def}= − : . . . AB{C, F }D : . The last equation in (114) together with this definition turns to Eq.(113) and we have proved the lemma.

The Wick’s theorem is now easily proved by mathematical induction. It is valid for two operators ( Eq.(109)). We make a supposition that is also valid for n operators. Then for n + 1 operators it is valid according to Eq.(113).

2.6. PARTICLE-HOLE REPRESENTATION FOR CREATION AND ANNIHILATION OPERATORS.

In the previous subsection the Wick’s theorem has been proved for any product of creation-annihilation operators. A simple consequence of this proof is the Wick’s theorem for any separate linear combination of creation operators and annihilation operators, for example, the combinations (77) and (78). In this case the contraction (110) is written as ψ̂^′_σ (⃗r) ψ̂^{†′}_{σ′} (⃗r^′) = δ (⃗r − ⃗r^′) δ_{σσ′} (115) and ψ̂^{†′}_σ (⃗r) ψ̂^′_{σ′} (⃗r^′) = 0. (116)

Simultaneous linear combinations of both creation and annihilation operators can also be normal-ordered, but in this case the normal ordering corresponds to a new vacuum state vector. An example of these transformation is the particle-hole transformation. The annihilation operators of the one-particle states which are occupied in the new vacuum |⟩ create hole states in the new vacuum and they are in fact hole creation operators and the corresponding

a_{jσj} = b^†_{jσj} (117)

and the corresponding creation operators annihilate the hole state and therefore they are hole annihilation operators

a^†_{jσj} = b_{jσj} (118)

for all {jσ_j} which are occupied in the new vacuum state |⟩. These new creation-annihilation operators satisfy the anticommutator relations (72), the linear combinations (117) and (118) are canonical transformations and they, obviously, have the contractions a^′_{jσj} a^{†′}_{kσk} = δ_{jσj kσk} , (119) a^{†′}_{jσj} a^′_{kσk} = 0, (120) b^′_{jσj} b^{†′}_{kσk} = δ_{jσj kσk} , (121) b^{†′}_{jσj} b^′_{kσk} = 0. (122)

We denote as N manifold of indexes of all occupied oneparticle states of an spin-unrestricted state vector |⟩ and introduce the occupation-number-function n(jσ_j) = 1 if jσ_j ∈ N 0 if jσ_j /∈ N . (123)

Using (118)- (121), we obtain contractions

ψ̂^′_σ (⃗r) ψ̂^{†′}_{σ′} (⃗r^′) =^∑ jσj ϕ_{jσj} (⃗r) δ_{σj σ} ϕ^⋆_{jσj} (⃗r^′) δ_{σj σ}′ (1 − n(jσ_j)) , (124) ψ̂^{†′}_{σ′} (⃗r^′) ψ̂^′_σ (⃗r) =^∑ jσj ϕ_{jσj} (⃗r) δ_{σj σ}ϕ^⋆_{jσj} (⃗r^′) δ_{σj σ}′n(jσ_j). (125) A summation of (124) and (125) gives, obviously (115).

The conventional many-body perturbation theory in the time-dependent form can be formulated in terms of integrals with the Wick’s time-ordered integrands. This formulation is conveniently used for partial summation of perturbation expansions. The operators (77) and (78) of this formulation are transformed to the interaction picture ( Dirac picture ) by the unitary operator e^{−i Ĥ0th} ( the following formulas we write in atomic units, where h = 1 ). For the one-electron Hamiltonian (85) this transformation gives ψ̂_σ (⃗r, t) =^∑ j ϕ_{jσ}e^{−iϵj t} (⃗r) a_{jσ}, (126) ψ̂^†_σ (⃗r, t) =^∑ j ϕ^⋆_{jσ} (⃗r) e^{iϵjt}a^†_{jσ}. (127) These expressions ((126) and (127)) are again linear combinations of the creation-annihilation operators and for the basis set of spin-orbitals {ϕ_j(⃗r)} which is chosen as the set of the eigenfunctions of the operator ĥ (⃗r^′) in (85) their contractions in the Wick’s normal-ordered expansion of a product of operators ψ̂_σ (⃗r, t) and ψ̂^†_σ (⃗r, t) are written as follows ψ̂^′_σ (⃗r, t) ψ̂^{†′}_{σ′} (⃗r^′, t^′) =^∑ jσj ϕ_{jσj} (⃗r) δ_{σj σ} × ϕ^⋆_{jσj} (⃗r^′) δ_{σj σ}′e^{−iϵj (t−t′)} (1 − n(jσ_j)) , (128) ψ̂^{†′}_{σ′} (⃗r^′, t^′) ψ̂^′_σ (⃗r, t) =^∑ jσj ϕ_{jσj} (⃗r, t) δ_{σj σ} × ψ^⋆_{jσj} (⃗r^′) δ_{σj σ}′e^{−iϵj (t−t′)}n(jσ_j). (129) Other contractions of binary products of operators (126) and (127) are equal to zero.

Concluding this subsection we derive Wick’s expansion for the Wick’s time-ordered product of operators (126) and (127) as a sum of normal-ordered products. Using contractions (128) and (129), we write T^(ψ̂_σ (⃗r, t) ψ̂^†_σ′ (⃗r^′, t^′)^{) def}= ψ̂_σ (⃗r, t) ψ̂^†_σ′ (⃗r^′, t^′) θ (t − t^′) − − ψ̂^†_σ′ (⃗r^′, t^′) ψ̂_σ (⃗r, t) θ (t^′ − t) = =: ψ̂_σ (⃗r, t) ψ̂^†_σ′ (⃗r^′, t^′) : + ψ̂^′_σ (⃗r, t) ψ̂^{†′}_σ′ (⃗r^′, t^′) θ (t − t^′) + − ψ̂^{†′}_σ′ (⃗r^′, t^′) ψ̂^′_σ (⃗r, t) θ (t^′ − t) = =: ψ̂_σ (⃗r, t) ψ̂^†_σ′ (⃗r^′, t^′) : + T^(ψ̂^′_σ (⃗r, t) ψ̂^{†′}_σ′ (⃗r^′, t^′)^) , (130) where T^(ψ̂^′_σ (⃗r, t) ψ̂^{†′}_σ′ (⃗r^′, t^′)^{) def}= ψ̂^′_σ (⃗r, t) ψ̂^{†′}_σ′ (⃗r^′, t^′) θ (t − t^′) + − ψ̂^{†′}_σ′ (⃗r^′, t^′) ψ̂^′_σ (⃗r, t) θ (t^′ − t) (131) is a definition of the time-ordered contraction and Eq.(130) is the Wick’s theorem for time-ordered product of two operators (126) and (127). In order to prove the theorem for any product we use again the mathematical induction and suppose that this statement is valid for for time-ordered product n operators T (ABCDF . . .) n =: ABCDF . . . : + : A^′B^′CDF . . . : + : A^′CD^′F . . . : + . . . + : A^′B^{′ ′}C^′DF^{′ ′} . . . + . . . : (132)

with time-ordered contractions: A^′B^′ ≡ T (A^′B^′) , A^′D^′ ≡ T (A^′D^′) , . . . , B^{′ ′}F^{′ ′} ≡ T (B^{′ ′}F^{′ ′}) , . . . . For n + 1 time-ordered operators we find an operator with the minimal time ( M ) and write T (ABCDF . . . M . . .) n+1 = (−1)^{[P ]} T (ABCDF . . .) n M (133)

where [P ] is the pairity of permutation of the product ABCDF . . . M . . . to ABCDF . . . M. For T (ABCDF . . .) n we can use Eq.(130) ( Wick’s theorem for n time-ordered operators and with time-ordered contractions ). For products : ABCDF . . . : M, : A^′B^′CDF . . . : M, : A^′CD^′F . . . : M, : A^′B^{′ ′}C^′DF^{′ ′} . . . : M, . . .

with time-ordered contractions (132) we use the lemma Eq.(113) with ordinary contractions, but the time of M is minimal and we can write A^′M^′ = T (A^′M^′) , B^′M^′ = T (B^′M^′) , C^′M^′ = T (C^′M^′) , D^′M^′ = T (D^′M^′) , . . . . (134) Thus, we have proved the Wick’s theorem for time-ordered products. Finally we write the time-ordered contractions for a^†_{jσj} , a_{kσk} a^′_{kσk} (t) a^{†′}_{lσl} (t^′) =^∑_{jσj} δ_{kj}δ_{σkσj} (⃗r) × δ_{lj}δ_{σlσj} e^{−iϵj (t−t′)} (1 − n(jσ_j)) , (135) a^{†′}_{lσl} (t^′) a^′_{kσk} (t) =^∑_{jσj} δ_{kj}δ_{σkσj} (⃗r) × δ_{lj}δ_{σlσj} e^{−iϵj (t−t′)}n(jσ_j) (136) and T^(a^′_{kσk} (t) a^{†′}_{lσl} (t^′)^) =^∑_{jσj} δ_{kj}δ_{σkσj} (⃗r) δ_{lj}δ_{σlσj} e^{−iϵj (t−t′)} × ((1 − n(jσ_j)) θ (t − t^′) − n(jσ_j)θ (t^′ − t)) . (137)

3. ONE-PARTICLE GREEN’S FUNCTIONS IN THE MANY-BODY THEORY

3.1. GREEN’S FUNCTION OF NON-INTERACTING PARTICLES

From Eqs.(128), (129), (131), (135) - (137) we get equations for expectation values

⟨| T^(ψ̂_σ (⃗r, t) ψ̂^†_σ′ (⃗r^′, t^′)^) |⟩ =^∑_{jσj} e^{−iϵj (t−t′)}δ_{σj σ}δ_{σj σ}′ ×ϕ_{jσj} (⃗r) ϕ^⋆_{jσj} (⃗r^′) ((1 − n(jσ_j)) θ (t − t^′) − n(jσ_j)θ (t^′ − t)) (138) and ⟨| T^(a_{kσk} (t) a^†_{lσl} (t^′)^) |⟩ =^∑_{jσj} e^{−iϵj (t−t′)}δ_{kj}δ_{σkσj} (⃗r) δ_{lj}δ_{σlσj} × ((1 − n(jσ_j)) θ (t − t^′) − n(jσ_j)θ (t^′ − t)) . (139) These expectation values satisfy the following equations: i ∂ ∂t − ĥ ⟨| T^(ψ̂_σ (⃗r, t) ψ̂^†_σ′ (⃗r^′, t^′)^) |⟩ = = iδ^{(3)} (⃗r − ⃗r^′) δ (t − t^′) δ_{σ σ}′, (140) ∑ m i ∂ ∂t δ_{k m} − {ĥ}_{k m} ⟨| T^(a_{mσ} (t) a^†_{lσ}′ (t^′)^) |⟩ = = iδ_{k l}δ (t − t^′) δ_{σ σ}′, (141) where in Eqs. (140) and (141) ĥ and {ĥ}_{k,m} is the operator from (85) and it’s matrix in the basis of spin-orbitals {ϕ_j(⃗r)}. These expectation values are usually multiplied by −i and called one-particle Green’s functions of the system of non-interacting particles with the Hamiltonian (74) G^{(0)}_{kσk,lσl} (t, t^′)^{def}= −i⟨| T^(a_{kσk} (t) a^†_{lσl} (t^′)^) |⟩ = −i^∑_{jσj} e^{−iϵj (t−t′)}δ_{kj}δ_{σkσj} (⃗r) δ_{lj}δ_{σlσj} × ((1 − n(jσ_j)) θ (t − t^′) − n(jσ_j)θ (t^′ − t)) . (142)

3.2. ONE-PARTICLE GREEN’S FUNCTION OF INTERACTING PARTICLES

For system of interaction particles ( electrons ) with the Hamiltonian:

Ĥ = Ĥ_0 + V̂ (143)

in the Heisenberg picture the transformation of Schrödinger operators is done by e^{−iĤt}, which defines the corresponding Heisenberg creation -annihilation operators a_{H p} (t) = e^{iĤt}a_pe^{−iĤt}, a^†_{H q} (t) = e^{iĤt}a^†_qe^{−iĤt}. (144) Here and in the following subsections we will also use in- dexes p, q, r, s, . . . . instead of indexes jσ_j, kσ_k, lσ_l, . . . . The one-particle Green’s function is then defined as the expectation value of the time-ordered product of operators (143): G_{p,q} (t, t^′)^{def}= −i⟨| T^(a_p (t) a^†_q (t^′)^) |⟩, (145) where brackets |⟩ or ⟨| in (145) represent an eigenstate vector of the Hamiltonian (143). In an explicit form this definition of the one-particle Green’s function is written G_{p,q} (t, t^′)^{def}= −i⟨| a_p(t)a^†_q(t^′) |⟩θ(t − t^′) + i⟨| a^†_q(t^′)a_p(t) |⟩θ(t^′ − t) = G^{(A)}_{p,q} (t, t^′) θ(t − t^′) + G^{(R)}_{p,q} (t, t^′) θ(t^′ − t), (146)

and the Hamiltonian in these notations is

Ĥ =^∑_{p,q} h_{p,q}a^†_pa_q + 1 2 ∑ p,q,r,s (p, q | r, s) a^†_pa^†_ra_sa_q. (147)

Equations for the one-particle Green’s functions are obtained from the equations-of-motion (65) and (66) after the substitution Ĥ_0 → Ĥ i ∂ ∂t G^{(A)}_{p,q} (t, t^′) = −i⟨|^[a_p(t), Ĥ^] a^†_q(t^′) |⟩, (148) i ∂ ∂t G^{(R)}_{p,q} (t, t^′) = i⟨| a^†_q(t^′)^[a_p(t), Ĥ^] |⟩, (149)

with the Hamiltonian (147) they give i ∂ ∂t G_{p,q}(t, t^′) =^∑_{p′} h_{p,p}′G_p′_{,q}(t, t^′) − i^∑_{p′,r,s} (p, p^′ | r, s) ×⟨| T^(a^†_r (t) a_s (t) a_p′ (t) a^†_q (t^′)^) |⟩ + δ (t − t^′) δ_{pq}, (150) where again T is the chronological ordering symbol of Wick.

As it is seen from Eq.(146) the retarded part of the one-particle Green’s function in the limit t^′ − t → +0 is proportional to the one-particle density matrix lim t′−t→+0 G_{p,q} (t, t^′) = lim_{t′−t→+0} G^{(R)}_{p,q} (t, t^′) = = iD_{p,q} (151) and, therefore, it can be used in calculations of mean values of the one-particle physical quantities. It can also be used for a calculation of the total energy of the interacting particles. We can write, for example, E = − i 2 ∑ p,p′,q δ_{pq} lim_{t′→t+} i ∂ ∂t δ_{pp}′ + h_{pp}′ G^{(R)}_p′_q (t, t^′) . (152)

If we multiply the interaction operator V̂ by a coupling constant λ and use the Hellmann-Feynman theorem then the energy is expressed as

E = E_0 − i 2 1∫ 0 dλ λ ∑ p,p′,q δ_{pq} lim_{t′→t+} i ∂ ∂t δ_{pp}′ − h_{pp}′

× ( G_p′_q (t, t^′) − G^{(0)}_p′_q (t, t^′) ) . (153) In Eqs.(152) and (153) t^′ → t^+ = t^′ → t + 0.

3.3. KÄLLÉN - LEHMANN DECOMPOSITION OF THE ONE- PARTICLE GREEN’S FUNCTION

Green’s functions of interacting particles can not be written in the form the spectral resolutions for non-interacting particles (138) and (139) with eigenvalues e^{−iϵj} (^{t−t′}). For Green’s functions of interacting particles there is also a canonical decomposition, which can be used in different approximations. One of such approximations is written below. In order to obtain this decomposition we write two resolutions of unity in subspaces of n − 1 and n + 1 particles ∑ j | n − 1, j⟩⟨n − 1, j |= Î_{n−1}, ∑ j | n + 1, j⟩⟨n + 1, j |= Î_{n+1} for eigenstates of corresponding Hamiltonians Ĥ_{n−1}, Ĥ_{n+1}. Then the following expansions are obvious G_{p,q} (t, t^′) = −i^∑_j ⟨| a_p(t) | n + 1, j⟩⟨n + 1, j | a^†_q(t^′) |⟩θ(t − t^′) + +i^∑_j ⟨| a^†_q(t^′) | n − 1, j⟩⟨n − 1, j | a_p(t) |⟩θ(t^′ − t) = G^{(A)}_{p,q} (t, t^′) θ(t − t^′) + G^{(R)}_{p,q} (t, t^′) θ(t^′ − t), (154) G^{(A)}_{p,q} (t, t^′) = −i^∑_j ⟨| a_p | n + 1, j⟩exp^{−i(En+1j −E0)(t−t′)} ×⟨n + 1, j | a^†_q |⟩, (155)

G^{(R)}_{p,q} (t, t^′) = i^∑_j ⟨| a^†_q | n − 1, j⟩exp^{−i(En−1j −E0)(t′−t)} ×⟨n − 1, j | a_p |⟩. (156) The one-electron overlaps ⟨n + 1, j | a^†_q |⟩, ⟨n − 1, j | a_p |⟩ (157) compose rectangular matrices with non-orthogonal rows.

The same decomposition is also valid for the one-particle density function D^{(A)}_{p,q} =^∑_j ⟨| a_p | n + 1, j⟩⟨n + 1, j | a^†_q |⟩, (158) D_{p,q} = D^{(R)}_{p,q} = δ_{pq} − D^{(A)}_{p,q} = =^∑_j ⟨| a^†_q | n − 1, j⟩⟨n − 1, j | a_p |⟩. (159) Equations (154)-(155) resemble transformation of two matrices to diagonal matrices, which can be done by a nonorthogonal transformation. The transformation is obtained from the generalized eigenvalue equation. It is simple to get this transformation for small values of t − t^′ up to the first order in this difference. For the retarded Green’s function we need to solve the equation ∑ p′ ⟨| a^†_q^[a_p′, Ĥ^] |⟩ϕ^j_p′ = ϵ_j^∑_{p′} D^{(R)}_{q,p}′ ϕ^j_p′. (160) The set {Φ^j_p = D̂^{12} ϕ^j_p} is mutually orthogonal and it is then used for pseudospectral resolution of matrices in both sides of Eq.(160): ⟨| a^†_q^[a_p, Ĥ^] |⟩ =^∑_j D̂^{12} Φ^j_qϵ_j(D̂^{12} Φ^j_p)^⋆,

D_{q,p} =^∑_j D̂^{12} Φ^j_q(D̂^{12} Φ^j_p)^⋆ (161)

G^{(R)}_{p,q} (t, t^′) =^∑_j D^{12} Φ^j_qexp^{−i(En−1j −E0)(t′−t)}(D̂^{12} Φ^j_p)^⋆ + . . . (162)

An ellipses in Eq.(162) denotes terms of the second and higher orders. A similar expansion is also valid for the advanced Green’s function and it can be shown that this algorithm gives the exact energy of the state function |⟩ which is obtained from a variation principle. Actually, for any MCSCF function if the formula (153) for the energy is used.

In the CAS decomposition without the inactive subspace the exact Green’s function is obtained according to the Källén-Lehmann formulas (154) and (155) when the states | n − 1, j⟩ are positive ionic CAS states built of active orbitals and the ones | n + 1, j⟩ are negative ionic CAS states built of active orbitals and the CAS states with one virtual (secondary) orbital. In this case the CAS energy is obtained using both Eqs.(152) and (153).

3.4. PERTURBATION EXPANSION FOR GREEN’S FUNCTION

A perturbation expansion for one-particle Green’s function is obtained in the Dirac picture a_{H p} (t) = e^{iĤt}e^{−iĤ0t}a_{I p}e^{iĤ0t}e^{−iĤt}, a^†_{H q} (t) = e^{iĤt}e^{−iĤ0t}a^†_{I q}e^{iĤ0t}e^{−iĤt}, (163) where e^{iĤt}e^{−iĤ0t} = Ŝ (0, t) , e^{iĤ0t}e^{−iĤt} = Ŝ (t, 0) (164) evolution operators in the Dirac picture. The general expression for the evolution operator is e^{iĤ0t}e^{−iĤ}(^{t−t′})e^{−iĤ0t′} = Ŝ (t, t^′) , (165) which is expanded in the perturbation series

Ŝ (t, t^′) =^∑ l 1 i^ll! ∫ t′ t . . .^{∫ t′}_t T^(V̂ (t_1)V̂ (t_2) . . . V̂ (t_l)^) dt_1 . . . dt_l (166) with the interaction in the Dirac picture V̂ (t_l) = e^{iĤ}0^tV̂ e^{−iĤ}0^t. (167) In the perturbation expansion limiting values of Ŝ (t, t^′) are used: Ŝ_γ (0, −∞ | λ) , Ŝ_γ (∞, 0 | λ) and Ŝ_γ (∞, −∞ | λ)^{def}= Ŝ_γ (∞, 0 | λ) Ŝ_γ (0, −∞ | λ) - the complete S_γ- matrix. If we redefine time-ordered products in integrands of (166) according to the rule T^(V̂ (t_1) . . . V̂ (t_j) . . . V̂ (t_l) exp^{−γ|tmin|)} (168) we obtain

Ŝ^{(l)}_γ (0, −∞) =^∫ 1 E − Ĥ_0 + iγ V̂ . . . 1 E − Ĥ_0 + iγ V̂ δ^(Ĥ_0 − E^) dE (169)

and with T^(V̂ (t_1) . . . V̂ (t_j) . . . V̂ (t_l) exp^{−γ|tmax|)} , (170) Ŝ^{(l)}_γ (∞, 0) =^∫ δ^(Ĥ_0 − E^) V̂ 1 E − Ĥ_0 + iγ . . . V̂ 1 E − Ĥ_0 + iγ dE (171) for the l-th order of the series Ŝ_γ (0, ±∞) = Î +^{∞∑} l=1 Ŝ^{(l)}_γ (0, ±∞) . (172)

If we apply Eq.(169) to an eigenstate | E_0⟩ of Ĥ_0 (101) and Eq.(171) to ⟨E_0 | we then obtain Ŝ^{(l)}_γ (0, −∞) | E_0⟩ = iγ 1 E_0 − Ĥ_0 + iγ V̂ 1 E_0 − Ĥ_0 + iγ l | E_0⟩, ⟨E_0 | Ŝ^{(l)}_γ (∞, 0) = iγ⟨E_0 | 1 E_0 − Ĥ_0 + iγ V̂ l 1 E_0 − Ĥ_0 + iγ

. (173)

Then from the expansion (172) for small γ it follows that Ŝ_γ (0, −∞) | E_0⟩ and ⟨E_0 | Ŝ_γ (∞, 0) are equal to first-order-pole contributions to the contour integral in ∮ E0 dz^1_{z−Ĥ} | E_0⟩ and^1_{2π} ⟨E_0 |^∮_{E0}^1_{z−Ĥ} dz. They do not exist when γ tends to zero, but one can easily check that

lim_{γ→0}

Ŝ_γ (0, −∞) | E_0⟩ ⟨E_0 | Ŝ_γ (0, −∞) | E_0⟩ = |⟩ ⟨E_0 |⟩ and lim_{γ→0}

⟨E_0 | Ŝ_γ (∞, 0) ⟨E_0 | Ŝ_γ (∞, 0) | E_0⟩ = ⟨| ⟨| E_0⟩ . Hence, we can write

Ŝ_γ (0, −∞) | E_0⟩ = c |⟩ + . . . , ⟨E_0 | Ŝ_γ (∞, 0) = c^′⟨| + . . . . (174) In these asymptotic relations the ellipsis stands for the terms which vanish in the limit γ → 0. From Eqs.(174) for the normalization constants we obtain cc^′ = ⟨E_0 | Ŝ_γ (∞, −∞) | E_0⟩ + . . . (175) and from the definition (145) we receive the formula for the one-particle Green’s function in the Dirac picture: G_{p,q} (t, t^′) = 1 i ⟨E_0 | Ŝ_γ (∞, 0) T (S_γ (0, t)

×a_{Ip} (t) S_γ (t, t^′) a^†_{Iq} (t^′) S_γ (t^′, 0)^) Ŝ_γ (0, −∞) | E_0⟩ ⟨E_0 | Ŝ_γ (∞, −∞) | E_0⟩ + . . . . (176)

The right-hand side of Eq.(176) is usually written in the following compact form G_{p,q} (t, t^′) = 1 i ⟨E_0 | T^(a_{Ip} (t) a^†_{Iq} (t^′) Ŝ_γ (∞, −∞)^) | E_0⟩ ⟨E_0 | Ŝ_γ (∞, −∞) | E_0⟩ + . . . . (177)

Eq.(177) is in fact a series. If it converges uniformly, we can go to the limit γ → 0 and write G_{p,q} (t, t^′) = 1 i ⟨E_0 | T^(a_{Ip} (t) a^†_{Iq} (t^′) Ŝ (∞, −∞)^) | E_0⟩ ⟨E_0 | Ŝ (∞, −∞) | E_0⟩ . (178)

This formula together with the series (166) is used for perturbation expansions of the one-particle Green’s function. Here we make several remarks. The asymptotic formulas (174) and (175) are equivalent to the adiabatic theorem by Born and Fock and the limit γ → 0 exists only for a non-degenerate state vector | E_0⟩. For a degenerate state vector we can distinguish two cases:

1. | E_0⟩ is degenerate and |⟩ is non-degenerate. Then the convergency can achieved by a suitable change of the Hamiltonian Ĥ_0.

2. Both | E_0⟩ and |⟩ are degenerate - open-shell case - then the state vector | E_0⟩ projects out other state vectors of the open shell and the formula (178) is valid again. A perturbation expansion for the one-particle Green’s function is usually obtained from the representation (178) and the series (166). In a straightforward application of this formula one has to reexpand the series in the denominator of Eq.(178), but for a one-configuration reference state vector | E_0⟩ one can factorize the nominator and cancel ⟨E_0 | Ŝ (∞, −∞) | E_0⟩ - vacuum terms cancellation theorem. This factorization is done with help of the Wick’s theorem. According to the theorem the integrand of

⟨E_0 | T^(a_p (t) a^†_q (t^′) Ŝ (∞, −∞)^) | E_0⟩ = ∑ l 1 i^ll! ∫ ∞ −∞ . . .^{∫ ∞}_{−∞}⟨E_0 | T^(a_p (t) a^†_q (t^′) × V̂ (t_1)V̂ (t_2) . . . V̂ (t_l)^) | E_0⟩dt_1 . . . dt_l (179)

is expanded in the sum of fully contracted products. Working out possible contractions we collect the terms with fully contracted products of creation-annihilation operators within the different groups of interaction operators V (t_{l1})V (t_{l2})...V (t_{lk} ). Remaining l−k interaction operators in the l-th order of the expansion are connected by contractions altogether and and with the operators a_p (t) a^†_q (t^′) of the time ordered product in Eq.(179). We will call this group of operators connected. Due to the permutation symmetry of the interaction operators in the time ordered product we finally obtain in the l-th order^{l!}_{k!m!}, m = l − k different cases. Hence, making summation over all possible values of k, we get the factorization

⟨E_0 | T^(a_p (t) a^†_q (t^′) Ŝ (∞, −∞)^) | E_0⟩ = ∑ m 1 i^mm! ∫ ∞ −∞ . . .^{∫ ∞}_{−∞}⟨E_0 | T^(a_p (t) a^†_q (t^′) × V̂ (t_1) . . . V̂ (t_m)^) | E_0⟩_cdt_1 . . . dt_m ×^∑_k 1 i^kk! ∫ ∞ −∞ . . .^{∫ ∞}_{−∞}⟨E_0 | T^(V̂ (t_1) . . . V̂ (t_k)^) | E_0⟩dt_1 . . . dt_k (180) and G_{p,q} (t, t^′) =^∑_l 1 ii^ll! ∫ ∞ −∞ . . .^{∫ ∞}_{−∞}⟨E_0 | T^(a_p (t) a^†_q (t^′) × V̂ (t_1) . . . V̂ (t_l)^) | E_0⟩_cdt_1 . . . dt_l. (181)

3.5. DIAGRAM TECHNIQUES FOR GREEN’S FUNCTIONS

A diagrammatic representation for the contractions of creation-annihilation operators in the perturbation expansion is a simple and expedient way to distinguish a topological structure of the Wick’s pairings of the operators. In the diagrams each contraction is denoted by a solid line ( two-index electron- hole line ) and the interaction is denoted by the wavy line ( four-index vertex ). In the first order we get two diagrams Fig.1,2 of Appendix, which are associated with the following fully contracted terms of Eq.(181) −i^∑_{k,l,m,n}^∫_τ G_{p,k} (t, τ) (k, l | m, n) G_{l,q} (τ, t^′) G_{n,m}^(τ, τ^{+)} dτ i^∑_{k,l,m,n}^∫_τ G_{p,k} (t, τ) (k, l | m, n) G_{n,q} (τ, t^′) G_{l,m}^(τ, τ^{+)} dτ. (182) The analytical expression (182)is written according to the correspondence rule: each solid line is associated with the

Green’s function, each wavy line with the four-index twoelectron integral, which is time-independent; the total product is integrated over the time variable, which corresponds to the time of the interaction operator in Eq.(181), and it is summed up over the indexes of the contractions which correspond to the creation-annihilation operators in the interaction operator; whole expression is multiplied by the phase-factor i^l(−1)^Σ where l-is the order of the perturbation expansion and Σ is the number of the closed electron loops in the diagram. Using the Wick’s theorem in the second order for the one-particle Green’s function, we obtain the diagrams Fig.3. The complete perturbation series is expressed by the connected Feynman diagrams with two external solid lines. A diagram is compact if it has not parts connected by one solid line and a diagram is irreducible if it does not contain diagrams of lower order as its parts. For example, from all connected diagrams of the second order Fig.3 only last two diagrams are compact and irreducible. The first diagram in this figure is reducible and the second one is non-compact. From the diagrams Fig.1,2,3 it is seen that they can be written as integrals for operators Ĝ^{(0)} (t, t^′) , Ĝ (t, t^′) , Ĝ^{(A,R)} (t, t^′) which correspond to matrices {G^{(0)}_{p,q}(t, t^{′)}}, {G_{p,q}(t, t^{′)}}, {G^{(A,R)}_{p,q} (t, t^{′)}} with the self-energy operator Σ̂ (τ, τ^′) which corresponds to the self-energy matrix {Σ_{p,q}(t, t^′)} ∫ dτdτ^′Ĝ^{(0)} (t, τ) Σ̂ (τ, τ^′) Ĝ^{(0)} (τ^′, t^′) , (183)

where

Ĝ^{(0)} (t, t^′) = i ∂ ∂t − ĥ −1 Îδ (t − t^′) (184) is the operator with the core from Eq.(140) A compact self-energy operator is called mass-operator. In the first order two diagrams for the mass operator are represented on Fig.4 of Appendix. Using the mass-operator we can write the Dyson equation Ĝ (t, t^′) = Ĝ^{(0)} (t, t^′) + ∫ dτdτ^′Ĝ^{(0)} (t, τ) M̂^{(c)} (τ, τ^′) Ĝ (τ^′, t^′) . (185)

Iterations of Eq.(185) give a relation between the massoperator M̂^{(c)} and the self-energy operator Σ̂

Ĝ = Ĝ^{(0)} + Ĝ^{(0)}M̂^{(c)}Ĝ = Ĝ^{(0)} + Ĝ^{(0)}M̂^{(c)}Ĝ^{(0)} + Ĝ^{(0)}M̂^{(c)}Ĝ^{(0)}M̂^{(c)}Ĝ^{(0)} + . . . = Ĝ^{(0)} + Ĝ^{(0)}Σ̂Ĝ^{(0)}. (186)

The mass-operator and the self-energy operator depend in their turn on Ĝ^{(0)} : M̂^{(c)} = M̂^{(c) (}Ĝ^{(0))}, but performing internal summations we can write a Dyson equation with an irreducible mass-operator which depends on Ĝ Ĝ = Ĝ^{(0)} + Ĝ^{(0)}M̂^{(irr) (}Ĝ^) Ĝ, (187)

where the irreducible mass-operator M̂^{(irr) (}Ĝ^) is represented by a perturbation expansion. The first order terms of this expansion are in Fig.4 and the second order terms are in Fig.9. If, for example, we use only the first order terms for M̂^{(irr) (}Ĝ^) Fig.4,5, we get the HF-Dyson equation for the Green’s function in the Hartree-Fock approximation Fig.6. A graphical representation for the Dyson equation (187) is given in Fig.10. It is in fact an exact equation for the one-particle Green’s function which can be used in model applications.

4. IMAGINARY SHIFTS AND S-MATRIX BASED CALCULATIONS FOR THE ENERGY

4.1. S-MATRIX AND RIESZ-KATO PERTURBATION THEORY

The Riesz-Kato perturbation expansion is based on the contour integral representation of the energy shift:

E − E_0 = A/B, (188)

with A = 1 2πi ∑ l=0,1,... ∮ E0 ⟨E_0 | V̂_{int} 1 z − Ĥ_0 l | E_0⟩dz, (189) B = 1 2πi ∑ l=0,1,... ∮ E0 ⟨E_0 | 1 z − Ĥ_0 V̂_{int} 1 z − Ĥ_0 l | E_0⟩dz. (190) As it was demonstrated in the Subsection 3.4. we can write for expectation values of the

⟨E_0 | Ŝ^{(l)}_γ | E_0⟩ ≡ ⟨E_0 | Ŝ^{(l)}_γ (0, −∞) | E_0⟩ =

= ⟨E_0 | Ŝ^{(l)}_γ (∞, 0) | E_0⟩ = ⟨E_0 | V̂_{int} 1 E_0 − Ĥ_0 + iγ l | E_0⟩. (191)

Therefore, 1 2π ∮ L ⟨E_0 | Ŝ^{(l)}_γ | E_0⟩dγ = 1 2πi ∮ E0 ⟨E_0 | V̂_{int} 1 z − Ĥ_0 l | E_0⟩dz, (192)

1 2πi ∮ L 1 γ ⟨E_0 | Ŝ^{(l)}_γ | E_0⟩dγ = = 1 2πi ∮ E0 ⟨E_0 | 1 z − Ĥ_0 V̂_{int} 1 z − Ĥ_0 l | E_0⟩dz (193) and A =^∑_l 1 2π ∮ L ⟨E_0 | Ŝ^{(l)}_γ | E_0⟩dγ = 1 2π ∮ L ⟨E_0 | Ŝ_γ | E_0⟩dγ (194) and B =^∑_l 1 2πi ∮ L 1 γ ⟨E_0 | Ŝ^{(l)}_γ | E_0⟩dγ = 1 2πi ∮ L 1 γ ⟨E_0 | Ŝ_γ | E_0⟩dγ.(195)

For the complete S_γ-matrix Ŝ_γ (∞, −∞) = Ŝ_γ (∞, 0) Ŝ_γ (0, −∞) (196)

we can write

A^′ = 1 2π ∮ L ⟨E_0 | Ŝ_γ(∞, −∞) | E_0⟩dγ = = 1 π ∮ L ⟨E_0 | Ŝ_γ | E_0⟩dγ − 1 2π ∮ L ∂ ∂γ (γ⟨E_0 | Ŝ_γ | E_0⟩)dγ, (197)

B^′ = 1 2πi ∮ L 1 γ ⟨E_0 | Ŝ_γ(∞, −∞) | E_0⟩dγ = = 1 2πi ∮ L 1 γ ⟨E_0 | Ŝ_γ | E_0⟩dγ − 1 2πi ∮ L ∂ ∂γ ⟨E_0 | Ŝ_γ | E_0⟩dγ. (198)

For isolated energy levels the second terms in Eqs.(197) and (198) are equal to zero. Hence, we come to the formula

E − E_0 = 1 2 A^′/B^′. (199)

Sucher ( 1957 )

4.2. S_γ-MATRIX AND COMPLEX SHIFT IN ENERGY

From Eqs.(173)-(175) of Subsection 3.4. it follows that the enegy shift can be also expressed as an adiabatic limit of the fraction A_γ/B_γ with

A_γ = ⟨E_0 | V̂ Ŝ_γ (0, −∞) | E_0⟩ = ⟨E_0 | Ŝ_γ (∞, 0) V̂ | E_0⟩, (200)

B_γ = ⟨E_0 | Ŝ_γ (0, −∞) | E_0⟩ = ⟨E_0 | Ŝ_γ (∞, 0) | E_0⟩ (201) and E − E_0 = lim_{γ→0} A_γ/B_γ. (202)

Therefore the asymptotic formulas are valid E − E_0 = A_γ/B_γ + . . . (203) |⟩ ⟨E_0 |⟩ = Ŝ_γ (0, −∞) | E_0⟩ ⟨E_0 | Ŝ_γ (0, −∞) | E_0⟩ + . . . and ⟨| ⟨| E_0⟩ = ⟨E_0 | Ŝ_γ (∞, 0) ⟨E_0 | Ŝ_γ (∞, 0) | E_0⟩ + . . . , which gives a justification for complex shifts in the perturbation expansions for energy shifts and for wave functions.

The Riesz-Kato perturbation expansions are not very sensitive to reference states in our case it is | E_0⟩. Generally speaking this reference can be changed if we change H_0 Hamiltonian. An estimate for a proper reference state may be obtained from Eqs. (172) and (173): iγ 1 E_0 − Ĥ_0 + iγ ∞∑ l=1 V̂ 1 E_0 − Ĥ_0 + iγ l | E_0⟩ =

= Ŝ_γ (0, −∞) | E_0⟩ = iγ 1 E_0 − Ĥ + iγ | E_0⟩, iγ⟨E_0 |^{∞∑}_{l=1} 1 E_0 − Ĥ_0 + iγ V̂ l 1 E_0 − Ĥ_0 + iγ = = ⟨E_0 | Ŝ_γ (∞, 0) = iγ⟨E_0 | 1 E_0 − Ĥ + iγ (204)

and for

⟨E_0 | Ŝ_γ (∞, −∞) | E_0⟩ = (iγ)^2 ⟨E_0 | 1 E_0 − Ĥ + iγ 2 | E_0⟩.(205)

G_{p,q} (t, t^′) = 1 i ⟨E_0 | Ŝ_γ (∞, 0) T (S_γ (0, t) ×a_{Ip} (t) S_γ (t, t^′) a^†_{Iq} (t^′) S_γ (t^′, 0)^) Ŝ_γ (0, −∞) | E_0⟩ ⟨E_0 | Ŝ_γ (∞, −∞) | E_0⟩ + . . . = = 1 i ⟨E_0 | 1 E_0 − Ĥ + iγ T (S_γ (0, t)

×a_{Ip} (t) S_γ (t, t^′) a^†_{Iq} (t^′) S_γ (t^′, 0)^{) 1}_{E0−Ĥ+iγ} | E_0⟩ ⟨E_0 | ( 1 E0−Ĥ+iγ )2 | E_0⟩ + . . . . (206)

Eqs.(204),(205) and (206) are used later in order to define the Green’s function which is obtained after a partial summation.

4.3. PARTIAL SUMMATION IN EXPECTATION VALUES OF S_γ-MATRICES

We consider now an exact (FCI) solution in a model subspace N_C with energy E_C which satisfies the Brillouin’s conditions: ⟨E_C | a_pa^†_qĤ | E_C⟩ = E_C⟨E_C | a_pa^†_q | E_C⟩ then the one-particle Green’s function G_{p,q} (t, t^′) = 1 i ⟨E_C | T^(a_p (t) a^†_q (t^′)^) | E_C⟩ = −i⟨E_C | a_pe^{−iĤ(t−t′)}a^†_q | E_C⟩θ(t − t^′) + +i⟨E_C | a^†_qe^{−iĤ(t′−t)}a_p | E_C⟩θ(t^′ − t), (207) where e^{−iĤ(t′−t)} acts in the subspace of all (N − 1)-particle positive ionic states of the model subspace N_C. The operator e^{−iĤ(t−t′)} acts in the subspace all (N+1)-particle negative ionic states of the model subspace N_C with admixture of (N +1)-particle negative ionic states with one virtual spinorbital. A corresponding contraction of the complete Hamiltonian to this subspaces we denote Ĥ_C = ĥ_C + V̂_C. For the complete Hamiltonian we have: Ĥ = ĥ_C + V̂_C + ĥ_1 + V̂_1, (208)

where ĥ_C is the one-particle operator Ĥ_0 which was used previously in thr perturbation expansion for the one-particle Green’s function. A multiple perturbation expansion for the S_γ-matrix is written the as the series: ⟨E_0 | Ŝ_γ | E_0⟩ =^∑_{l,m,n} 1 l!i^lm!i^mn!i^n ∫ . . .^∫ ⟨E_0 | T ( (209)

V̂_C(t_1)V̂_C(t_2) . . . V̂_C(t_l)V̂_1(τ_1)V̂_1(τ_2) . . . V̂_1(τ_m) . . . (210) ×ĥ_1(σ_1) . . . ĥ_1(σ_n)^) | E_0⟩dt_1 . . . dt_ldτ_1 . . . dτ_mdσ_1 . . . dσ_n. (211)

From this series we see that the diagrams with all possible insertions with contractions of V̂_C lead to a substitute of all solid lines by the Green’s function:

1 i ⟨E_0 | 1 E_0 − Ĥ_C + iγ

T (S_γ (0, t)

×a_{Ip} (t) S_γ (t, t^′) a^†_{Iq} (t^′) S_γ (t^′, 0)^{) 1}_{E0−ĤC +iγ} | E_0⟩ ⟨E_0 | ( 1 E0−ĤC +iγ )2 | E_0⟩ + . . . = = −i⟨E_C | a_pe^{−iĤC (t−t′)}a^†_q | E_C⟩θ(t − t^′) + +i⟨E_C | a^†_qe^{−iĤC (t′−t)}a_p | E_C⟩θ(t^′ − t) + . . . = = G^C_{p,q} (t, t^′) . (212)