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Ãëàâà 1

Ââåäåíèå

04.09.2021

Àíäðååâ Îëåã Þðüåâè÷

Êàôåäðà êâàíòîâîé ìåõàíèêè

http://fock.phys.spbu.ru/

1.1 Ñïèñîê ëèòåðàòóðû

1. Ëàíäàó Ë.Ä., Ëèôøèö Å.Ì. �Òåîðåòè÷åñêàÿ ìåõàíèêà. Òîì 3. Êâàíòîâàÿ ìåõàíèêà
(íåðåëÿòèâèñòñêàÿ ìåõàíèêà)�

2. Äàâûäîâ À.Ñ. �Êâàíòîâàÿ ìåõàíèêà�

3. Àáàðåíêîâ È.Â. �Êâàíòîâàÿ ìåõàíèêà. Êðàòêèé êîíñïåêò ëåêöèé È.Â. Àáàðåíêî-
âà�

4. Àáàðåíêîâ È.Â., Çàãóëÿåâ Ñ.Í. �Ïðîñòåéøèå ìîäåëè â êâàíòîâîé ìåõàíèêå�

5. Ñîêîëîâ Ì.Ã. �Êàê ïîíÿòü êâàíòîâóþ ìåõàíèêó�

1.2 Ýêñïåðèìåíòàëüíûå äàííûå, êîòîðûå íå ìîãóò áûòü

îáúÿñíåíû â ðàìêàõ êëàññè÷åñêîé ìåõàíèêè

Ê êîíöó 18 � íà÷àëó 19 âåêîâ íàêîïèëàñü ìàññà ýêñïåðèìåíòàëüíûõ äàííûõ, óêàçûâàþ-
ùèõ íà òî, ÷òî êëàññè÷åñêàÿ ìåõàíèêà íå ìîæåò êîððåêòíî îïèñûâàòü ñâîéñòâà ìèêðî-
ìèðà.
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� Ðàâíîâåñíîå èçëó÷åíèå. Èçëó÷åíèå àáñîëþòíî ÷¼ðíîãî òåëà.

� Ìîëåêóëû. Òâ¼ðäûå òåëà.

Ðàññìîòðèì íåñêîëüêî ýêñïåðèìåíòîâ.

1.2.1 Êîìáèíàöèîííûé ïðèíöèï Ðèòöà (Rydberg�Ritz combination
principle). 1908

Äëèíû âîëí (λ) èçëó÷àåìûõ ôîòîíîâ óäîâëåòâîðÿþò ñëåäóþùåé ýìïèðè÷åñêîé ôîðìóëå

1

λ
= RH

(
1

n2
1

− 1

n2
2

)
, n1 < n2 . (1.1)

Óðîâíè ýíåðãèè àòîìà âîäîðîäà

En = −hcRH

n2
∼ 1

n2
, n = 1, 2, 3, . . . . (1.2)

n � ãëàâíîå êâàíòîâîå ÷èñëî,

~ =
h

2π
= 1.05× 10−34J · s = 6.58× 10−16eV · s − ïîñòîÿííàÿ Ïëàíêà , (1.3)

c = 2.99792458× 108m/s − ñêîðîñòü ñâåòà , (1.4)

RH = 1.1× 107m−1 − ïîñòîÿííàÿ Ðèäáåðãà . (1.5)

∆En2→n1 = En2 − En1 = hcRH

(
1

n2
1

− 1

n2
2

)
=

hc

λn2→n1

. (1.6)

1.2.2 Îïûòû Ôðàíêà�Ãåðöà (James Franck, Gustav Hertz). 1914

Íîáåëåâñêàÿ ïðåìèÿ 1925 ãîäà: Çà îòêðûòèå çàêîíîâ ñîóäàðåíèÿ ýëåêòðîíà ñ àòîìîì.

https://en.wikipedia.org/wiki/Franck-Hertz_experiment

� Franck, J.; Hertz, G. � �Uber Zusammenst�oße zwischen Elektronen und Molek�ulen des
Quecksilber- dampfes und die Ionisierungsspannung desselben� [On the collisions between
electrons and molecules of mercury vapor and the ionization potential of the same].
Verhandlungen der Deutschen Physikalischen Gesellschaft (in German). 16, 457�467
(1914).

https://doi.org/10.1002/phbl.19670230702

� Franck, J.; Hertz, G. (1914). � �Uber die Erregung der Quecksilberresonanzlinie 253,6
µµ durch Elektronenst�oße� [On the excitation of mercury resonance lines at 253.6 nm
by electron collisions]. Verhandlungen der Deutschen Physikalischen Gesellschaft (in
German). 16, 512�517 (1914).
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1.2.3 ÎïûòûØòåðíà�Ãåðëàõà (Otto Stern, Walther Gerlach). 1922

Gerlach, W., Stern, O. �Der experimentelle Nachweis der Richtungsquantelung im Magnetfeld.�
Z. Physik 9, 349�352 (1922)

https://doi.org/10.1007/BF01326983

https://en.wikipedia.org/wiki/Stern-Gerlach_experiment

Àòîìû ñåðåáðà (47Ag=[Kr] 4d10 5s1) ïðîïóñêàëè ÷åðåç íåîäíîðîäíîå ìàãíèòíîå ïîëå è
ðåãèñòðèðîâàëè èõ îòêëîíåíèå.

Ðåçóëüòàòû ýêñïåðèìåíòà îáúÿñíÿþòñÿ íàëè÷èåì ñïèíà ó àòîìîâ ñåðåáðà (ó ýëåê-
òðîíà), ïðîåêöèÿ êîòîðîãî ìîæåò ïðèíèìàòü òîëüêî äâà çíà÷åíèÿ. Ýêñïåðèìåíò òàêæå
ïîêàçàë, ÷òî ïðîåêöèÿ ñïèíà ìîæåò èìåòü îïðåäåë¼ííîå çíà÷åíèå òîëüêî íà îäíó îñü.

1.3 Îïûòû, äåìîíñòðèðóþùèå âîëíîâûå ñâîéñòâà ýëåê-

òðîíà

Äæ. Ï. Òîìñîí ñîâìåñòíî ñ Ñ. Äæ. Äýâèññîíîì ïîëó÷èëè Íîáåëåâñêóþ ïðåìèþ 1937 ãîäà:
Çà ýêñïåðèìåíòàëüíîå îòêðûòèå äèôðàêöèè ýëåêòðîíîâ íà êðèñòàëëàõ

1.3.1 Ãèïîòèçà äå Áðîéëÿ (Louis de Broglie). 1924

Êàæäîé ÷àñòèöå ñîîòâåòñòâóåò âîëíà ñ äëèíîé âîëíû λ = h/p

ψ(r, t) ∼ ei
pr
~ e−i

Et
~ (1.7)

Ïëîòíîñòü âåðîÿòíîñòè íàéòè ÷àñòèöó â òî÷êå r â ìîìåíò âðåìåíè t åñòü |ψ(r, t)|2.
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1.3.2 Îïûò Äæ. Ï. Òîìñîíà (George Paget Thomson). 1927

Îòêðûòèå ýëåêòðîíà: Äæ. Äæ. Òîìñîí (Joseph John Thomson), 1897 ãîä.
Äæ. Äæ. Òîìñîí ïîëó÷èëè Íîáåëåâñêóþ ïðåìèþ 1906 ãîäà: Â çíàê ïðèçíàíèÿ åãî òåîðå-
òè÷åñêèõ è ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé, ïîñâÿù¼ííûõ ïðîâîäèìîñòè ýëåêòðè÷åñòâà
ãàçàìè.

G. P. Thomson, �Di�raction of Cathode Rays by a Thin Film.�, Nature 119, 890 (1927)

https://doi.org/10.1038/119890a0

G. P. Thomson, �Experiments on the Di�raction of Cathode Rays� (1927)

https://royalsocietypublishing.org/doi/pdf/10.1098/rspa.1928.0022

Ðèñ. 1.1:

∆x∆p ≥ ~
2

(1.8)
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Ðèñ. 1.2:
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1.3.3 Îïûò Ë. Áèáåðìàíà, Í. Ñóøêèíà è Â. Ôàáðèêàíòà. 1949

Ë. Áèáåðìàí, Í. Ñóøêèí, Â. Ôàáðèêàíò, �Äèôðàêöèÿ îäèíî÷íûõ ïîî÷åð¼äíî ëåòÿùèõ
ýëåêòðîíîâ�, ÓÑÏÅÕÈ ÔÈÇÈ×ÅÑÊÈÕ ÍÀÓÊ 38 570�571 (1949)

https://doi.org/10.3367/UFNr.0038.194908e.0570

07.09.2021

1.3.4 Îïûò Äýâèññîíà�Äæåðìåðà (Clinton Joseph Davisson, Lester
Germer). 1928

C. J. Davisson and L. H. Germer, �Re�ection of Electrons by a Crystal of Nickel�, PNAS 14,
317-322 (1928)

https://www.pnas.org/content/14/4/317

C. J. Davisson, �Are Electrons Waves?�, Franklin Institute Journal 205, 597 (1928)

https://doi.org/10.1016/S0016-0032(28)90979-5
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Ãëàâà 2

Ìàòåìàòè÷åñêèé àïïàðàò êâàíòîâîé

ìåõàíèêè

2.1 Ãèëüáåðòîâî ïðîñòðàíñòâî

Ãèëüáåðòîâî ïðîñòðàíñòâî � ëèíåéíîå (âåêòîðíîå) ïðîñòðàíñòâî íàä ïîëåì êîìïëåêñíûõ
÷èñåë. Ãèëüáåðòîâî ïðîñòðàíñòâî áóäåì îáîçíà÷àòü áóêâîé H. Ýëåìåíòû ãèëüáåðòîâà
ïðîñòðàíñòâà (âåêòîðà) ìû áóäåì îáîçíà÷àòü áóêâàìè f , g, h, ψ, ϕ, χ ∈ H; êîìïëåêñíûå
÷èñëà (ñêàëÿðû) áóäåì îáîçíà÷àòü áóêâàìè a, b, c, x, y, z ∈ C.
I. Â ãèëüáåðòîâîì ïðîñòðàíñòâå îïðåäåëåíû îïåðàöèè ñëîæåíèÿ è óìíîæåíèÿ íà êîì-

ïëåêñíîå ÷èñëî

f + g = h , h ∈ H , ∀f, g ∈ H (2.1)

af = g , g ∈ H , ∀f ∈ H , ∀a ∈ C . (2.2)

Ýòè îïåðàöèè îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè

1. f + g = g + f , ∀f, g ∈ H (êîììóòàòèâíîñòü ñëîæåíèÿ);

2. f + (g + h) = (f + g) + h , ∀f, g, h ∈ H (àññîöèàòèâíîñòü ñëîæåíèÿ);

3. ∃θ ∈ H : f+θ = f , ∀f ∈ H (ñóùåñòâîâàíèå íåéòðàëüíîãî ýëåìåíòà îòíîñèòåëüíî
ñëîæåíèÿ);

4. ∀f ∈ H ∃(−f) ∈ H : f + (−f) = θ (ñóùåñòâîâàíèå ïðîòèâîïîëîæíîãî ýëåìåíòà
îòíîñèòåëüíî ñëîæåíèÿ);

5. a(bf) = (ab)f , ∀a, b ∈ C,∀f ∈ H (àññîöèàòèâíîñòü óìíîæåíèÿ íà ñêàëÿð);

6. 1 · f = f , ∀f ∈ H (óìíîæåíèå íà íåéòðàëüíûé (ïî óìíîæåíèþ) ýëåìåíò ïîëÿ C
ñîõðàíÿåò âåêòîð).
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7. (a + b)f = af + bf , ∀a, b ∈ C,∀f ∈ H (äèñòðèáóòèâíîñòü óìíîæåíèÿ íà âåêòîð
îòíîñèòåëüíî ñëîæåíèÿ ñêàëÿðîâ);

8. a(f + g) = af + ag , ∀a ∈ C, ∀f, g ∈ H (äèñòðèáóòèâíîñòü óìíîæåíèÿ íà ñêàëÿð
îòíîñèòåëüíî ñëîæåíèÿ âåêòîðîâ).

II. Â ãèëüáåðòîâîì ïðîñòðàíñòâå îïðåäåëåíî ñêàëÿðíîå ïðîèçâåäåíèå

(f, g) = a , a ∈ C , ∀f, g ∈ H . (2.3)

Ïî îïðåäåëåíèþ ñêàëÿðíîå ïðîèçâåäåíèå îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè

1. (f + g, h) = (f, h) + (g, h) , ∀f, g, h ∈ H;

2. (af, g) = a∗(f, g) , ∀f, g ∈ H , ∀a ∈ C;

3. (f, g) = (g, f)∗ , ∀f, g ∈ H;

4. (f, f) ≥ 0 ,∀f ∈ H , ïðè÷¼ì (f, f) = 0⇐⇒ f = θ.

Èç ñâîéñòâ 2 è 3 ñëåäóåò, ÷òî

(f, ag) = a(f, g) , ∀f, g ∈ H , ∀a ∈ C . (2.4)

Ìû òàêæå áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ äëÿ ñêàëÿðíîãî ïðîèçâåäåíèÿ

(f, g) = 〈f |g〉 . (2.5)

III. Ãèëüáåðòîâî ïðîñòðàíñòâî áåñêîíå÷íîìåðíî.
Ââåä¼ì ïîíÿòèå ëèíåéíî íåçàâèñèìûõ ýëåìåíòîâ ãèëüáåðòîâà ïðîñòðàíñòâà. Ýëåìåí-

òû f1, f2, . . . , fn ∈ H íàçûâàþòñÿ ëèíåéíî íåçàâèñèìûìè, åñëè èç ðàâåíñòâà

c1f1 + c2f2 + . . .+ cnfn = 0 (2.6)

ñëåäóåò, ÷òî

c1 = 0 , c2 = 0 , . . . , cn = 0 . (2.7)

Èç òîãî, ÷òî ãèëüáåðòîâî ïðîñòðàíñòâî áåñêîíå÷íîìåðíî, ñëåäóåò, ÷òî äëÿ ëþáîãî
êîíå÷íîãî n ñóùåñòâóåò n ëèíåéíî íåçàâèñèìûõ ýëåìåíòîâ ãèëüáåðòîâà ïðîñòðàíñòâà.

Ââåä¼ì íåñêîëüêî ïîíÿòèé.
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� Íîðìà ýëåìåíòà f ∈ H åñòü

‖ f ‖ = |
√

(f, f)| . (2.8)

� Áåñêîíå÷íàÿ ïîñëåäîâàòåëüíîñòü ýëåìåíòîâ f1, f2, . . . ñõîäèòñÿ ê ïðåäåëó f

lim
n→∞

fn = f , (2.9)

åñëè

∀ε > 0 ∃N : ‖ f − fn ‖ ≤ ε , ∀n > N . (2.10)

� Ðÿä
∞∑
k=1

fk ñõîäèòñÿ, åñëè ñõîäèòñÿ ïîñëåäîâàòåëüíîñòü êîíå÷íûõ ñóìì

gn =
n∑
k=1

fk , n = 1, 2, . . . . (2.11)

Â ýòîì ñëó÷àå ñóììà ðÿäà åñòü

∞∑
k=1

fk = lim
n→∞

gn . (2.12)

� Ýëåìåíòû f, g ∈ H ÿâëÿþòñÿ îðòîãîíàëüíûìè, åñëè

(f, g) = 0 . (2.13)

� Îðòîíîðìèðîâàííûå ñèñòåìû ýëåìåíòîâ ãèëüáåðòîâà ïðîñòðàíñòâà. Ïîñëåäîâà-
òåëüíîñòü ýëåìåíòîâ f1, f2, . . . (êîíå÷íàÿ èëè áåñêîíå÷íàÿ) íàçûâàåòñÿ îðòîíîðìè-
ðîâàííîé, åñëè

(fi, fj) = δi,j , ∀fi, fj . (2.14)

� Çàìêíóòàÿ îðòîíîðìèðîâàííàÿ ñèñòåìà (f1, f2 . . . ∈ H, (fifj) = δi,j).

Âåëè÷èíû ak = (fk, g) íàçûâàåòñÿ Ôóðüå êîýôôèöèåíòàìè ýëåìåíòà g ∈ H.

� Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ýëåìåíò, êîòîðûé èìååò âèä

g = a1f1 + a2f2 . (2.15)
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Ëåãêî ïîëó÷èòü, ÷òî (ñì. Óð. (2.4))

(f1, g) = (f1, a1f1) + (f1, a2f2) = a1(f1, f1) + a2(f1, f2) = a1δ1,1 + a2δ1,2

= a1 , (2.16)

(f2, g) = a2 (2.17)

(g, g) = (a1f1 + a2f2 , a1f1 + a2f2)

= (a1f1, a1f1) + (a1f1, a2f2) + (a2f2, a1f1) + (a2f2, a2f2)

= a∗1a1(f1, f1) + a∗1a2(f1, f2) + a∗2a1(f2, f1) + a∗2a2(f2, f2)

= |a1|2 + |a2|2 . (2.18)

Ñëåäóþùèé ðÿä íàçûâàåòñÿ ðÿäîì Ôóðüå äëÿ ýëåìåíòà g

gF =
∑
k

akfk =
∑
k

(fk, g)fk . (2.19)

Ëåãêî ïîëó÷èòü, ÷òî

‖ gF ‖2 = (gF, gF) =
∑
k,l

(akfk, alfl) =
∑
k,l

a∗kal(fk, fl) =
∑
k,l

a∗kalδkl

=
∑
k

|ak|2 . (2.20)

Áåñêîíå÷íàÿ îðòîíîðìèðîâàííàÿ ñèñòåìà ýëåìåíòîâ f1, f2, . . . íàçûâàåòñÿ çàìêíó-
òîé, åñëè

∞∑
k=1

|ak|2 = ‖ g ‖2 , ∀g ∈ H . (2.21)

Èíà÷å ìîæíî ñêàçàòü: åñëè ‖ gF ‖=‖ g ‖ , ∀g ∈ H.
Çàìå÷àíèå: åñëè ìû óäàëèì íåñêîëüêî ýëåìåíòîâ èç çàìêíóòîé ñèñòåìû ýëåìåíòîâ,
îíà ïî ïðåæíåìó îñòàíåòñÿ áåñêîíå÷íîé, íî óæå íå áóäåò çàìêíóòîé.

Â îáùåì ñëó÷àå gF 6= g è

∞∑
k=1

|ak|2 ≤ ‖ g ‖2 . (2.22)

� Áåñêîíå÷íàÿ îðòîíîðìèðîâàííàÿ ñèñòåìà ýëåìåíòîâ f1, f2, . . . íàçûâàåòñÿ ïîëíîé,
åñëè â H íå ñóùåñòâóåò ýëåìåíòà, çà èñêëþ÷åíèåì íóëåâîãî, îðòîãîíàëüíîãî êî âñåì
ýëåìåíòàì ñèñòåìû.
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IV. Ñõîäèìîñòü â ñåáå.
Åñëè äëÿ ïîñëåäîâàòåëüíîñòè ýëåìåíòîâ f1, f2, . . . äëÿ ëþáîãî ε > 0 ñóùåñòâóåò òàêîå

N , ÷òî ‖ fn−fm ‖≤ ε äëÿ ëþáûõ n,m > N , òî ýòà ïîñëåäîâàòåëüíîñòü ñõîäèòñÿ ê ïðåäåëó
f , êîòîðûé ÿâëÿåòñÿ ýëåìåíòîì ãèëüáåðòîâà ïðîñòðàíñòâà.
V. Ñåïàðàáåëüíîñòü. Â ãèëüáåðòîâîì ïðîñòðàíñòâå ñóùåñòâóåò ïîëíàÿ îðòîíîðìèðî-

âàííàÿ ñèñòåìà ýëåìåíòîâ, ïðåäñòàâëÿþùàÿ ñîáîé ñ÷¼òíîå ìíîæåñòâî.
Â ãèëüáåðòîâîì ïðîñòðàíñòâå ïîëíàÿ ñèñòåìà ÿâëÿåòñÿ çàìêíóòîé è çàìêíóòàÿ ñèñòå-

ìà ÿâëÿåòñÿ ïîëíîé.

Ââåä¼ì åù¼ íåñêîëüêî îïðåäåëåíèé.

� Ïîäïðîñòðàíñòâî ãèëüáåðòîâî ïðîñòðàíñòâà.

Ïóñòü èìååòñÿ ìíîæåñòâî (êîíå÷íîå èëè áåñêîíå÷íîå) ýëåìåíòîâ ãèëüáåðòîâî ïðî-
ñòðàíñòâà f1, f2, . . .. Âñåâîçìîæíûå ëèíåéíûå êîìáèíàöèè ýòèõ ýëåìåíòîâ âìåñòå ñ
ïðåäåëüíûìè òî÷êàìè (â ñìûñëå ñâîéñòâà IV) îáðàçóþò ïîäïðîñòðàíñòâî.

Îäíîìåðíîå ïîäïðîñòðàíñòâî: L1 = {af1, a ∈ C}, ãäå f1 ∈ H.
Äâóõìåðíîå ïîäïðîñòðàíñòâî: L2 = {a1f1 + a2f2, a1, a2 ∈ C}, ãäå f1, f2 � äâà ëè-
íåéíî íåçàâèñèìûå ýëåìåíòà ãèëüáåðòîâî ïðîñòðàíñòâà H.

� Îðòîãîíàëüíûå ïîäïðîñòðàíñòâà. Äâà ïîäïðîñòðàíñòâà L ìM íàçûâàþòñÿ îð-
òîãîíàëüíûìè, åñëè ëþáîé ýëåìåíò ïîäïðîñòðàíñòâà L îðòîãîíàëåí êàæäîìó ýëå-
ìåíòó ïîäïðîñòðàíñòâàM.

(f, g) = 0 , ∀f ∈ L, g ∈M . (2.23)

� Îðòîãîíàëüíîå äîïîëíåíèå. Åñëè äâà îðòîãîíàëüíûõ ïîäïðîñòðàíñòâà L è M
îáðàçóþò âñ¼ ãèëüáåðòîâî ïðîñòðàíñòâî (H = L ∪M), òî L íàçûâàþò îðòîãîíàëü-
íûì äîïîëíåíèåì M. Ñîîòâåòñòâåííî, M íàçûâàþò îðòîãîíàëüíûì äîïîëíåíèåì
L.
Åñëè L åñòü îðòîãîíàëüíîå äîïîëíåíèå M, òî ëþáîé ýëåìåíò h ∈ H ìîæåò áûòü
åäèíñòâåííûì îáðàçîì ïðåäñòàâëåí â âèäå ñóììû

h = f + g , ãäå f ∈ L , g ∈M. (2.24)

Â ýòîì ñëó÷àå f íàçûâàþò ïðîåêöèåé h íà ïîäïðîñòðàíñòâî L, g íàçûâàþò ïðîåê-
öèåé h íà ïîäïðîñòðàíñòâîM .

16



Äîêàæåì åäèíñòâåííîñòü

h = f1 + g1 (2.25)

h = f2 + g2 (2.26)

f1 + g1 = f2 + g2 (2.27)

f1 − f2 = g2 − g1 (2.28)

‖ f1 − f2 ‖2= (f1 − f2, f1 − f2) = (f1 − f2, g2 − g1) = 0 (2.29)

f1 − f2 = θ (2.30)

f1 = f2 . (2.31)

� Ïîäïðîñòðàíñòâà ãèëüáåðòîâà ïðîñòðàíñòâà (êîíå÷íîìåðíûå èëè áåñêîíå÷íîìåð-
íûå) ìû ÷àñòî áóäåì íàçûâàòü ãèëüáåðòîâûìè ïðîñòðàíñòâàìè.

2.2 Ïðèìåðû ãèëüáåðòîâà ïðîñòðàíñòâà.

2.2.1 Ïðîñòðàíñòâî l2: áåñêîíå÷íûå ïîñëåäîâàòåëüíîñòè êîìïëåêñ-
íûõ ÷èñåë

Ýëåìåíòàìè ãèëüáåðòîâà ïðîñòðàíñòâàH ÿâëÿþòñÿ áåñêîíå÷íûå ïîñëåäîâàòåëüíîñòè êîì-
ïëåêñíûõ ÷èñåë

f = f1, f2, . . . , fk, . . . (2.32)

g = g1, g2, . . . , gk, . . . (2.33)

Ñóììà ýëåìåíòîâ

f + g = h = h1, h2, . . . , hk, . . . (2.34)

hk = fk + gk . (2.35)

Óìíîæåíèå ýëåìåíòà íà êîìïëåêñíîå ÷èñëî

af = g = g1, g2, . . . , gk, . . . (2.36)

gk = afk . (2.37)

Ñêàëÿðíîå ïðîèçâåäåíèå

(f, g) =
∞∑
k=1

f ∗kgk . (2.38)

Âñå àêñèîìû ãèëüáåðòîâà ïðîñòðàíñòâà âûïîëíåíû.
Ìû ðàññìàòðèâàåì áåñêîíå÷íûå ïîñëåäîâàòåëüíîñòè, òàê êàê, ñòðîãî ãîâîðÿ, ãèëüáåð-

òîâî ïðîñòðàíñòâî áåñîíå÷íîìåðíî.

11.09.2021
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2.2.2 Ïðîñòðàíñòâî ôóíêöèé L2

Ýëåìåíòàìè ýòîãî ãèëüáåðòîâà ïðîñòðàíñòâà ÿâëÿþòñÿ ôóíêöèè ϕ(x) âåùåñòâåííîé ïå-
ðåìåííîé (−∞ < x <∞) èíòåãðèðóåìûõ ñ êâàäðàòîì ìîäóëÿ

∞∫
−∞

dx |ϕ(x)|2 < ∞ . (2.39)

Ëåãêî ïîêàçàòü, ÷òî

ϕ+ ψ = χ ∈ L2 , ∀ϕ, ψ ∈ L2 (2.40)

aϕ = ψ ∈ L2 , ∀ϕ ∈ L2, a ∈ C . (2.41)

Ñêàëÿðíîå ïðîèçâåäåíèå

(ϕ, ψ) =

∞∫
−∞

dxϕ(x)∗ψ(x) . (2.42)

Âñå àêñèîìû ãèëüáåðòîâà ïðîñòðàíñòâà âûïîëíåíû.
Ãèëüáåðòîâûì ïðîñòðàíñòâîì òàêæå áóäåò àíàëîãè÷íîå ïðîñòðàíñòâî ôóíêöèé n ïå-

ðåìåííûõ Φ(x1, x2, . . . , xn)

∞∫
−∞

dx1

∞∫
−∞

dx2 . . .

∞∫
−∞

dxn |Φ(x1, x2, . . . , xn)|2 < ∞ , (2.43)

(Φ,Ψ) =

∞∫
−∞

dx1

∞∫
−∞

dx2 . . .

∞∫
−∞

dxn Φ(x1, x2, . . . , xn)∗Ψ(x1, x2, . . . , xn) . (2.44)

2.3 Îïåðàòîðû â ãèëüáåðòîâîì ïðîñòðàíñòâå

Îïåðàòîð � ýòî ïðàâèëî, ïî êîòîðîìó îäíîìó ýëåìåíòó (f) ãèëüáåðòîâà ïðîñòðàíñòâà (H)
ñîïîñòàâëÿåòñÿ äðóãîé ýëåìåíò (g)

Âf = g . (2.45)

D(Â) � îáëàñòü îïðåäåëåíèÿ îïåðàòîðà Â.
R(Â) � îáëàñòü çíà÷åíèé îïåðàòîðà Â.

Â : D(Â) → R(Â) . (2.46)

Äàëåå, äëÿ êðàòêîñòè èçëîæåíèÿ, ìû áóäåì ãîâîðèòü, ÷òî îïåðàòîðû îïðåäåëåíû íà
âñ¼ì ãèëüáåðòîâîì ïðîñòðàíñòâå H, ò.å. D(Â) = H. Îäíàêî, î÷åâèäíî, ÷òî ýòî íå âñåãäà
òàê.
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2.3.1 Ïðèìåðû îïåðàòîðîâ

1. Åäèíè÷íûé îïåðàòîð Ê (èëè Î)

Êf = f , ∀f ∈ H . (2.47)

Çäåñü ìû ìîæåì óòâåðæäàòü, ÷òî D(Â) = R(Â) = H.

2. Íóëåâîé îïåðàòîð

0̂f = 0 , ∀f ∈ H . (2.48)

Äàëåå íóëåâîé ýëåìåíò ãèëüáåðòîâà ïðîñòðàíñòâà ìû áóäåì îáîçíà÷àòü êàê 0.

Çàìå÷àíèå: çäåñü âàæíî, ÷òî ðàâåíñòâî Óð. (2.48) äîëæíî áûòü âûïîëíåíî äëÿ êàæ-
äîãî ýëåìåíòà ïðîñòðàíñòâà H.

3. Îïåðàòîð ïðîåêòèðîâàíèÿ

Ïóñòü èìååòñÿ ïîäïðîñòðàíñòâîM ãèëüáåðòîâà ïðîñòðàíñòâà H. Òîãäà ëþáîé ýëå-
ìåíò h ∈ H ìîæíî ïðåäñòàâèòü â âèäå

h = f + g , f ∈M , (f, g) = 0 . (2.49)

Îïåðàòîðîì ïðîåêòèðîâàíèÿ íà ïîäïðîñòðàíñòâî M íàçûâàåòñÿ îïåðàòîð P̂M òà-
êîé, ÷òî

P̂Mh = f , h ∈ H (2.50)

èëè

P̂Mf = f , f ∈M , (2.51)

P̂Mg = 0 , g 6∈ M . (2.52)

Îïåðàòîð ïðîåêòèðîâàíèÿ îáëàäàåò ñâîéñòâîì

P̂ 2
M = P̂M . (2.53)

Çàìå÷àíèå: íå ïóòàòü îïåðàòîð ïðîåêòèðîâàíèÿ ñ ïðîåêöèîííûì îïåðàòîðîì (ïðî-
åêòîðîì), êîòîðûé ìû áóäåì èçó÷àòü íèæå.

Äàëåå ìû ðàññìîòðèì îïåðàòîðû, äåéñòâóþùèå â ïðîñòðàíñòâå ôóíêöèé îäíîé âå-
ùåñòâåííîé ïåðåìåííîé L2.
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4. Îïåðàòîð óìíîæåíèÿ íà ïåðåìåííóþ

x̂ϕ(x) = xϕ(x) = ψ(x) . (2.54)

Ìû ïðåäïîëàãàåì, ÷òî ψ(x) = xϕ(x) òàêæå èíòåãðèðóåìà ñ êâàäðàòîì ìîäóëÿ. Ýòî
ñóæàåò îáëàñòü îïðåäåëåíèÿ îïåðàòîðà x̂.

5. Îïåðàòîð èíâåðñèè

Îϕ(x) = ϕ(−x) = ψ(x) . (2.55)

6. Îïåðàòîð ñäâèãà

T̂aϕ(x) = ϕ(x+ a) = ψ(x) . (2.56)

7. Îïåðàòîð ìàñøòàáà (c > 0)

M̂cϕ(x) =
√
c ϕ(cx) = ψ(x) . (2.57)

8. Îïåðàòîð äèôôåðåíöèðîâàíèÿ

D̂ϕ(x) =
d

dx
ϕ(x) = ψ(x) . (2.58)

9. Îïåðàòîð èìïóëüñà

p̂ϕ(x) = −i~ d
dx
ϕ(x) = ψ(x) . (2.59)

10. Îïåðàòîð êîìïëåêñíîãî ñîïðÿæåíèÿ

K̂ϕ(x) = (ϕ(x))∗ = ψ(x) . (2.60)

11. Îïåðàòîð âîçâåäåíèÿ â êâàäðàò

Q̂ϕ(x) = ϕ(x)2 = ψ(x) . (2.61)

12. Èíòåãðàëüíûé îïåðàòîð ñ ÿäðîì L(x, x′)

L̂ϕ(x) =

∞∫
−∞

dx′ L(x, x′)ϕ(x′) = ψ(x) . (2.62)
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13. Îïåðàòîð ïåðåñòàíîâîê

P̂12Φ(x1, x2) = Φ(x2, x1) = Ψ(x1, x2) . (2.63)

Ðàññìîòðèì îïåðàòîðû, äåéñòâóþùèå â ïðîñòðàíñòâå l2 (áåñêîíå÷íûå ïîñëåäîâà-
òåëüíîñòè êîìïëåêñíûõ ÷èñåë).

14. Ðàññìîòðèì áåñêîíå÷íóþ ìàòðèöó Lij

L̂f = g (2.64)

gk =
∞∑
i=1

Lkifi . (2.65)

Íàïîìèíàþ, êàê âûãëÿäÿò ýëåìåíòû ïðîñòðàíñòâà l2

f = f1, f2, . . . , fk, . . . (2.66)

g = g1, g2, . . . , gk, . . . (2.67)

2.4 Ñîîòíîøåíèå ìåæäó îïåðàòîðàìè

1. Ðàâåíñòâî îïåðàòîðîâ

Â = B̂ , åñëè D(Â) = D(B̂) è Âf = B̂f , ∀f ∈ D(Â) . (2.68)

Çàìå÷àíèå: çäåñü î÷åíü âàæíî, ÷òî ðàâåíñòâî Âf = B̂f äîëæíî áûòü âûïîëíåíî
äëÿ âñåõ ýëåìåíòîâ f ∈ D(Â).

Ìû óìååì ñêëàäûâàòü è óìíîæàòü îïåðàòîðû.

2. Ñóììà îïåðàòîðîâ

Ĉ = Â+ B̂ , åñëè D(Ĉ) = D(Â) ∩ D(B̂) (2.69)

è Ĉf = Âf + B̂f , ∀f ∈ D(Ĉ) . (2.70)
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3. Ïðîèçâåäåíèå îïåðàòîðîâ

Åñëè D(Â) ∩R(B̂) 6= Ø, ìû ìîæåì ââåñòè ïðîèçâåäåíèå îïåðàòîðîâ

Ĉ = ÂB̂ , åñëè Ĉf = Â(B̂f) , ∀f ∈ D(Ĉ) . (2.71)

Èíà÷å ìîæíî ñêàçàòü, ÷òî

Ĉf = Âg , g = B̂f . (2.72)

Äëÿ êðàòêîñòè èçëîæåíèÿ, ìû íå îïðåäåëÿåì D(Ĉ) ÿâíî. Ìû ïðåäïîëàãàåì, ÷òî g
è Âg îïðåäåëåíû äëÿ êàæäîãî f ∈ D(Ĉ).

Çàìå÷àíèå: â îáùåì ñëó÷àå, ìû íå óìååì òðàíñïîíèðîâàòü îïåðàòîðû è áðàòü êîì-
ïëåêñíîå ñîïðÿæåíèå îò îïåðàòîðîâ.

4. Êîììóòàòîð

[Â, B̂] = ÂB̂ − B̂Â . (2.73)

5. Àíòèêîììóòàòîð

{Â, B̂} = ÂB̂ + B̂Â . (2.74)

6. Îáðàòíûé îïåðàòîð

Åñëè îïåðàòîð Â óñòàíàâëèâàåò âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó îáëàñòüþ
îïðåäåëåíèÿ D(Â) è îáëàñòüþ çíà÷åíèé R(Â), òî ýòî ïðàâèëî ñîîòâåòñòâèÿ îïðåäå-
ëÿåò êàê îïåðàòîð Â, òàê è îáðàòíûé åìó îïåðàòîð Â−1

g = Âf , Â−1g = f . (2.75)

2.5 Ñâîéñòâà îïåðàòîðîâ

Â ýòîé ãëàâå ìû áóäåì ñ÷èòàòü, ÷òî îáëàñòüþ îïðåäåëåíèÿ îïåðàòîðîâ ÿâëÿåòñÿ âñ¼ ãèëü-
áåðòîâî ïðîñòðàíñòâî

Â : H → H . (2.76)

1. Îãðàíè÷åííûé îïåðàòîð

Îïåðàòîð Â íàçûâàåòñÿ îãðàíè÷åííûì, åñëè

‖ Âf ‖ ≤ p ‖ f ‖ , ∀f ∈ H , ïðè÷¼ì p íå çàâèñèò îò f . (2.77)

Çäåñü

‖ f ‖ = 〈f |f〉1/2 . (2.78)
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2. Ëèíåéíûé îïåðàòîð

Îïåðàòîð Â ÿâëÿåòñÿ ëèíåéíûì, åñëè

Â(c1f1 + c2f2) = c1Âf1 + c2Âf2 , ∀c1, c2 ∈ C , ∀f1, f2 ∈ H . (2.79)

3. Ýðìèòîâñêè ñîïðÿæ¼ííûé îïåðàòîð

Åñëè îïåðàòîð Â ÿâëÿåòñÿ ëèíåéíûì îïåðàòîðîì, äëÿ íåãî ìîæíî ââåñòè ýðìèòîâ-
ñêè ñîïðÿæ¼ííûé îïåðàòîð Â+.

Îïåðàòîð Â+ íàçûâàåòñÿ ýðìèòîâñêè ñîïðÿæ¼ííûì ê îïåðàòîðó Â, åñëè îí óäîâëå-
òâîðÿåò óñëîâèþ

〈Â+f |g〉 = 〈f |Âg〉 , ∀f, g ∈ H . (2.80)

Èñïîëüçóÿ ñâîéñòâî ñêàëÿðíîãî ïðîèçâåäåíèÿ (h, g) = (g, h)∗, ìîæíî ïîêàçàòü, ÷òî
èç Óð. (2.80) òàêæå ñëåäóò

〈g|Â+f〉 = 〈Âg|f〉 , ∀f, g ∈ H . (2.81)

4. Ýðìèòîâñêèé èëè ñàìîñîïðÿæ¼ííûé îïåðàòîð

Ëèíåéíûé îïåðàòîð Â íàçûâàåòñÿ ýðìèòîâñêèì èëè ñàìîñîïðÿæ¼ííûì, åñëè

Â+ = Â . (2.82)

Ýòî ýêâèâàëåíòíî âûïîëíåíèþ óñëîâèÿ

〈Âf |g〉 = 〈f |Âg〉 , ∀f, g ∈ H . (2.83)

5. Ñïåêòð îïåðàòîðà. Ðåãóëÿðíûå òî÷êè. Òî÷êè ñïåêòðà.

Ðàññìîòðèì ñàìîñîïðÿæ¼ííûé îïåðàòîð Â. Åñëè ñóùåñòâóåò îïåðàòîð òàêîé, ÷òî

(Â− λ)−1 , ãäå λ ∈ C , (2.84)

îïðåäåë¼ííûé íà âñ¼ì ïðîñòðàíñòâå H è îãðàíè÷åííûé, òîãäà λ íàçûâàåòñÿ ðå-
ãóëÿðíîé òî÷êîé. Âñå òî÷êè êîìïëåêñíîé ïëîñêîñòè, çà èñêëþ÷åíèåì ðåãóëÿðíûõ
òî÷åê, íàçûâàþòñÿ òî÷êàìè ñïåêòðà.

6. Ñîáñòâåííàÿ ôóíêöèÿ è ñîáñòâåííîå çíà÷åíèå îïåðàòîðà

Åñëè ñëåäóþùåå óñëîâèå âûïîëíåíî

Âf = λf , ãäå f ∈ H è f 6= 0 , (2.85)
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òîãäà λ � ýòî ñîáñòâåííîå çíà÷åíèå, à f � ñîáñòâåííàÿ ôóíêöèÿ èëè ñîáñòâåííûé
âåêòîð.

Åñëè λ ÿâëÿåòñÿ ñîáñòâåííûì ÷èñëîì, òî îíà òî÷êà ñïåêòðà. Äåéñòâèòåëüíî, åñëè

(Â− λ)f = 0 , (2.86)

òî îïåðàòîð (Â− λ)−1 íåîãðàíè÷åííûé.

7. Âûðîæäåííûå ñîáñòâåííûå çíà÷åíèÿ

Åñëè âûïîëíåíî ñëåäóþùåå óñëîâèå

Âfk = λfk , k = 1, 2, . . . , n (2.87)

äëÿ n ëèíåéíî íåçàâèñèìûõ fk ∈ H (fk 6= 0), òîãäà ñîáñòâåííîå çíà÷åíèå λ ÿâëÿåòñÿ
n-êðàòíî âûðîæäåííûì.

Â ýòîì ñëó÷àå âåêòîð

f = c1f1 + c2f2 + . . .+ cnfn , äëÿ ∀ck ∈ C òàêèõ, ÷òî f 6= 0 , (2.88)

òàêæå ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì

Âf = λf . (2.89)

2.6 Ñâîéñòâà ñàìîñîïðÿæ¼ííîãî (ýðìèòîâñêîãî) îïåðà-

òîðà

Ðàññìîòðèì ñàìîñîïðÿæ¼ííûé îïåðàòîð

Â+ = Â (2.90)

〈Âf |f〉 = 〈f |Âf〉 , ∀f ∈ H (2.91)

〈Âf1|f2〉 = 〈f1|Âf2〉 , ∀f1, f2 ∈ H . (2.92)

1. Ñîáñòâåííûå çíà÷åíèÿ ñàìîñîïðÿæ¼ííîãî îïåðàòîðà âåùåñòâåííûå

Âf = λf (2.93)

〈Âf |f〉 = 〈λf |f〉 = λ∗〈f |f〉 (2.94)

〈f |Âf〉 = 〈f |λf〉 = λ〈f |f〉 (2.95)

λ∗ = λ . (2.96)
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2. Ñîáñòâåííûå âåêòîðà ñàìîñîïðÿæ¼ííîãî îïåðàòîðà ìîãóò áûòü íîðìèðîâàíû íà
åäèíèöó.

Åñëè f � ñîáñòâåííûå âåêòîð,

Âf = λf , (2.97)

òîãäà âåêòîð f/ ‖ f ‖ òàêæå ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì.

‖ f ‖ = 〈f |f〉1/2 . (2.98)

3. Ñîáñòâåííûå âåêòîðà (f1 è f2) ñàìîñîïðÿæ¼ííîãî îïåðàòîðà, îòâå÷àþùèå ðàçëè÷-
íûì ñîáñòâåííûì çíà÷åíèÿì (λ1 è λ2, êîòîðûå λ1 6= λ2) ÿâëÿþòñÿ îðòîãîíàëüíûìè
(〈f1|f2〉 = 0).

Âf1 = λ1f1 , Âf2 = λ2f2 , λ1 6= λ2 (2.99)

Òîãäà ìû ïîëó÷àåì

〈Âf1|f2〉 = λ1〈f1|f2〉 (2.100)

〈f1|Âf2〉 = λ2〈f1|f2〉 (2.101)

λ1〈f1|f2〉 = λ2〈f1|f2〉 ⇒ 〈f1|f2〉 = 0 (2.102)

4. Èç ñîáñòâåííûõ âåêòîðîâ, îòâå÷àþùèõ n-êðàòíî âûðîæäåííîìó ñîáñòâåííîìó ÷èñ-
ëó, âñåãäà ìîæíî ñîñòàâèòü n îðòîãîíàëüíûõ âåêòîðîâ.

Ïóñòü ó íàñ åñòü n ëèíåéíî íåçàâèñèìûõ âåêòîðîâ (fk), ÿâëÿþùèõñÿ ñîáñòâåííûìè
âåêòîðàìè äëÿ ñîáñòâåííîãî çíà÷åíèÿ λ

Âfk = λfk , k = 1, 2, . . . , n . (2.103)

Ïîêàæåì, ÷òî èç âåêòîðîâ fk ìîæíî ñîñòàâèòü ëèíåéíûå êîìáèíàöèè (gk), êîòîðûå
áóäóò îðòîíîðìèðîâàííûìè ñîáñòâåííûìè âåêòîðàìè, îòâå÷àþùèìè λ

Âgk = λgk , k = 1, 2, . . . , n (2.104)

〈gk|gk′〉 = δk,k′ , k, k′ = 1, 2, . . . , n . (2.105)

Óð. (2.104) ñëåäóåò èç Óð. (2.88), (2.89).

Âf1 = λf1 (2.106)

g1 = f1/ ‖ f1 ‖ (2.107)

G2 = f2 − 〈f2|g1〉g1 , g2 = G2/ ‖ G2 ‖ (2.108)
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〈G2|g1〉 = 〈f2|g1〉 − 〈f2|g1〉〈g1|g1〉 = 0 (2.109)

〈g2|g1〉 = 0 (2.110)

G3 = f3 − 〈f3|g1〉g1 − 〈f3|g2〉g2 , g3 = G3/ ‖ G3 ‖ (2.111)

〈G3|g1〉 = 0 (2.112)

〈G3|g2〉 = 0 (2.113)

〈g3|g1〉 = 0 (2.114)

〈g3|g2〉 = 0 (2.115)

Gk = fk − 〈fk|g1〉g1 − 〈fk|g2〉g2 − . . .− 〈fk|gk−1〉gk−1 (2.116)

gk = Gk/ ‖ Gk ‖ (2.117)

〈gk|gi〉 = 0 , i = 1, 2, . . . , k − 1 . (2.118)

Äàëåå ïî óìîë÷àíèþ ìû âñåãäà áóäåì ïðåäïîëàãàòü, ÷òî ñîáñòâåííûå âåêòîðà, îò-
âå÷àþùèå îäíîìó (âûðîæäåííîìó) ñîáñòâåííîìó çíà÷åíèþ âûáðàíû îðòîíîðìèðî-
âàííûìè.

Çàìå÷àíèå: íàäî ïîíèìàòü, ÷òî, ïðè æåëàíèè, èõ ìîæíî âûáðàòü è íåîðòîíîðìè-
ðîâàííûìè.

Ñ ó÷¼òîì ýòîãî çàìå÷àíèÿ, äàëåå ìû áóäåì ãîâîðèòü, ÷òî âñå ñîáñòâåííûå âåêòîðà
ñàìîñîïðÿæ¼ííîãî (ýðìèòîâñêîãî) îïåðàòîðà îðòîíîðìèðîâàíû.

Òàêèì îáðàçîì, åñëè îïåðàòîð Â ñàìîñîïðÿæ¼ííûé îïåðàòîð, ìû ìîæåì çàïèñàòü

Âfα,k = λαfα,k , α = 1, 2, . . . , k = 1, 2, . . . , n (2.119)

〈fα,k|fα′,k′〉 = δα,α′ δk,k′ . (2.120)

Çäåñü δα,α′ � ñëåäñòâèå Ñâîéñòâà ñàìîñîïðÿæ¼ííîãî îïåðàòîðà �3, δk,k′ � ïðèíÿòîå
ñîãëàøåíèå.
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14.09.2021

5. Òðè âèäà ñïåêòðîâ

(a) Ó ýðìèòîâñêîãî îïåðàòîðà èìååòñÿ áåñêîíå÷íî ìíîãî ñîáñòâåííûõ âåêòîðîâ
è îíè îáðàçóþò ïîëíóþ ñèñòåìó. Â ýòîì ñëó÷àå äðóãèõ òî÷åê ñïåêòðà íåò,
îïåðàòîð îáëàäàåò ÷èñòî äèñêðåòíûì ñïåêòðîì.

Ïðèìåðû: 0̂, Ê, ïðîåêòîðû, Î, P̂12, ïîòåíöèàëüíàÿ ÿìà ñ áåñêîíå÷íûìè ñòåíêà-
ìè, îñöèëëÿòîð.

(b) Ó ýðìèòîâñêîãî îïåðàòîðà íåò íè îäíîãî ñîáñòâåííîãî âåêòîðà. Â ýòîì ñëó-
÷àå ê òî÷êàì ñïåêòðà îïåðàòîðà îòíîñÿòñÿ âñå òî÷êè îòðåçêà (èëè îòðåçêîâ)
âåùåñòâåííîé îñè. Îïåðàòîð îáëàäàåò ÷èñòî íåïðåðûâíûì ñïåêòðîì.

Ïðèìåðû: p̂, x̂, ïîòåíöèàëüíûé áàðüåð.

(c) Ó ýðìèòîâñêîãî îïåðàòîðà èìåþòñÿ ñîáñòâåííûå âåêòîðà, íî îíè íå îáðàçó-
þò ïîëíóþ ñèñòåìó. Ñîáñòâåííûõ âåêòîðîâ ìîæåò áûòü êàê êîíå÷íîå, òàê è
áåñêîíå÷íîå êîëè÷åñòâî. Â ýòîì ñëó÷àå îïåðàòîð îáëàäàåò è äèñêðåòíûì, è
íåïðåðûâíûì ñïåêòðîì � ñìåøàííûé ñïåêòð.

Ïðèìåð: ïîòåíöèàëüíàÿ ÿìà ñ êîíå÷íûìè ñòåíêàìè.

6. Ñîáñòâåííûå ôóíêöèè ñàìîñîïðÿæ¼ííîãî îïåðàòîðà (Â) ñ ÷èñòî äèñêðåòíûì ñïåê-
òðîì

Âfk = λkfk , (2.121)

〈fk|fk′〉 = δk,k′ (2.122)

îáðàçóþò ïîëíóþ îðòîíîðìèðîâàííóþ ñèñòåìó.

Ïðîèçâîëüíàÿ ôóíêöèÿ g ìîæåò áûòü ðàçëîæåíà ïî ñîáñòâåííûì ôóíêöèÿì fk

g =
∑
k

ck fk , (2.123)

ck = 〈fk|g〉 . (2.124)

Äîêàæåì Óð. (2.123). Ðàññìîòðèì ðÿä Ôóðüå äëÿ ýëåìåíòà g

gF =
∑
k

ck fk , ck = 〈fk|g〉 . (2.125)

Ðàññìîòðèì ñëåäóþùèå ñêàëÿðíûå ïðîèçâåäåíèÿ

〈gF|g〉 =
∑
k

c∗k〈fk|g〉 =
∑
k

|ck|2 = ‖ gF ‖2 , (2.126)

〈g|gF〉 = ‖ gF ‖2 . (2.127)
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Â ãèëüáåðòîâîì ïðîñòðàíñòâå ïîëíàÿ ñèñòåìà ÿâëÿåòñÿ çàìêíóòîé. Ñëåäîâàòåëüíî,
äîëæíî âûïîëíÿòüñÿ

‖ gF ‖ = ‖ g ‖ . (2.128)

Ñîîòâåòñòâåííî, ìû ïîëó÷àåì

〈g − gF|g − gF〉 = 0 , (2.129)

g = gF . (2.130)

Ðàññìîòðèì åù¼ íåñêîëüêî ñâîéñòâ ñàìîñîïðÿæ¼ííûõ îïåðàòîðîâ.

1. Ñóììà ñàìîñîïðÿæ¼ííûõ îïåðàòîðîâ � ñàìîñîïðÿæ¼ííûé îïåðàòîð.

Ðàññìîòðèì ñàìîñîïðÿæ¼ííûå îïåðàòîðû Â è B̂:

Â+ = Â , B̂+ = B̂ . (2.131)

Ñóììà ýòèõ îïåðàòîðâ � ñàìîñîïðÿæ¼ííûé îïåðàòîð.

Ĉ = Â+ B̂ (2.132)

〈Ĉf |g〉 = 〈Âf |g〉+ 〈B̂f |g〉 (2.133)

= 〈f |Âg〉+ 〈f |B̂g〉 = 〈f |Ĉg〉 , ∀f, g ∈ H . (2.134)

Ĉ+ = Ĉ . (2.135)

2. Ïðîèçâåäåíèå ñàìîñîïðÿæ¼ííûõ îïåðàòîðîâ

Ðàññìîòðèì ñàìîñîïðÿæ¼ííûå îïåðàòîðû Â è B̂:

Â+ = Â , B̂+ = B̂ . (2.136)

Ðàññìîòðèì ïðîèçâåäåíèå ýòèõ îïåðàòîðîâ

Ĉ = Â B̂ (2.137)
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〈Ĉf |g〉 = 〈ÂB̂f |g〉 = 〈Â(B̂f)|g〉 (2.138)

= 〈B̂f |Âg〉 = 〈f |B̂Âg〉 = 〈f |Ĉ+g〉 (2.139)

Ĉ+ = B̂Â . (2.140)

Åñëè îïåðàòîðû Â è B̂ óäîâëåòâîðÿþò óñëîâèþ

ÂB̂ = B̂Â , (2.141)

ò.å. åñëè ýòè îïåðàòîðû êîììóòèðóþò, òîãäà

Ĉ+ = Ĉ . (2.142)

3. Ëèíåéíûé îïåðàòîð Â íàçûâàåòñÿ àíòèýðìèòîâñêèì, åñëè

Â+ = −Â . (2.143)

Êîììóòàòîð äâóõ ýðìèòîâñêèõ îïåðàòîðîâ � àíòèýðìèòîâñêèé îïåðàòîð.

Â+ = Â , B̂+ = B̂ , (2.144)

[Â, B̂]+ = (ÂB̂ − B̂Â)+ = B̂+Â+ − Â+B̂+ (2.145)

= B̂Â− ÂB̂ = −[Â, B̂] . (2.146)

2.7 Ïðèìåðû ñàìîñîïðÿæ¼ííûõ (ýðìèòîâñêèõ) îïåðà-

òîðîâ

1. Îïåðàòîð ïðîåêöèè íà ïîäïðîñòðàíñòâî (P̂L).

Ðàññìîòðèì ïðîñòðàíñòâî H, ñîñòîÿùåå èç äâóõ îðòîãîíàëüíûõ ïîäïðîñòðàíñòâ L
èM (H = L ∪M, L ∩M = 0).

Äëÿ ïðîèçâîëüíîãî ýëåìåíòà ãèëüáåðòîâà ïðîñòðàíñòâà H ìû ìîæåì íàïèñàòü

h = f + g , ãäå h ∈ H , f ∈ L , g ∈M . (2.147)

P̂Lh = f . (2.148)
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Ïîêàæåì, ÷òî îïåðàòîð ïðîåêöèè íà ïîäïðîñòðàíñòâî ÿâëÿåòñÿ ñàìîñîïðÿæ¼ííûì
îïåðàòîðîì

P̂+
L = P̂L (2.149)

〈P̂Lh|h′〉 = 〈f |h′〉 = 〈f |f ′〉+ 〈f |g′〉 = 〈f |f ′〉 (2.150)

〈h|P̂Lh′〉 = 〈h|f ′〉 = 〈f |f ′〉+ 〈g|f ′〉 = 〈f |f ′〉 . (2.151)

P̂Lf = λf , λ = 0, 1 . (2.152)

P̂Lf = 1 · f , f ∈ L (2.153)

P̂Lg = 0 · g , g ∈M . (2.154)

2. Ïðîåêòîð (P̂ ).

Ïðîåêòîð � ýòî ñàìîñîïðÿæ¼ííûé îïåðàòîð, óäîâëåòâîðÿþùèé óñëîâèþ

P̂ 2 = P̂ . (2.155)

Ðàññìîòðèì ñîáñòâåííûå çíà÷åíèÿ ïðîåêòîðà

P̂ f = λf (2.156)

P̂ 2f = P̂ (P̂ f) = λP̂f = λ2f (2.157)

λ2 = λ , λ = 0, 1 . (2.158)

3. Îïåðàòîð èíâåðñèè (Î).

Îψ(x) = ψ(−x) , ãäå ψ ∈ L2 . (2.159)

∞∫
−∞

dx |ψ(x)|2 < ∞ . (2.160)

Ïîêàæåì, ÷òî îïåðàòîð èíâåðñèè ÿâëÿåòñÿ ñàìîñîïðÿæ¼ííûì îïåðàòîðîì

Î+ = Î . (2.161)
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〈Îψ1|ψ2〉 =

∞∫
−∞

dxψ∗1(−x)ψ2(x) (2.162)

〈ψ1|Îψ2〉 =

∞∫
−∞

dxψ∗1(x)ψ2(−x) =

∞∫
−∞

dx′ ψ∗1(−x′)ψ2(x′) . (2.163)

Çäåñü x = −x′.
Íàéä¼ì ñîáñòâåííûå ôóíêöèè îïåðàòîðà èíâåðñèè

ϕg(x) =
1

2
(ψ(x) + ψ(−x)) , ϕu(x) =

1

2
(ψ(x)− ψ(−x)) (2.164)

Îϕg(x) = 1 · ϕg(x) , Îϕu(x) = −1 · ϕg(x) , λ = 1, −1 . (2.165)

4. Îïåðàòîð ïåðåñòàíîâîê (P̂12).

P̂12Ψ(x1, x2) = Ψ(x2, x1) , ãäå Ψ ∈ L2
2 (2.166)

∞∫
−∞

dx1

∞∫
−∞

dx2 |Ψ(x1, x2)|2 < ∞ . (2.167)

Ïîêàæåì, ÷òî îïåðàòîð ïåðåñòàíîâîê ÿâëÿåòñÿ ñàìîñîïðÿæ¼ííûì îïåðàòîðîì

〈P̂12Ψ|Φ〉 =

∞∫
−∞

dx1

∞∫
−∞

dx2

(
P̂12Ψ(x1, x2)

)∗
Φ(x1, x2) (2.168)

=

∞∫
−∞

dx1

∞∫
−∞

dx2 Ψ∗(x2, x1) Φ(x1, x2) (2.169)

=

∞∫
−∞

dx′1

∞∫
−∞

dx′2 Ψ∗(x′1, x
′
2) Φ(x′2, x

′
1) (2.170)

=

∞∫
−∞

dx′1

∞∫
−∞

dx′2 Ψ∗(x′1, x
′
2)

(
P̂12Φ(x′1, x

′
2)

)
(2.171)

= 〈Ψ|P̂12Φ〉 (2.172)

Çäåñü x′1 = x2, x
′
2 = x1.
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Ëåãêî óáåäèòüñÿ, ÷òî

P̂ 2
12 = Ê . (2.173)

Íàéä¼ì ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðà ïåðåñòàíîâîê

P̂12Ψ(x1, x2) = λΨ(x1, x2) , (2.174)

P̂ 2
12Ψ(x1, x2) = P̂12(P̂12Ψ(x1, x2)) = λP̂12Ψ(x1, x2) = λ2Ψ(x1, x2) , (2.175)

P̂ 2
12Ψ(x1, x2) = ÊΨ(x1, x2) = Ψ(x1, x2) , (2.176)

λ2 = 1 , λ = ±1 . (2.177)

Ñîáñòâåííûå ôóíêöèè îïåðàòîðà ïåðåñòàíîâîê

Ψeven(x1, x2) =
1

2
(Ψ(x1, x2) + Ψ(x2, x1)) , λ = 1 (2.178)

Ψodd(x1, x2) =
1

2
(Ψ(x1, x2)−Ψ(x2, x1)) , λ = −1 . (2.179)

P̂12Ψeven(x1, x2) = Ψeven(x1, x2) , (2.180)

P̂12Ψodd(x1, x2) = −Ψodd(x1, x2) . (2.181)

5. Îïåðàòîð èìïóëüñà (p̂)

p̂ψ(x) = −i~ d
dx
ψ(x) , ãäå ψ ∈ L2 (2.182)

∞∫
−∞

dx |ψ(x)|2 < ∞ . (2.183)

Ïîêàæåì, ÷òî îïåðàòîð èìïóëüñà ÿâëÿåòñÿ ñàìîñîïðÿæ¼ííûì îïåðàòîðîì (p̂+ = p̂)

〈p̂ψ|ϕ〉 =

∞∫
−∞

dx

(
−i~ d

dx
ψ(x)

)∗
ϕ(x) (2.184)

= i~
∞∫

−∞

dx

(
d

dx
ψ(x)

)∗
ϕ(x) (2.185)

= i~ψ∗(x)ϕ(x)

∣∣∣∣∞
−∞
− i~

∞∫
−∞

dxψ∗(x)

(
d

dx
ϕ(x)

)
(2.186)

=

∞∫
−∞

dxψ∗(x)

(
−i~ d

dx
ϕ(x)

)
= 〈ψ|p̂ϕ〉 (2.187)
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Èç óñëîâèÿ (2.183) ñëåäóåò, ÷òî ψ(±∞) = 0.

Íàéä¼ì ñïåêòð îïåðàòîðà èìïóëüñà

p̂ψp(x) = −i~ d
dx
ψp(x) = pψp(x) (2.188)

ψp(x) = C e
ipx
~ . (2.189)

Ôóíêöèÿ ψp(x) ñóùåñòâóåò äëÿ ëþáîãî âåùåñòâåííîãî çíà÷åíèÿ p: −∞ < p < +∞.
Òàêèì îáðàçîì, ìû ïîëó÷àåì, ÷òî ñïåêòð îïåðàòîðà èìïóëüñà � ýòî âñÿ âåùåñòâåí-
íàÿ îñü.

Ïîêàæåì, ÷òî ôóíêöèÿ ψp(x) íå ïðèíàäëåæèò ãèëüáåðòîâó ïðîñòðàíñòâó (ψp(x) 6∈
L2)

∞∫
−∞

dx |ψp(x)|2 = |C|2
∞∫

−∞

dx
∣∣∣e ipx~ ∣∣∣2 � èíòåãðàë ðàñõîäèòñÿ . (2.190)

Ìû ïîëó÷àåì, ÷òî îïåðàòîð èìïóëüñà íå èìååò ñîáñòâåííûõ ôóíêöèé.

Çàìå÷àíèå: íèæå ìû äîîïðåäåëèì ôóíêöèè ψp(x) è áóäåì íàçûâàòü èõ ñîáñòâåííû-
ìè ôóíêöèÿìè îïåðàòîðà èìïóëüñà, õîòÿ, ñòðîãî ãîâîðÿ, îíè èìè íå ÿâëÿþòñÿ.

6. Îïåðàòîð êîîðäèíàòû (x̂).

x̂ψ(x) = xψ(x) , ãäå ψ ∈ L2 (2.191)

∞∫
−∞

dx |ψ(x)|2 < ∞ . (2.192)

Ïîêàæåì, ÷òî îïåðàòîð êîîðäèíàòû ÿâëÿåòñÿ ñàìîñîïðÿæ¼ííûì îïåðàòîðîì (x̂+ =
x̂)

〈x̂ψ|ϕ〉 =

∞∫
−∞

dx

(
x̂ψ(x)

)∗
ϕ(x) (2.193)

=

∞∫
−∞

dx xψ∗(x)ϕ(x) (2.194)

=

∞∫
−∞

dxψ∗(x)x̂ϕ(x) (2.195)

= 〈ψ|x̂ϕ〉 (2.196)
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Íàéä¼ì ñïåêòð îïåðàòîðà êîîðäèíàòû

x̂ψx0(x) = xψx0(x) = x0ψx0(x) (2.197)

ψx0(x) =

{
ïðîèçâîëüíîå ÷èñëî , åñëè x = x0

0 , åñëè x 6= x0
. (2.198)

Ôóíêöèÿ ψx0(x) ñóùåñòâóåò äëÿ ëþáîãî âåùåñòâåííîãî çíà÷åíèÿ x0: −∞ < x0 <
+∞. Òàêèì îáðàçîì, ìû ïîëó÷àåì, ÷òî ñïåêòð îïåðàòîðà êîîðäèíàòû � ýòî âñÿ
âåùåñòâåííàÿ îñü.

Ôóíêöèè ψx0(x) íå ïðèíàäëåæàò ïðîñòðàíñòâó L2. Ìû ïîëó÷àåì, ÷òî îïåðàòîð êî-
îðäèíàòû íå èìååò ñîáñòâåííûõ ôóíêöèé.

Çàìå÷àíèå: íèæå ìû äîîïðåäåëèì ôóíêöèè ψx0(x) è áóäåì íàçûâàòü èõ ñîáñòâåííû-
ìè ôóíêöèÿìè îïåðàòîðà êîîðäèíàòû, õîòÿ, ñòðîãî ãîâîðÿ, îíè èìè íå ÿâëÿþòñÿ.

2.8 Äåëüòà-ôóíêöèÿ

18.09.2021

Äåëüòà-ôóíêöèÿ èëè äåëüòà-ôóíêöèÿ Äèðàêà � ýòî îáîáù¼ííàÿ ôóíêöèÿ, êîòîðàÿ
îïðåäåëÿåòñÿ êàê ñëåäóþùèé ôóíêöèîíàë

∞∫
−∞

dx δ(x)ψ(x) = ψ(0) , (2.199)

äëÿ ëþáîé ôóíêöèè ψ(x) íåïðåðûâíîé â òî÷êå x = 0.
Äåëüòà-ôóíêöèþ òàêæå îïðåäåëÿþò äëÿ ôóíêöèé, èìåþùèõ ðàçðûâ ïåðâîãî ðîäà â

òî÷êå x = 0,

∞∫
−∞

dx δ(x)ψ(x) =
1

2
(ψ(+0) + ψ(−0)) . (2.200)

ßâíûé âèä äåëüòà-ôóíêöèè íåîïðåäåë¼í.

2.8.1 Äåëüòîîáðàçíàÿ ïîñëåäîâàòåëüíîñòü fa(x) = 1
2a

(ïðè −a ≤ x ≤ a)

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü ôóíêöèé äëÿ ðàçëè÷íûõ ïàðàìåòðîâ a > 0

fa(x) =

{
1
2a

, åñëè − a ≤ x ≤ a
0 , èíà÷å

(2.201)

34



∞∫
−∞

dx fa(x) =
1

2a

a∫
−a

dx = 1 , ∀a > 0 . (2.202)

Ðàññìîòðèì ôóíêöèþ ψ(x), íåïðåðûâíóþ â òî÷êå x = 0 èëè èìåþùóþ ðàçðûâ ïåðâîãî
ðîäà â òî÷êå x = 0

ψ(x) =

{
ψ1(x) , x < 0
ψ2(x) , x > 0

. (2.203)

Åñëè ψ1(0) = ψ2(0), òî ôóíêöèÿ ψ(x) íåïðåðûâíà â òî÷êå x = 0. Ïðåäïîëàãàåì, ÷òî äëÿ
äîñòàòî÷íî ìàëîãî a > 0 ôóíêöèÿ ψ1(x) äèôôåðåíöèðóåìà â îáëàñòè −a < x < 0 è
ôóíêöèÿ ψ2(x) äèôôåðåíöèðóåìà â îáëàñòè 0 < x < a.

lim
a→0

∞∫
−∞

dx fa(x)ψ(x) = lim
a→0

1

2a

 0∫
−a

dxψ1(x) +

a∫
0

dxψ2(x)

 (2.204)

= lim
a→0

1

2a

 0∫
−a

dx
(
ψ1(0) + ψ

(1)
1 (0)

x

1!
+ O(x2)

)
(2.205)

+

a∫
0

dx
(
ψ2(0) + ψ

(1)
2 (0)

x

1!
+ O(x2)

) (2.206)

= lim
a→0

1

2a

[(
ψ1(0)a+ ψ

(1)
1 (0)

a2

2
+ O(a3)

)
(2.207)

+

(
ψ2(0)a+ ψ

(1)
2 (0)

a2

2
+ O(a3)

)]
(2.208)

=
1

2
[ψ1(0) + ψ2(0)] =

1

2
[ψ(−0) + ψ(+0)] . (2.209)

Ïîñëåäîâàòåëüíîñòü ôóíêöèé fa(x) (ïðè a → 0) íàçûâàþò äåëüòîîáðàçíîé ïîñëåäîâà-
òåëüíîñòüþ.

Ìû ïîêàçàëè, ÷òî äëÿ ëþáîé ôóíêöèè ψ(x) íåïðåðûâíîé â òî÷êå x = 0 âûïîëíåíî

lim
a→0

∞∫
−∞

dx fa(x)ψ(x) = ψ(0) (2.210)

è äëÿ ëþáîé ôóíêöèè ψ(x), èìåþùåé ðàçðûâ ïåðâîãî ðîäà â òî÷êå x = 0, âûïîëíåíî

lim
a→0

∞∫
−∞

dx fa(x)ψ(x) =
1

2
(ψ(+0) + ψ(−0)) . (2.211)
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Òàêèì îáðàçîì, ìû ìîæåì çàïèñàòü
∞∫

−∞

dx δ(x)ψ(x) = lim
a→0

∞∫
−∞

dx fa(x)ψ(x) =
1

2
(ψ(+0) + ψ(−0)) . (2.212)

2.8.2 Äåëüòîîáðàçíàÿ ïîñëåäîâàòåëüíîñòü Φα(x) =
√

α
π e
−αx2

Ðàññìîòðèì èíòåãðàë

∞∫
−∞

dx e−x
2

=

 ∞∫
−∞

dx e−x
2

∞∫
−∞

dy e−y
2

1/2

=

 ∞∫
−∞

dx

∞∫
−∞

dy e−(x2+y2)

1/2

(2.213)

=

 ∞∫
0

dr r

2π∫
0

dϕ e−r
2

1/2

=

2π

∞∫
0

dr re−r
2

1/2

(2.214)

=

π ∞∫
0

dr2 e−r
2

1/2

=
√
π . (2.215)

1 =
1√
π

∞∫
−∞

dx e−x
2

=

√
α

π

∞∫
−∞

dx′ e−αx
′2

=

√
α

π

∞∫
−∞

dx e−αx
2

. (2.216)

Çäåñü ìû ñäåëàëè çàìåíó ïåðåìåííîé x =
√
αx′, ãäå α > 0.

Ââåä¼ì ôóíêöèþ

Φα(x) =

√
α

π
e−αx

2

, (2.217)

∞∫
−∞

dxΦα(x) = 1 , ∀α > 0 . (2.218)

Ðàññìîòðèì ïðåäåë α→∞

lim
α→∞

Φα(0) = lim
α→∞

√
α

π
= ∞ , (2.219)

lim
α→∞

Φα(x) = 0 , ãäå x 6= 0 . (2.220)

Ìîæíî ïîêàçàòü, ÷òî äëÿ ëþáîé ôóíêöèè ψ(x) íåïðåðûâíîé â òî÷êå x = 0 âûïîëíåíî

lim
α→∞

∞∫
−∞

dxΦα(x)ψ(x) = ψ(0) (2.221)
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è äëÿ ëþáîé ôóíêöèè ψ(x), èìåþùåé ðàçðûâ ïåðâîãî ðîäà â òî÷êå x = 0, âûïîëíåíî

lim
α→∞

∞∫
−∞

dxΦα(x)ψ(x) =
1

2
(ψ(+0) + ψ(−0)) . (2.222)

Ïîñëåäîâàòåëüíîñòü ôóíêöèé Φα(x) (ïðè α → ∞) íàçûâàþò äåëüòîîáðàçíîé ïîñëåäîâà-
òåëüíîñòüþ.

Ïîñëåäîâàòåëüíîñòü ôóíêöèé Φα(x) (ïðè α→∞) ïîõîæà íà ñãëàæåííóþ ïîñëåäîâà-
òåëüíîñòü f1/α(x) èç ïðåäûäóùåé ïîäñåêöèè.

Òàêèì îáðàçîì, ìû ìîæåì çàïèñàòü
∞∫

−∞

dx δ(x)ψ(x) = lim
α→∞

∞∫
−∞

dxΦα(x)ψ(x) =
1

2
(ψ(+0) + ψ(−0)) . (2.223)

2.8.3 Äåëüòîîáðàçíàÿ ïîñëåäîâàòåëüíîñòü FA(x) = sinAx
πx

Ðàññìîòðèì èíòåãðàë

1

π

∞∫
−∞

dx
sinx

x
= 1 . (2.224)

1 =
1

π

∞∫
−∞

dx
sinx

x
=

A

π

∞∫
−∞

dx′
sinAx′

Ax′
=

1

π

∞∫
−∞

dx
sinAx

x
. (2.225)

Çäåñü ìû ñäåëàëè çàìåíó ïåðåìåííîé x = Ax′, ãäå A > 0.
Ââåä¼ì ôóíêöèþ

FA(x) =
sinAx

πx
, (2.226)

∞∫
−∞

dxFA(x) = 1 , ∀A > 0 . (2.227)

Ïðè A→∞ è x 6= 0 ôóíêöèÿ FA(x) î÷åíü ñèëüíî îñöèëëèðóåò. Èçâåñòíî, ÷òî èíòåãðàë
îò îñöèëëèðóþùåé ôóíêöèè ñòðåìèòüñÿ ê íóëþ ïðè óâåëè÷åíèè ÷àñòîòû îñöèëëÿöèé.
Ìîæíî ïîêàçàòü, ÷òî

lim
A→∞

−ε∫
−∞

dxFA(x)ψ(x) = 0 , ãäå ε > 0 (2.228)

lim
A→∞

∞∫
ε

dxFA(x)ψ(x) = 0 , ãäå ε > 0 . (2.229)
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Ïðè A <∞ ïîëó÷àåì FA(0) = A/π.
Ìîæíî ïîêàçàòü, ÷òî äëÿ ëþáîé ôóíêöèè ψ(x) íåïðåðûâíîé â òî÷êå x = 0 âûïîëíåíî

lim
A→∞

∞∫
−∞

dxFA(x)ψ(x) = ψ(0) (2.230)

è äëÿ ëþáîé ôóíêöèè ψ(x), èìåþùåé ðàçðûâ ïåðâîãî ðîäà â òî÷êå x = 0, âûïîëíåíî

lim
A→∞

∞∫
−∞

dxFA(x)ψ(x) =
1

2
(ψ(+0) + ψ(−0)) . (2.231)

Ïîñëåäîâàòåëüíîñòü ôóíêöèé FA(x) (ïðè A→∞) íàçûâàþò äåëüòîîáðàçíîé ïîñëåäîâà-
òåëüíîñòüþ.

Òàêèì îáðàçîì, ìû ìîæåì çàïèñàòü

∞∫
−∞

dx δ(x)ψ(x) = lim
A→∞

∞∫
−∞

dxFA(x)ψ(x) =
1

2
(ψ(+0) + ψ(−0)) . (2.232)

2.8.4 Îáùàÿ ïðîöåäóðà ïîñòðîåíèÿ äåëüòîîáðàçíûõ ïîñëåäîâà-
òåëüíîñòåé

Ðàññìîòðèì ôóíêöèþ F(x), äëÿ êîòîðîé ñïðàâåäëèâî

∞∫
−∞

dxF(x) = 1 . (2.233)

Ñäåëàåì çàìåíó ïåðåìåííûõ x = Ax′, ãäå A > 0,

1 =

∞∫
−∞

dxF(x) = A

∞∫
−∞

dx′F(x′A) = A

∞∫
−∞

dxF(xA) . (2.234)

Ââåä¼ì ôóíêöèþ

FA(x) = AF(xA) . (2.235)

Äëÿ íå¼ âûïîëíåíî

∞∫
−∞

dxFA(x) = 1 , ∀A > 0 . (2.236)
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Äëÿ áîëüøîãî êëàññà ôóíêöèé FA(x) ÿâëÿåòñÿ äåëüòîîáðàçíîé ïîñëåäîâàòåëüíîñòüþ

lim
A→∞

∞∫
−∞

dxFA(x)ψ(x) =
1

2
(ψ(+0) + ψ(−0)) . (2.237)

Âûðàçèì âûøå ðàññìîòðåííûå äåëüòîîáðàçíûå ïîñëåäîâàòåëüíîñòè ÷åðåç ôóíêöèè
F(x) è FA(x)

1. Äåëüòîîáðàçíàÿ ïîñëåäîâàòåëüíîñòü fa(x) (a→ 0)

F(x) =

{
1
2

, åñëè − 1 ≤ x ≤ 1
0 , èíà÷å

(2.238)

FA(x) = AF(xA) =

{
A
2

, åñëè − 1 ≤ xA ≤ 1
0 , èíà÷å

(2.239)

=

{
A
2

, åñëè − 1
A
≤ x ≤ 1

A

0 , èíà÷å
(2.240)

fa(x) = F1/a(x) . (2.241)

2. Äåëüòîîáðàçíàÿ ïîñëåäîâàòåëüíîñòü Φα(x) (α→∞)

F(x) =
1√
π
e−x

2

(2.242)

FA(x) = AF(xA) =
A√
π
e−A

2x2 (2.243)

Φα(x) = F√α(x) . (2.244)

3. Äåëüòîîáðàçíàÿ ïîñëåäîâàòåëüíîñòü FA(x) (A→∞)

F(x) =
sinx

πx
(2.245)

FA(x) = AF(xA) = A
sinxA

πxA
=

sinxA

πx
(2.246)

FA(x) = FA(x) . (2.247)

2.9 Ñâîéñòâà äåëüòà-ôóíêöèè

∞∫
−∞

dx δ(x)ψ(x) =
1

2
(ψ(+0) + ψ(−0)) , ∀ψ . (2.248)
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Äëÿ êðàòêîñòè èçëîæåíèÿ áóäåì ñ÷èòàòü, ÷òî ôóíêöèè ψ(x) íåïðåðûâíû

∞∫
−∞

dx δ(x)ψ(x) = ψ(0) , ∀ψ . (2.249)

1.

ε2∫
−ε1

dx δ(x)ψ(x) = ψ(0) , ∀ε1 > 0, ε2 > 0 , ∀ψ . (2.250)

Çàìå÷àíèå: â îáùåì ñëó÷àå

ψ(0) =

ε∫
−ε

dx δ(x)ψ(x) 6=
−ε∫
ε

dx δ(x)ψ(x) = −ψ(0) , ãäå ε > 0 . (2.251)

2.

δ(−x) = δ(x) . (2.252)

∞∫
−∞

dx δ(−x)ψ(x) = −
−∞∫
∞

dx′ δ(x′)ψ(−x′) =

∞∫
−∞

dx′ δ(x′)ψ(−x′) (2.253)

= ψ(0) =

∞∫
−∞

dx δ(x)ψ(x) , ∀ψ . (2.254)

Ìû ñäåëàëè çàìåíó ïåðåìåííîé x = −x′.

3.

δ(ax) =
1

|a|
δ(x) , ãäå a 6= 0 . (2.255)

∞∫
−∞

dx δ(ax)ψ(x) =

∞∫
−∞

dx δ(|a|x)ψ(x) =
1

|a|

−∞∫
∞

dx′ δ(x′)ψ

(
x′

|a|

)
(2.256)

=
1

|a|
ψ(0) =

1

|a|

∞∫
−∞

dx δ(x)ψ(x) , ∀ψ . (2.257)
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Ìû ñäåëàëè çàìåíó ïåðåìåííîé x = x′

|a| .

Çàìå÷àíèå: ýòî ñâîéñòâî äåëüòà-ôóíêöèè äà¼ò íàì âîçìîæíîñòü îïðåäåëÿòü äåëüòà-
ôóíêöèþ îò ðàçìåðíîé âåëè÷èíû. Â ýòîì ñëó÷àå äåëüòà-ôóíêöèÿ ñàìà áóäåò èìåòü
ðàçìåðíîñòü � îáðàòíóþ ñâîåìó àðãóìåíòó.

4.

δ(f(x)) =
1∣∣ df

dx
(0)
∣∣δ(x) , ãäå f(0) = 0 ,

df

dx
(0) 6= 0 . (2.258)

f(x) = f(0) +
df

dx
(0)x+ O(x2) =

df

dx
(0)x+ O(x2) (2.259)

=
df

dx
(0)x (1 + O(x)) . (2.260)

∞∫
−∞

dx δ(f(x))ψ(x) =

∞∫
−∞

dx δ

(
df

dx
(0)x (1 + O(x))

)
ψ(x) (2.261)

=
1∣∣ df

dx
(0)
∣∣
∞∫

−∞

dx δ (x (1 + O(x)))ψ(x) (2.262)

=
1∣∣ df

dx
(0)
∣∣ψ(0) =

1∣∣ df
dx

(0)
∣∣
∞∫

−∞

dx δ(x)ψ(x) , ∀ψ . (2.263)

5.

f(x)δ(x) = f(0)δ(x) . (2.264)

∞∫
−∞

dx f(x)δ(x)ψ(x) = f(0)ψ(0) =

∞∫
−∞

dx f(0)δ(x)ψ(x) , ∀ψ . (2.265)

6.

∞∫
−∞

dx δ(x− x0)ψ(x) = ψ(x0) , ∀ψ . (2.266)
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∞∫
−∞

dx δ(x− x0)ψ(x) =

∞∫
−∞

dx′ δ(x′)ψ(x′ + x0) = ψ(x0) , ∀ψ . (2.267)

Ìû ñäåëàëè çàìåíó ïåðåìåííîé x− x0 = x′.

7.

f(x)δ(x− x0) = f(x0)δ(x− x0) . (2.268)

8.

∞∫
−∞

dx δ(x− x1)δ(x− x2) = δ(x1 − x2) = δ(x2 − x1) . (2.269)

9.

δ(f(x)− f(x0)) =
1∣∣ df

dx
(x0)

∣∣δ(x− x0) . (2.270)

10. Ôóíêöèÿ Õåâèñàéäà èëè θ-ôóíêöèÿ

θ(x) =

{
1 , x ≥ 0
0 , x < 0

(2.271)

d

dx
θ(x) = δ(x) . (2.272)

∞∫
−∞

dx

(
d

dx
θ(x)

)
ψ(x) = −

∞∫
−∞

dx θ(x)
d

dx
ψ(x) = −

∞∫
0

dx
d

dx
ψ(x) (2.273)

= ψ(0) =

∞∫
−∞

dx δ(x)ψ(x) , ∀ψ . (2.274)

Çäåñü ìû èñïîëüçîâàëè, ÷òî äëÿ ôóíêöèé ψ ∈ L2 âûïîëíåíî ψ(±∞) = 0.
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2.10 Ñîáñòâåííûå ôóíêöèè îïåðàòîðîâ ñ íåïðåðûâíûì

ñïåêòðîì

2.10.1 Ñîáñòâåííûå ôóíêöèè îïåðàòîðà èìïóëüñà

p̂ψ(x) = −i~ d
dx
ψ(x) , ãäå ψ ∈ L2 (2.275)

∞∫
−∞

dx |ψ(x)|2 < ∞ . (2.276)

Îïåðàòîð èìïóëüñà � ñàìîñîïðÿæ¼ííûé îïåðàòîð p̂+ = p̂.

p̂ψp(x) = −i~ d
dx
ψp(x) = pψp(x) (2.277)

ψp(x) = C e
ipx
~ . (2.278)

Ôóíêöèÿ ψp(x) ñóùåñòâóåò äëÿ ëþáîãî âåùåñòâåííîãî çíà÷åíèÿ p: −∞ < p < +∞. Òàêèì
îáðàçîì, ìû ïîëó÷àåì, ÷òî ñïåêòð îïåðàòîðà èìïóëüñà � ýòî âñÿ âåùåñòâåííàÿ îñü.

Ïîêàæåì, ÷òî ôóíêöèÿ ψp(x) íå ïðèíàäëåæèò ãèëüáåðòîâó ïðîñòðàíñòâó (ψp(x) 6∈ L2)

∞∫
−∞

dx |ψp(x)|2 = |C|2
∞∫

−∞

dx
∣∣∣e ipx~ ∣∣∣2 � èíòåãðàë ðàñõîäèòñÿ . (2.279)

Ìû ïîëó÷àåì, ÷òî îïåðàòîð èìïóëüñà, ñòðîãî ãîâîðÿ, íå èìååò ñîáñòâåííûõ ôóíêöèé.
Ðàññìîòðèì èíòåãðàë

〈ψp′|ψp〉 =

∞∫
−∞

dxψ∗p′(x)ψp(x) = |C|2
∞∫

−∞

dx e
i(p−p′)x

~ . (2.280)
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Ýòîò èíòåãðàë íåîïðåäåë¼í. Äîîïðåäåëèì åãî

〈ψp′ |ψp〉 = lim
A→∞

|C|2
A∫

−A

dx e
i(p−p′)x

~ (2.281)

= lim
A→∞

|C|2 ~
i(p− p′)

(
e
i(p−p′)A

~ − e
−i(p−p′)A

~

)
(2.282)

= lim
A→∞

|C|2 2~
(p− p′)

sin

(
(p− p′)A

~

)
(2.283)

= (2π)|C|2 lim
A→∞

sin
(

(p−p′)A
~

)
π (p−p′)

~

(2.284)

= (2π) |C|2δ
(
p− p′

~

)
= (2π~) |C|2δ(p− p′) . (2.285)

Ïîëîæèì C ðàâíîé

C = (2π~)−1/2 . (2.286)

Â ýòîì æå ñìûñëå áóäåì ïîíèìàòü èíòåãðàë

∞∫
−∞

dx eixy = 2π δ(y) . (2.287)

Äàëåå, ôóíêöèè

ψp(x) = (2π~)−1/2 e
ipx
~ (2.288)

〈ψp′ |ψp〉 = δ(p− p′) (2.289)

áóäåì íàçûâàòü ñîáñòâåííûìè ôóíêöèÿìè îïåðàòîðà èìïóëüñà. Ýòè ôóíêöèè íîðìèðî-
âàíû íà äåëüòà-ôóíêöèþ.

Çàìå÷àíèå: åñëè ñ÷èòàòü êîîðäèíàòû è èìïóëüñû ðàçìåðíûìè âåëè÷èíàìè, òî ñîá-
ñòâåííûå ôóíêöèè, îòâå÷àþùèå äèñêðåòíîìó è íåïðåðûâíîìó ñïåêòðó áóäóò èìåòü ðàç-
íóþ ðàçìåðíîñòü è, ñîîòâåòñòâåííî, ðàçíûé ôèçè÷åñêèé ñìûñë.

2.10.2 Ñîáñòâåííûå ôóíêöèè îïåðàòîðà êîîðäèíàòû

x̂ψ(x) = xψ(x) , ãäå ψ ∈ L2 (2.290)

∞∫
−∞

dx |ψ(x)|2 < ∞ . (2.291)
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Íàéä¼ì ñïåêòð îïåðàòîðà êîîðäèíàòû

x̂ψx0(x) = xψx0(x) = x0ψx0(x) (2.292)

ψx0(x) =

{
ïðîèçâîëüíîå ÷èñëî , åñëè x = x0

0 , åñëè x 6= x0
. (2.293)

Ôóíêöèÿ ψx0(x) ñóùåñòâóåò äëÿ ëþáîãî âåùåñòâåííîãî çíà÷åíèÿ x0: −∞ < x0 < +∞.
Òàêèì îáðàçîì, ìû ïîëó÷àåì, ÷òî ñïåêòð îïåðàòîðà êîîðäèíàòû � ýòî âñÿ âåùåñòâåííàÿ
îñü.

Ôóíêöèè ψx0(x) íå ïðèíàäëåæàò ïðîñòðàíñòâó L2. Ìû ïîëó÷àåì, ÷òî îïåðàòîð êîîð-
äèíàòû, ñòðîãî ãîâîðÿ, íå èìååò ñîáñòâåííûõ ôóíêöèé.

Áóäåì íàçûâàòü ñîáñòâåííîé ôóíêöèåé îïåðàòîðà êîîðäèíàòû äåëüòà-ôóíêöèþ

ψx0(x) = δ(x− x0) . (2.294)

Äåéñòâèòåëüíî, â ýòîì ñëó÷àå ðàâåíñòâî (2.292) áóäåò âûïîëíåíî

x̂ψx0(x) = xψx0(x) = xδ(x− x0) = x0δ(x− x0) = x0ψx0(x) . (2.295)

Ôóíêöèè ψx0(x) íîðìèðîâàíû íà äåëüòà-ôóíêöèþ

〈ψx1 |ψx0〉 =

∞∫
−∞

dx δ(x− x1)δ(x− x0) = δ(x1 − x0) = δ(x0 − x1) . (2.296)

Äàëåå, ôóíêöèè

ψx0(x) = δ(x− x0) (2.297)

〈ψx1|ψx0〉 = δ(x1 − x0) . (2.298)

áóäåì íàçûâàòü ñîáñòâåííûìè ôóíêöèÿìè îïåðàòîðà êîîðäèíàòû. Ýòè ôóíêöèè íîðìè-
ðîâàíû íà äåëüòà-ôóíêöèþ.

21.09.2021

2.11 Óíèòàðíûå îïåðàòîðû

Ëèíåéíûé îïåðàòîð Û â ïðîñòðàíñòâå H íàçûâàåòñÿ óíèòàðíûì, åñëè âûïîëíåíî

Û+ = Û−1 . (2.299)

èëè

Û+Û = Ê . (2.300)
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Ýêâèâàëåíòíîå îïðåäåëåíèå: ëèíåéíûé îïåðàòîð Û â ïðîñòðàíñòâå H íàçûâàåòñÿ óíè-
òàðíûì, åñëè îí îòðàæàåò âñ¼ ïðîñòðàíñòâî H íà âñ¼ ïðîñòðàíñòâî H è ñîõðàíÿåò íîðìó:

D(Û) = R(Û) (2.301)

‖ Ûψ ‖ = ‖ ψ ‖ , ∀ψ ∈ H . (2.302)

Äåéñòâèòåëüíî, ðàññìîòðèì ñêàëÿðíîå ïðîèçâåäåíèå

〈Ûψ|Ûϕ〉 = 〈ψ|Û+Ûϕ〉 = 〈ψ|ϕ〉 , ∀ψ, ϕ ∈ H . (2.303)

Óñëîâèå (2.301) íåîáõîäèìî äëÿ ñóùåñòâîâàíèÿ îáðàòíîãî îïåðàòîðà.
Ìîæíî ñêàçàòü, ÷òî óíèòàðíûé îïåðàòîð ïåðåâîäèò îäèí îðòîíîðìèðîâàííûé áàçèñ

â äðóãîé.
Ðàññìîòðèì äåéñòâèå óíèòàðíîãî îïåðàòîðà Û íà ñëåäóþùåå ðàâåíñòâî

Âψ = ϕ . (2.304)

Ïîëó÷àåì, ÷òî äëÿ ëþáûõ ôóíêöèé ψ, ϕ ∈ H âûïîëíåíî

ÛÂψ = Ûϕ (2.305)

ÛÂÛ+Ûψ = Ûϕ , Û+Û = Ê (2.306)

ˆ̃Aψ̃ = ϕ̃ , ãäå ˆ̃A = ÛÂÛ+ , ψ̃ = Ûψ , ϕ̃ = Ûϕ . (2.307)

Óíèòàðíûé îïåðàòîð îïðåäåëÿåò óíèòàðíîå ïðåîáðàçîâàíèå äëÿ ýëåìåíòîâ ïðîñòðàí-
ñòâà H, ñîîòâåòñòâóþùåå ïðåîáðàçîâàíèå äëÿ îïåðàòîðîâ íàçûâàåòñÿ ïðåîáðàçîâàíèåì
ïîäîáèÿ.

Çàìåòèì, óíèòàðíîå ïðåîáðàçîâàíèå ìîæíî îïðåäåëèòü ìåæäó ðàçíûìè ïðîñòðàí-
ñòâàìè H è H̃.

Óíèòàðíûé îïåðàòîð Û îïðåäåëÿåò ïðåîáðàçîâàíèå ïîäîáèÿ äëÿ îïåðàòîðîâ

Â → ˆ̃A = ÛÂÛ+ . (2.308)

Ñâîéñòâà ïðåîáðàçîâàíèÿ ïîäîáèÿ

1. Åñëè Â = B̂, òî ˆ̃A = ˆ̃B.

Â = B̂ , (2.309)

ÛÂÛ+ = ÛB̂Û+ (2.310)

ˆ̃A = ˆ̃B (2.311)

2. Åñëè Ĉ = Â+ B̂, òî ˆ̃C = ˆ̃A+ ˆ̃B.
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3. Åñëè Ĉ = ÂB̂, òî ˆ̃C = ˆ̃A ˆ̃B.

Ĉ = ÂB̂ , (2.312)

ˆ̃C = Û ĈÛ+ = ÛÂB̂Û+ = ÛÂÛ+ÛB̂Û+ = ˆ̃A ˆ̃B . (2.313)

4. Åñëè Â+ = B̂, òî ( ˆ̃A)+ = ˆ̃B.

Â+ = B̂ , (2.314)

ÛÂ+Û+ = ÛB̂Û+ (2.315)

( ˆ̃A)+ = ˆ̃B (2.316)

Çäåñü ìû èñïîëüçîâàëè

(ÛÂÛ+)+ = (Û+)+(Â)+(Û)+ = ÛÂ+Û+ . (2.317)

5. Ñïåêòð íå ìåíÿåòñÿ

Âψn = anψn (2.318)

ÛÂψn = anÛψn (2.319)

ÛÂÛ+Ûψn = anÛψn (2.320)

ˆ̃Aψ̃n = anψ̃n . (2.321)

Òàêèì îáðàçîì, åñëè an ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà Â, îíî òàêæå

ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà ˆ̃A.

2.12 Ðàçëîæåíèå ïî ñîáñòâåííûì ôóíêöèÿì ñàìîñîïðÿ-

æ¼ííîãî îïåðàòîðà

2.12.1 Ðàçëîæåíèå ïî ñîáñòâåííûì ôóíêöèÿì ñàìîñîïðÿæ¼ííîãî
îïåðàòîðà ñ äèñêðåòíûì ñïåêòðîì

Ðàññìîòðèì îïåðàòîð ñ ÷èñòî äèñêðåòíûì ñïåêòðîì. Äëÿ êðàòêîñòè èçëîæåíèÿ áóäåì
ñ÷èòàòü, ÷òî âñå ñîáñòâåííûå çíà÷åíèÿ íåâûðîæäåííûå

Âψn(x) = anψn(x) , (2.322)

〈ψn|ψn′〉 = δn,n′ . (2.323)
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f(x) =
∑
n

cnψn(x) (2.324)

cn = 〈ψn|f〉 , (2.325)

〈ψn|f〉 =
∑
n′

〈ψn|cn′ψn′〉 =
∑
n′

cn′〈ψn|ψn′〉 =
∑
n′

cnδn,n′ = cn . (2.326)

f(x) =
∑
n

〈ψn|f〉ψn(x) =
∑
n

∞∫
−∞

dxψ∗n(x′)f(x′)ψn(x) (2.327)

=

∞∫
−∞

dx

(∑
n

ψ∗n(x′)ψn(x)

)
f(x′) , ∀f . (2.328)

Óñëîâèå ïîëíîòû ∑
n

ψ∗n(x′)ψn(x) = δ(x− x′) . (2.329)

Èç Óð. (2.324) ñëåäóåò Óð. (2.329). Âåðíî è îáðàòíîå: èç Óð. (2.329) ñëåäóåò Óð. (2.324).
Òàêæå èñïîëüçóþò îáîçíà÷åíèÿ

Âψan = anψan , (2.330)

〈ψan|ψa′n〉 = δan,a′n . (2.331)

Çäåñü âåëè÷èíà an ïðîáåãàåò äèñêðåòíûå çíà÷åíèÿ.

f(x) =
∑
an

canψan(x) (2.332)

can = 〈ψan|f〉 , (2.333)

Óñëîâèå ïîëíîòû èìååò âèä ∑
an

ψ∗an(x′)ψan(x) = δ(x− x′) . (2.334)

Êîýôôèöèåíò can ìîæíî ðàññìàòðèâàòü êàê ôóíêöèþ äèñêðåòíîé ïåðåìåííîé an

can = f̃(an) . (2.335)

Ôóíêöèþ f̃(an) íàçûâàþò ôóíêöèåé f â ïðåäñòàâëåíèè îïåðàòîðà Â

f̃(an) = 〈ψan |f〉 (2.336)

f(x) =
∑
an

f̃(an)ψan(x) . (2.337)
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Çàìåòèì, ÷òî ôóíêöèè ψan(x) âìåñòå ñ Óð. (2.334) óñòàíàâëèâàþò âçàèìíî îäíîçíà÷íîå
ñîîòâåòñòâèå ìåæäó ïðîñòðàíñòâàìè ôóíêöèé f è f̃ .

Ïîêàæåì, ÷òî ýòî ñîîòâåòñòâèå íå ìåíÿåò ñêàëÿðíîå ïðîèçâåäåíèå

f(x) =
∑
an

f̃(an)ψan(x) (2.338)

g(x) =
∑
a′n

f̃(a′n)ψa′n(x) (2.339)

〈f |g〉 =
∑
an,a′n

∞∫
−∞

dx f̃ ∗(an)ψ∗an(x)g̃(a′n)ψa′n(x) (2.340)

Âîñïîëüçóåìñÿ îðòîíîðìèðîâàííîñòüþ ñîáñòâåííûõ ôóíêöèé Óð. (2.323)

∞∫
−∞

dxψ∗an(x)ψa′n(x) = δan,a′n . (2.341)

〈f |g〉 =
∑
an

f̃(an)g̃(an) = 〈f̃ |g̃〉 . (2.342)

Òàêèì îáðàçîì, ìåæäó ïðîñòðàíñòâàìè ôóíêöèé f(x) è f̃(an) óñòàíîâëåíî óíèòàðíîå
ïðåîáðàçîâàíèå.

Ñêàëÿðíîå ïðîèçâåäåíèå íå çàâèñèò îò ïðåäñòàâëåíèÿ.

2.12.2 Ðàçëîæåíèå ïî ñîáñòâåííûì ôóíêöèÿì ñàìîñîïðÿæ¼ííîãî
îïåðàòîðà ñ íåïðåðûâíûì ñïåêòðîì

Ðàññìîòðèì îïåðàòîð ñ ÷èñòî íåïðåðûâíûì ñïåêòðîì. Äëÿ êðàòêîñòè èçëîæåíèÿ áóäåì
ñ÷èòàòü, ÷òî âñå ñîáñòâåííûå çíà÷åíèÿ (òî÷êè ñïåêòðà) íåâûðîæäåííûå

Âψa = aψa , (2.343)

〈ψa|ψa′〉 = δ(a− a′) . (2.344)

f(x) =

∞∫
−∞

da caψa(x) , (2.345)

ca = 〈ψa|f〉 . (2.346)
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Äîêàæåì ðàâåíñòâî (2.346). Ïîäñòàâèì â ñêàëàðíîå ïðîèçâåäåíèå 〈ψa|f〉 ôóíêöèþ f âèäå
(2.345) (ãäå ïåðåìåííàÿ èíòåãðèðîâàíèÿ a çàìåíåíà íà a′)

〈ψa|f〉 =

∞∫
−∞

da′ 〈ψa|ca′ψa′〉 =

∞∫
−∞

da′ ca′〈ψa|ψa′〉 =

∞∫
−∞

da′ ca′δ(a− a′) = ca . (2.347)

f(x) =

∞∫
−∞

da 〈ψa|f〉ψa(x) =

∞∫
−∞

da

∞∫
−∞

dx′ ψ∗a(x
′)f(x′)ψa(x) (2.348)

=

∞∫
−∞

dx′

 ∞∫
−∞

daψ∗a(x
′)ψa(x)

 f(x′) , ∀f . (2.349)

Óñëîâèå ïîëíîòû
∞∫

−∞

daψ∗a(x
′)ψa(x) = δ(x− x′) . (2.350)

Êîýôôèöèåíòû ca ìîæíî ðàññìàòðèâàòü êàê ôóíêöèè íåïðåðûâíîé ïåðåìåííîé a

f̃(a) = ca . (2.351)

Ôóíêöèþ (̃f)(a) íàçûâàþò ôóíêöèåé f â ïðåäñòàâëåíèè îïåðàòîðà Â.
Çàìåòèì, ÷òî ôóíêöèè ψa(x) âìåñòå ñ Óð. (2.350) óñòàíàâëèâàþò âçàèìíî îäíîçíà÷íîå

ñîîòâåòñòâèå ìåæäó ïðîñòðàíñòâàìè ôóíêöèé f è f̃ .
Ïîêàæåì, ÷òî ýòî ñîîòâåòñòâèå íå ìåíÿåò ñêàëÿðíîå ïðîèçâåäåíèå

f(x) =

∞∫
−∞

da f̃(a)ψa(x) (2.352)

g(x) =

∞∫
−∞

da′ g̃(a′)ψa′(x) (2.353)

〈f |g〉 =

∞∫
−∞

da

∞∫
−∞

da′
∞∫

−∞

dx f̃(a)ψ∗a(x)g̃(a′)ψa′(x) (2.354)

Âîñïîëüçóåìñÿ îðòîíîðìèðîâàííîñòüþ ñîáñòâåííûõ ôóíêöèé Óð. (2.344)

∞∫
−∞

dxψ∗a(x)ψa′(x) = δ(a− a′) . (2.355)
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〈f |g〉 =

∞∫
−∞

da f̃(a)g̃(a) = 〈f̃ |g̃〉 . (2.356)

Òàêèì îáðàçîì, ìåæäó ïðîñòðàíñòâàìè ôóíêöèé f(x) è f̃(a) óñòàíîâëåíî óíèòàðíîå
ïðåîáðàçîâàíèå.

Ñêàëÿðíîå ïðîèçâåäåíèå íå çàâèñèò îò ïðåäñòàâëåíèÿ.

Ðàçëîæåíèå ïî ñîáñòâåííûì ôóíêöèÿì îïåðàòîðà èìïóëüñà

Â = p̂ . (2.357)

p̂ψp(x) = pψp(x) (2.358)

ψp(x) = (2π~)−1/2e
ipx
~ . (2.359)

f(x) =

∞∫
−∞

dp cpψp(x) = (2π~)−1/2

∞∫
−∞

dp cpe
ipx
~ (2.360)

cp = 〈ψp|f〉 =

∞∫
−∞

dxψ∗p(x)f(x) = (2π~)−1/2

∞∫
−∞

dx e−
ipx
~ f(x) . (2.361)

Êîýôôèöèåíòû cp, ðàññìîòðåííûå êàê ôóíêöèÿ ïåðåìåííîé p, íàçûâàþò ôóíêöèåé f
â èìïóëüñíîì ïðåäñòàâëåíèè

f̃(p) = cp = 〈ψp|f〉 (2.362)

f̃(p) = Ûf(x) = 〈ψp|f〉 . (2.363)

Óñëîâèå ïîëíîòû âûïîëíåíî

∞∫
−∞

dpψ∗p(x
′)ψp(x) = (2π~)−1

∞∫
−∞

dp e−
ipx′
~ e

ipx
~ (2.364)

= (2π~)−1

∞∫
−∞

dp e
ip(x−x′)

~ = (2π~)−1 (2π)δ

(
(x− x′)

~

)
(2.365)

= δ(x− x′) . (2.366)

Çäåñü èñïîëüçîâàëîñü Óð. (2.287).
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Ðàçëîæåíèå ïî ñîáñòâåííûì ôóíêöèÿì îïåðàòîðà êîîðäèíàòû

Â = x̂ . (2.367)

x̂ψx0(x) = xψx0(x) = x0ψx0(x) (2.368)

ψx0(x) = δ(x− x0) . (2.369)

f(x) =

∞∫
−∞

dx0 cx0ψx0(x) =

∞∫
−∞

dx0 cx0δ(x− x0) (2.370)

cx0 = 〈ψx0|f〉 =

∞∫
−∞

dxψ∗x0(x)f(x) =

∞∫
−∞

dx δ(x− x0)f(x) = f(x0) . (2.371)

Êîýôôèöèåíòû cx0 , ðàññìîòðåííûå êàê ôóíêöèÿ ïåðåìåííîé x0, íàçûâàþò ôóíêöèåé
f â êîîðäèíàòíîì ïðåäñòàâëåíèè

f̃(x0) = cx0 = 〈ψx0|f〉 = f(x0) . (2.372)

Óñëîâèå ïîëíîòû âûïîëíåíî
∞∫

−∞

dx0 ψ
∗
x0

(x′)ψx0(x) =

∞∫
−∞

dx0 δ(x
′ − x0)δ(x− x0) (2.373)

= δ(x− x′) . (2.374)

2.12.3 Ðàçëîæåíèå ïî ñîáñòâåííûì ôóíêöèÿì ñàìîñîïðÿæ¼ííîãî
îïåðàòîðà ñ äèñêðåòíûì è íåïðåðûâíûì ñïåêòðîì

Ðàññìîòðèì îïåðàòîð ñ äèñêðåòíûì è íåïðåðûâíûì ñïåêòðîì. Äëÿ êðàòêîñòè èçëîæåíèÿ
áóäåì ñ÷èòàòü, ÷òî âñå ñîáñòâåííûå çíà÷åíèÿ (òî÷êè ñïåêòðà) íåâûðîæäåííûå

Âψan = anψan , Âψa = aψa , (2.375)

〈ψan|ψa′n〉 = δan,a′n (2.376)

〈ψa|ψa′〉 = δ(a− a′) . (2.377)

f(x) =
∑
an

canψan(x) +

∫
da caψa(x) (2.378)

can = 〈ψan|f〉 (2.379)

ca = 〈ψa|f〉 . (2.380)
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f̃(a) =

{
〈ψan|f〉 , äëÿ a èç äèñêðåòíîãî ñïåêòðà
〈ψa|f〉 , äëÿ a èç íåïðåðûâíîãî ñïåêòðà

. (2.381)

Óñëîâèå ïîëíîòû∑
an

ψ∗an(x′)ψan(x) +

∫
daψ∗a(x

′)ψa(x) = δ(x− x′) . (2.382)

2.13 Îïåðàòîð êîîðäèíàòû è èìïóëüñà â èìïóëüñíîì

ïðåäñòàâëåíèè

Îïåðàòîð èìïóëüñà â êîîðäèíàòíîì ïðåäñòàâëåíèè èìååò âèä

p̂f(x) = −i~ d
dx
f(x) . (2.383)

f̃(p) = Ûf(x) = 〈ψp|f〉 =

∞∫
−∞

dxψ∗p(x)f(x) (2.384)

= (2π~)−1/2

∞∫
−∞

dx e−
ipx
~ f(x) . (2.385)

p̂f(x) = g(x) (2.386)
ˆ̃pf̃(p) = g̃(p) . (2.387)

ˆ̃pf̃(p) = Û p̂f(x) = Û p̂Û+Ûf(x) (2.388)
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ˆ̃pf̃(p) = Û p̂f(x) =

∞∫
−∞

dxψ∗p(x)p̂f(x) (2.389)

= (2π~)−1/2

∞∫
−∞

dx e−
ipx
~ (−i~)

d

dx
f(x) (2.390)

= (2π~)−1/2

∞∫
−∞

dx (i~)

(
d

dx
e−

ipx
~

)
f(x) (2.391)

= (2π~)−1/2

∞∫
−∞

dx pe−
ipx
~ f(x) (2.392)

= pÛf(x) = pf̃(p) . (2.393)

ˆ̃pf̃(p) = pf̃(p) . (2.394)

Ðàññìîòðèì äðóãîé âûâîä Óð. (2.394). Ìû áóäåì èñïîëüçîâàòü ñëåäóþùèå ðàâåíñòâà

f(x) =

∞∫
−∞

dp′ f̃(p′)ψp′(x) (2.395)

∞∫
−∞

dxψ∗p(x)ψp′(x) = δ(p− p′) . (2.396)

ˆ̃pf̃(p) = Û p̂f(x) =

∞∫
−∞

dxψ∗p(x)p̂f(x) (2.397)

=

∞∫
−∞

dxψ∗p(x)p̂

∞∫
−∞

dp′ f̃(p′)ψp′(x) (2.398)

=

∞∫
−∞

dxψ∗p(x)p′
∞∫

−∞

dp′ f̃(p′)ψp′(x) (2.399)

=

∞∫
−∞

dp′ p′f̃(p′)δ(p− p′) (2.400)

= pf̃(p) . (2.401)
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Çäåñü ìû íå èñïîëüçîâàëè ÿâíûé âèä èìïóëüñíîãî ïðåäñòàâëåíèÿ. Ñëåäîâàòåëüíî, ìû
ìîæåì ñêàçàòü, ëþáîé îïåðàòîð Â â ñâî¼ì ïðåäñòàâëåíèè (â ïðåäñòàâëåíèè a) èìååò âèä
óìíîæåíèÿ íà ïåðåìåííóþ a.

Îïåðàòîð êîîðäèíàòû

ˆ̃xf̃(p) = Û x̂f(x) = Û x̂Û+Ûf(x) (2.402)

ˆ̃xf̃(p) = Û x̂f(x) =

∞∫
−∞

dxψ∗p(x)x̂f(x) (2.403)

= (2π~)−1/2

∞∫
−∞

dx e−
ipx
~ xf(x) (2.404)

= (2π~)−1/2

∞∫
−∞

dx

(
i~
d

dp
e−

ipx
~

)
f(x) (2.405)

= i~
d

dp
(2π~)−1/2

∞∫
−∞

dx e−
ipx
~ f(x) (2.406)

= i~
d

dp
Ûf(x) = i~

d

dp
f̃(p) . (2.407)

ˆ̃xf̃(p) = i~
d

dp
f̃(p) . (2.408)

2.14 Ôóíêöèÿ îò îïåðàòîðà

Ìû õîòèì ââåñòè ïîíÿòèå ôóíêöèè îò îïåðàòîðà F (Â).
Ðàññìîòðèì ñëó÷àé íåïðåðûâíîãî ñïåêòðà. Ïðè íàëè÷èè äèñêðåòíîãî ñïåêòðà ôóíê-

öèÿ îò îïåðàòîðà îïðåäåëÿåòñÿ àíàëîãè÷íî.

Âψa(x) = aψa(x) (2.409)

〈ψa|ψa′〉 = δ(a− a′) . (2.410)

f(x) =

∞∫
−∞

da f̃(a)ψa(x) . (2.411)
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Îïðåäåëèì äåéñòâèå ôóíêöèè îò îïåðàòîðà Â íà ñîáñòâåííûå ôóíêöèè îïåðàòîðà Â
ñëåäóþùèì îáðàçîì

F (Â)ψa(x) = F (a)ψa(x) . (2.412)

Äåéñòâèå ôóíêöèè îò îïåðàòîðà Â íà ïðîèçâîëüíóþ ôóíêöèþ f(x) îïðåäåëèì êàê

F (Â)f(x) =

∞∫
−∞

da f̃(a)F (Â)ψa(x) =

∞∫
−∞

da f̃(a)F (a)ψa(x) . (2.413)

Ðàññìîòðèì ÷àñòíûé ñëó÷àé, êîãäà ôóíêöèÿ F ìîæåò áûòü ïðåäñòàâëåíà â âèäå ðÿäà

F (a) =
∞∑
k=0

cka
k . (2.414)

Ìû ïðåäïîëàãàåì, ÷òî ðÿä ñõîäèòñÿ.
Â ýòîì ñëó÷àå, ìîæíî ïîêàçàòü, ÷òî ôóíêöèÿ îò îïåðàòîðà èìååò âèä

F (Â) =
∞∑
k=0

ckÂ
k , ãäå Â0 = Ê . (2.415)

Ìû óìååì ñêëàäûâàòü è óìíîæàòü îïåðàòîðû.

2.15 Äâå òåîðåìû î êîììóòèðóþùèõ îïåðàòîðàõ

1. Åñëè äâà ñàìîñîïðÿæ¼ííûõ îïåðàòîðà Â è B̂ èìåþò îáùèé áàçèñ, òî îíè êîììóòè-
ðóþò.

Âψn = anψn (2.416)

B̂ψn = bnψn . (2.417)

f =
∑
n

cnψn (2.418)

[Â, B̂]f = [Â, B̂]
∑
n

cnψn = (ÂB̂ − B̂Â)
∑
n

cnψn (2.419)

=
∑
n

cn(anbn − bnan)ψn = 0 , ∀f . (2.420)
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Òàê êàê Óð. (2.420) âûïîëíåíî äëÿ êàæäîé ôóíêöèè f , êîììóòàòîð îïåðàòîðîâ Â
è B̂ ÿâëÿåòñÿ íóëåâûì îïåðàòîðîì

[Â, B̂] = 0̂ . (2.421)

Òåîðåìà äîêàçàíà.

2. Åñëè äâà ñàìîñîïðÿæ¼ííûõ îïåðàòîðà Â è B̂ êîììóòèðóþò (ò.å., [Â, B̂] = 0̂), òî îíè
èìåþò îáùèé áàçèñ.

Âψn = anψn (2.422)

B̂ϕn = bnϕn . (2.423)

Îãðàíè÷èìñÿ ñëó÷àåì, êîãäà âñå ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðîâ íåâûðîæäåííûå.

[Â, B̂]ψn = (ÂB̂ − B̂Â)ψn , ∀ψn = 0 (2.424)

ÂB̂ψn = B̂Âψn (2.425)

ÂB̂ψn = anB̂ψn (2.426)

Ïîëó÷àåì, ÷òî ôóíêöèÿ B̂ψn ÿâëÿåòñÿ ñîáñòâåííîé ôóíêöèåé äëÿ îïåðàòîðà Â ñ
ñîáñòâåííûì ÷èñëîì an.

Òàê êàê ñïåêòð îïåðàòîðà Â íåâûðîæäåííûé, ïîëó÷àåì, ÷òî ôóíêöèè ψn è B̂ψn
ìîãóò îòëè÷àòüñÿ òîëüêî íà êîíñòàíòó

ψn = const B̂ψn , ∀ψn . (2.427)

Ïîëó÷àåì, ÷òî ôóíêöèè ψn ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè äëÿ îïåðàòîðà B̂
è, òàê êàê îò ñàìîñïðÿæ¼ííûé, îáðàçóþò áàçèñ.

Òàê êàê ìû îãðàíè÷èëèñü ñëó÷àåì íåâûðîæäåííûõ ñîáñòâåííûõ çíà÷åíèé, ìû ìî-
æåì ïîëîæèòü

ϕn = ψn , ∀n . (2.428)

Ñ÷¼òíûé íàáîð {ψn} ÿâëÿåòÿ îáùèì áàçèñîì

Âψn = anψn (2.429)

B̂ψn = bnψn . (2.430)

Â ðàìêàõ óêàçàííîãî ñëó÷àÿ òåîðåìà äîêàçàíà.

57



Â ñëó÷àå íàëè÷èÿ âûðîæäåííûõ ñîáñòâåííûõ çíà÷åíèé ó îïåðàòîðà Â. Íàäî ðàñ-
ñìîòðåòü ïîäïðîñòðàíñòâî, íàòÿíóòîå íà ñîáñòâåííûå âåêòîðà, îòâå÷àþùèå âûðîæ-
äåííîìó ñîáñòâåííîìó çíà÷åíèþ. Â ýòîì ïîäïðîñòðàíñòâå îïåðàòîð B̂ ìîæíî âû-
ðàçèòü ÷åðåç ýðìèòîâñêóþ ìàòðèöó. Ýðìèòîâñêàÿ ìàòðèöà âñåãäà ìîæåò áûòü ïðè-
âåäåíà ê äèàãîíàëüíîìó âèäó. Áàçèñíûå ôóíêöèè, â êîòîðûõ ýðìèòîâñêàÿ ìàòðèöà
äèàãîíàëüíà, áóäóò ñîáñòâåííûìè äëÿ îáîèõ îïåðàòîðîâ.
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25.09.2021

2.16 Èíòåãðàëüíûé îïåðàòîð â èìïóëüñíîì ïðåäñòàâ-

ëåíèè

Ðàññìîòðèì èíòåãðàëüíûé îïåðàòîð, êîòîðûé çàäà¼òñÿ ñâîèì ÿäêîì L(x, x′)

L̂f(x) =

∞∫
−∞

dx′ L(x, x′)f(x′) . (2.431)

Íàéä¼ì, êàê ýòîò îïåðàòîð âûãëÿäèò â èìïóëüñíîì ïðåäñòàâëåíèè

ˆ̃Lf̃(p) = Û L̂f(x) =

∞∫
−∞

dxψ∗p(x)L̂f(x) (2.432)

=

∞∫
−∞

dxψ∗p(x)

∞∫
−∞

dx′ L(x, x′)f(x′) (2.433)

=

∞∫
−∞

dxψ∗p(x)

∞∫
−∞

dx′ L(x, x′)

∞∫
−∞

dp′ ψp′(x
′)f̃(p′) (2.434)

=

∞∫
−∞

dp′

 ∞∫
−∞

dx

∞∫
−∞

dx′ ψ∗p(x)ψp′(x
′)L(x, x′)

 f̃(p′) (2.435)

=

∞∫
−∞

dp′ L̃(p, p′)f̃(p′) . (2.436)

ßäðî îïåðàòîðà ˆ̃L âûãëÿäèò ñëåäóþùèì îáðàçîì

L̃(p, p′) =

∞∫
−∞

dx

∞∫
−∞

dx′ ψ∗p(x)ψp′(x
′)L(x, x′) , (2.437)

L̃(p, p′) = (2π~)−1

∞∫
−∞

dx

∞∫
−∞

dx′ e
i(p′x′−px)

~ L(x, x′) . (2.438)

ßäðà îïåðàòîðîâ L̂ è ˆ̃L ñâÿçàíû êàê

L(x, x′) = (2π~)−1

∞∫
−∞

dp

∞∫
−∞

dp′ e
i(px−p′x′)

~ L̃(p, p′) . (2.439)
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Ãëàâà 3

Îñíîâû êâàíòîâîé ìåõàíèêè

3.1 Îïåðàòîðû â êâàíòîâîé ìåõàíèêå è ôèçè÷åñêèå âå-

ëè÷èíû

Êàæäîé ôèçè÷åñêîé âåëè÷èíå ñîïîñòàâëÿåòñÿ ñàìîñîïðÿæ¼ííûé (ýðìèòîâñêèé) îïåðà-
òîð. Êàæäîìó ñàìîñîïðÿæ¼ííîìó îïåðàòîðó ñîîòâåòñòâóåò íåêîòîðàÿ ôèçè÷åñêàÿ âåëè-
÷èíà.

Ôèçè÷åñêàÿ âåëè÷èíà ïðèíèìàåò çíà÷åíèÿ òîëüêî èç ñïåêòðà ñîîòâåòñòâóþùåãî åé
îïåðàòîðà.

Åñëè ó îïåðàòîðà ÷èñòî äèñêðåòíûé ñïåêòð, ÷òî ñîîòâåòñòâóþùàÿ ôèçè÷åñêàÿ âåëè-
÷èíà ïðèíèìàåò òîëüêî äèñêðåòíûå çíà÷åíèÿ.

Åñëè ó îïåðàòîðà ÷èñòî íåïðåðûâíûé ñïåêòð, ÷òî ñîîòâåòñòâóþùàÿ ôèçè÷åñêàÿ âå-
ëè÷èíà ïðîáåãàåò íåïðåðûâíûå çíà÷åíèÿ. Ïðèìåðû: x̂, p̂.

Â ñëó÷àå ñìåøàííîãî ñïåêòðà ó îïåðàòîðà ñîîòâåòñòâóþùàÿ ôèçè÷åñêàÿ âåëè÷èíà
ïðèíèìàåò è íåïðåðûâíûå è äèñêðåòíûå çíà÷åíèÿ.

Åñëè ôèçè÷åñêîé âåëè÷èíå a ñîîòâåòñòâóåò îïåðàòîð Â, òî âåëè÷èíå F (a) äîëæåí
ñîîòâåòñòâîâàòü îïåðàòîð F (Â).

Â ñåêöèè �Îïûòû, äåìîíñòðèðóþùèå âîëíîâûå ñâîéñòâà ýëåêòðîíîâ� ìû âèäåëè, ÷òî
åäèíè÷íîå èçìåðåíèå íà ýêñïåðèìåíòå íå âîñïðîèçâîäèòñÿ íà äðóãîì ýêñïåðèìåíòå. Îä-
íàêî ñòàòèñòè÷åñêîå ðàñïðåäåëåíèå èçìåðÿåìîé âåëè÷èíû âîñïðîèçâîäèòñÿ.

Ðàññìîòðèì èçìåðåíèå ôèçè÷åñêîé âåëè÷èíû a, îòâå÷àþùåé ñàìîñîïðÿæ¼ííîìó îïå-
ðàòîðó Â. Ïóñòü èçìåðåíèÿ ïðîèçâîäÿòñÿ ìíîãî ðàç ïðè îäíèõ è òåõ æå óñëîâèÿõ: 1)
ïðèãîòàâëèâàåì ñèñòåìó; 2) ïðîèçâîäèì èçìåðåíèå ôèçè÷åñêîé âåëè÷èíû ñ ïîìîùüþ êîí-
òàêòà ïðèáîðà ñ ñèñòåìîé.

� Ïóñòü îïåðàòîð Â èìååò ÷èñòî äèñêðåòíûé ñïåêòð (a1, a2, . . .). Â ñåðèè èç n èçìå-
ðåíèé çíà÷åíèå a1 áûëî ïîëó÷åíî m1 ðàç, çíà÷åíèå a2 áûëî ïîëó÷åíî m2 ðàç, . . .,
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çíà÷åíèå ak áûëî ïîëó÷åíî mk ðàç èòä. Ïðåäåë

wk = lim
n→∞

mk

n
(3.1)

íàçûâàåòñÿ âåðîÿòíîñòüþ ïîëó÷åíèÿ çíà÷åíèÿ ak ïðè èçìåðåíèè ôèçè÷åñêîé âåëè-
÷èíû a. Ïðèíèìàÿ âî âíèìàíèå, ÷òî

∞∑
k=1

mk = n , (3.2)

ìû ìîæåì çàïèñàòü

∞∑
k=1

wk = 1 . (3.3)

Òàê êàê íà ýêñïåðèìåíòå ïðîâîäèòñÿ êîíå÷íîå ÷èñëî èçìåðåíèé (n <∞), òî êàêèå-
òî çíà÷åíèÿ âåëè÷èíû a ìîãóò íè ðàçó íå âûïàñòü (äëÿ íèõmk = 0). Ñ îïðåäåë¼ííîé
ïîãðåøíîñòüþ ðåçóëüòàòû èçìåðåíèÿ wk âîñïðîèçâîäÿòñÿ ïðè ïðîâåäåíèè òàêîãî æå
ýêñïåðèìåíòà â äðóãîì ìåñòå è âðåìåíè. Âîñïðîèçâîäèòñÿ ñòàòèñòè÷åñêîå ðàñïðå-
äåëåíèå âåëè÷èíû a. Çíàÿ ñòàòèñòè÷åñêîå ðàñïðåäåëåíèå âåëè÷èíû a, ìû ìîæåì
ïîñ÷èòàòü å¼ ñðåäíåå çíà÷åíèå

ā =
∞∑
k=1

wkak . (3.4)

×òîáû íå ñ÷èòàòü áåñêîíå÷íóþ ñóììó, çàìåíÿåì å¼ íà êîíå÷íóþ è ñ÷èòàåì ñðåäíåå
çíà÷åíèå âåëè÷èíû a ïðèáëèæ¼ííî.

� Ïóñòü îïåðàòîð Â èìååò ÷èñòî íåïðåðûâíûé ñïåêòð (a1 ≤ a ≤ a2) (ìû ïðîâîäèì èç-
ìåðåíèÿ òîëüêî íà óêàçàííîì îòðåçêå). Ðàçîáü¼ì îòðåçîê [a1, a2] íà íåïåðåñåêàþùè-
åñÿ ìàëûå èíòåðâàëû äëèíû ∆a. Âîçüì¼ì ìàëûé èíòåðâàë [a′, a′+ ∆a] è ïîñ÷èòàåì
ñêîëüêî ðàç èç n èçìåðåíèé ðåçóëüòàò èçìåðåíèÿ ïîïàäàë â ýòîò ìàëûé èíòåðâàë
(m[a′,a′+∆a]). Ïðåäåë

w[a′,a′+∆a] = lim
n→∞

m[a′,a′+∆a]

n
(3.5)

èìååò ñìûñë âåðîÿòíîñòè òîãî, ÷òî ïðè èçìåðåíèè âåëè÷èíû a áóäåò ïîëó÷åíî çíà-
÷åíèå èç èíòåðâàëà [a′, a′ + ∆a]. Ðàññìîòðèì ïðåäåë

ρ(a′) = lim
∆a→0

w[a′,a′+∆a]

∆a
. (3.6)

Åñëè ýòîò ïðåäåë ñóùåñòâóåò, òî âåëè÷èíó ρ(a′) íàçûâàþò ïëîòíîñòüþ âåðîÿòíîñòè
ïîëó÷åíèÿ çíà÷åíèÿ a′ ïðè èçìåðåíèè ôèçè÷åñêîé âåëè÷èíû a.
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Ïðèíèìàÿ âî âíèìàíèå, ÷òî ∑
∆a⊂[a1,a2]

m[a′,a′+∆a] = n , (3.7)

ìû ìîæåì çàïèñàòü ∑
∆a⊂[a1,a2]

w[a′,a′+∆a] = 1 , (3.8)

a2∫
a1

da′ ρ(a′) = 1 . (3.9)

Ñ îïðåäåë¼ííîé ïîãðåøíîñòüþ ðåçóëüòàòû èçìåðåíèÿ ρ(a′) âîñïðîèçâîäÿòñÿ ïðè
ïðîâåäåíèè òàêîãî æå ýêñïåðèìåíòà â äðóãîì ìåñòå è âðåìåíè. Âîñïðîèçâîäèòñÿ
ñòàòèñòè÷åñêîå ðàñïðåäåëåíèå âåëè÷èíû a. Çíàÿ ñòàòèñòè÷åñêîå ðàñïðåäåëåíèå âå-
ëè÷èíû a, ìû ìîæåì ïîñ÷èòàòü å¼ ñðåäíåå çíà÷åíèå

ā =

a2∫
a1

da′ ρ(a′)a′ . (3.10)

Ñóùåñòâîâàíèå âåðîÿòíîñòè èëè ïëîòíîñòè âåðîÿòíîñòè íàõîæäåíèÿ ôèçè÷åñêîé âå-
ëè÷èíû ñ÷èòàåì ýêñïåðèìåíòàëüíûì ôàêòîì.

3.2 Âîëíîâàÿ ôóíêöèÿ

×èñòîå ñîñòîÿíèå ñèñòåìû îïèñûâàåòñÿ âåêòîðîì ãèëüáåðòîâà ïðîñòðàíñòâà (âîëíîâîé
ôóíêöèåé). Ëþáîé âåêòîð ãèëüáåðòîâà ïðîñòðàíñòâà îïèñûâàåò íåêîòîðîå ñîñòîÿíèå ñè-
ñòåìû.

Ïîä ñèñòåìîé ìû áóäåì ïîíèìàòü îäíó èëè íåñêîëüêî (êîíå÷íîå ÷èñëî) ÷àñòèö, èîí,
àòîì, ìîëåêóëó, êðèñòàëëè÷åñêóþ ÿ÷åéêó.

Â ýòîì êóðñå êâàíòîâîé ìåõàíèêè ìû â îñíîâíîì áóäåì èìåòü äåëî ñ îäíîé ÷àñòèöåé.
Çàìå÷àíèå: òâ¼ðäûå òåëà èìåþò ìàêðîñêîïè÷åñêèå ðàçìåðû è îáû÷íî ðàññìàòðèâàþò-

ñÿ êàê èìåþùèå áåñêîíå÷íûé ðàçìåð. Ñîîòâåòñòâåííî, îíè ñîäåðæàò áåñêîíå÷íîå ÷èñëî
÷àñòèö. Äëÿ èõ îïèñàíèÿ èñïîëüçóþò ôóíêöèè íåïðåðûâíîãî ñïåêòðà, íå ïðèíàäëåæàùèå
ãèëüáåðòîâîìó ïðîñòðàíñòâó. Òâ¼ðäîå òåëî ìû ïîêà íå ðàññìàòðèâàåì.

Êîãäà ìû ãîâîðèì, ÷òî âîëíîâàÿ ôóíêöèÿ îïèñûâàåò ñîñòîÿíèå ñèñòåìû, ìû èìååì â
âèäó, ÷òî ñ ïîìîùüþ íå¼ ìû ìîæåì ïîëó÷èò ñòàòèñòè÷åñêèå ðàñïðåäåëåíèÿ äëÿ ëþáîé
ôèçè÷åñêîé âåëè÷èíû.

Íåñêîëüêî (ïîäìíîæåñòâî) âåêòîðîâ ãèëüáåðòîâà ïðîñòðàíñòâà ìîæåò îïèñûâàòü îäíî
è òî æå ñîñòîÿíèå ñèñòåìû, äàâàòü îäèíàêîâûå ñòàòèñòè÷åñêèå ðàñïðåäåëåíèÿ ôèçè÷å-
ñêèõ âåëè÷èí.
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Ïðèíöèï ñóïåðïîçèöèè. Åñëè ñóùåñòâóþò äâà ñîñòîÿíèÿ ñèñòåìû, îïèñûâàåìûå
âîëíîâûìè ôóíêöèÿìè ψ1 è ψ2, ñîîòâåòñòâåííî. Òîãäà òàêæå ñóùåñòâóåò ñîñòîÿíèå, ÿâ-
ëÿþùååñÿ ñóïåðïîçèöèåé ýòèõ ñîñòîÿíèé

Ψ = c1ψ1 + c2ψ2 , ãäå c1, c2 ∈ C (3.11)

ψ = Ψ/ ‖ Ψ ‖ . (3.12)

Ýòîò ïðèíöèï åñòü ñëåäñòâèå òîãî, ÷òî ëèíåéíàÿ êîìáèíàöèÿ âåêòîðîâ ãèëüáåðòîâà ïðî-
ñòðàíñòâà ïðèíàäëåæèò ãèëüáåðòîâó ïðîñòðàíñòâó.

Èíîãäà ìû áóäåì ñ÷èòàòü, ÷òî ðàçíûå âåêòîðà ãèëüáåðòîâà ïðîñòðàíñòâà, íî äàþ-
ùèå îäèíàêîâûå ñòàòèñòè÷åñêèå ðàñïðåäåëåíèÿ äëÿ âñåõ ôèçè÷åñêèõ âåëè÷èí, âñ¼-òàêè
îïèñûâàþò ðàçíûå ñîñòîÿíèÿ ñèñòåìû.

Ñîñòîÿíèå ñèñòåìû íàçûâàåòñÿ ÷èñòûì, åñëè îíî îïèñûâàåòñÿ âåêòîðîì ãèëüáåðòîâà
ïðîñòðàíñòâà, ò.å., åñëè îí çàäàí. Ñ äðóãèìè ñîñòîÿíèÿìè ñèñòåìû, êîòîðûå íàçûâàþòñÿ
ñìåøàííûìè, ìû ïîêà ðàáîòàòü íå áóäåì.

Åñëè íàì çàäàíû ñòàòèñòè÷åñêèå ðàñïðåäåëåíèÿ ïîòåíöèàëüíî ëþáîé ôèçè÷åñêîé âå-
ëè÷èíû äëÿ äàííîãî ñîñòîÿíèÿ ñèñòåìû, òî ñèñòåìà äîëæíà áûòü çàìêíóòîé: ñèñòåìà
íàõîäèòñÿ â ïîëå êëàññè÷åñêè çàäàííûõ ïîëåé è äðóãèõ âçàèìîäåéñòâèé (ñ äðóãèìè ñè-
ñòåìàìè) íå èñïûòûâàåò.

Ïî óìîë÷àíèþ âñåãäà áóäåì ñ÷èòàòü, ÷òî âåêòîðà ãèëüáåðòîâà ïðîñòðàíñòâà (âîëíî-
âûå ôóíêöèè) íîðìèðîâàíû íà åäèíèöó

‖ f ‖ = 1 , f ∈ H . (3.13)

Ðàññìîòðèì âîëíîâóþ ôóíêöèþ â êàêîì-òî îïðåäåë¼ííîì ïðåäñòàâëåíèè. Ïóñòü ýòî
áóäåò êîîðäèíàòíîå ïðåäñòàâëåíèå: ïðîñòðàíñòâî ôóíêöèé L2. Â ýòîì ñëó÷àå ôóíêöèÿ
ψ(x) îïèñûâàåò îäíó ÷àñòèöó â îäíîìåðíîì ïðîñòðàíñòâå, è íîðìèðîâêà íà åäèíèöó âû-
ãëÿäèò ñëåäóþùèì îáðàçîì

∞∫
−∞

dx |ψ(x)|2 = 1 , ψ ∈ L2 . (3.14)

3.2.1 Îïðåäåëåíèå 1.

Áóäåì ñ÷èòàòü, ïî îïðåäåëåíèþ, ÷òî |ψ(x)|2 åñòü ïëîòíîñòü âåðîÿòíîñòè îáíàðóæèòü
÷àñòèöó â òî÷êå x

ρ(x) = |ψ(x)|2 (3.15)
∞∫

−∞

dx ρ(x) = 1 . (3.16)
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Ðàç ψ(±∞) = 0, òî ìû ìîæåì ãîâîðèòü, ÷òî âåðîÿòíîñòü íàéòè òàêóþ ÷àñòèöó íà áåñ-
êîíå÷íîñòè ðàâíà íóëþ � ÷àñòèöà ëîêàëèçîâàíà â êîíå÷íîé îáëàñòè ïðîñòðàíñòâà. Âå-
ðîÿòíîñòü íàéòè ÷àñòèöó â êîíå÷íîé îáëàñòè ïðîñòðàíñòâà ìîæíî ñäåëàòü ñêîëü óãîäíî
áëèçêîé ê åäèíèöå.

Ðàññìîòðèì îïåðàòîð Â ñ ÷èñòî íåïðåðûâíûì ñïåêòðîì, çàäàííûé â x-ïðåäñòàâëåíèè

Â[x]φa(x) = aφa(x) (3.17)

〈φa′ |φa〉 =

∞∫
−∞

dxφ∗a′(x)φa(x) = δ(a− a′) . (3.18)

Çäåñü φa(x) � ñîáñòâåííûå (�ñîáñòâåííûå�) ôóíêöèè îïåðàòîðà â Â â x-ïðåäñòàâëåíèè.
Ïðîèçâîëüíàÿ ôóíêöèÿ ψ ìîæåò áûòü ðàçëîæåíà ïî ñîáñòâåííûì (�ñîáñòâåííûì�) ôóíê-
öèÿì îïåðàòîðà Â

ψ(x) =

∞∫
−∞

da ψ̃(a)φa(x) . (3.19)

Âîëíîâàÿ ôóíêöèÿ ψ â a-ïðåäñòàâëåíèè âûãëÿäèò êàê

ψ̃(a) = 〈φa|ψ〉 =

∞∫
−∞

dx φ∗a(x)ψ(x) . (3.20)

Ñîãëàñíî îïðåäåëåíèþ, ïëîòíîñòü âåðîÿòíîñòè ïîëó÷èòü ïðè èçìåðåíèè âåëè÷èíó a åñòü
ρ(a) = |ψ̃(a)|2.

Ðàññìîòðèì ñðåäíåå çíà÷åíèå âåëè÷èíû a

ā =

∞∫
−∞

da a|ψ̃(a)|2 =

∞∫
−∞

da ψ̃∗(a)aψ̃(a) (3.21)

=

∞∫
−∞

da′
∞∫

−∞

da ψ̃∗(a′)aψ̃(a)δ(a− a′) (3.22)

=

∞∫
−∞

dx

∞∫
−∞

da′
∞∫

−∞

da ψ̃∗(a′)φ∗a′(x)aψ̃(a)φa(x) (3.23)

=

∞∫
−∞

dx

∞∫
−∞

da′
∞∫

−∞

da
(
ψ̃(a′)φa′(x)

)∗
Â[x]ψ̃(a)φa(x) (3.24)

=

∞∫
−∞

dxψ∗(x)Â[x]ψ(x) . (3.25)
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Ïðè ïåðåõîäå îò Óð. (3.22) ê Óð. (3.23) ìû èñïîëüçîâàëè Óð. (3.18). Ïðè ïåðåõîäå îò
Óð. (3.23) ê Óð. (3.24) ìû èñïîëüçîâàëè Óð. (3.17).

Ðàññìîòðèì îïåðàòîð Â ñ ÷èñòî äèñêðåòíûì ñïåêòðîì, çàäàííûé â x-ïðåäñòàâëåíèè,

Â[x]φan(x) = anφan(x) (3.26)

〈φan′ |φan〉 =

∞∫
−∞

dxφ∗an′ (x)φan(x) = δan,an′ . (3.27)

Çäåñü φan(x) � ñîáñòâåííûå ôóíêöèè îïåðàòîðà â Â â x-ïðåäñòàâëåíèè. Ïðîèçâîëüíàÿ
ôóíêöèÿ ψ ìîæåò áûòü ðàçëîæåíà ïî ñîáñòâåííûì ôóíêöèÿì îïåðàòîðà Â

ψ(x) =
∑
an

ψ̃(an)φan(x) . (3.28)

Âîëíîâàÿ ôóíêöèÿ ψ â a-ïðåäñòàâëåíèè âûãëÿäèò êàê

ψ̃(an) = 〈φan|ψ〉 =

∞∫
−∞

dx φ∗an(x)ψ(x) . (3.29)

Ïî îïðåäåëåíèþ, äëÿ äèñêðåòíîé ïåðåìåííîé âåðîÿòíîñòü ïîÿâëåíèÿ âåëè÷èíû an
âî âðåìÿ èçìåðåíèÿ èìååò âèä

wan = |ψ̃(an)|2 . (3.30)

Ðàññìîòðèì ñðåäíåå çíà÷åíèå âåëè÷èíû a

ā =
∑
an

an|ψ̃(an)|2 =
∑
an

ψ̃∗(an)anψ̃(an) (3.31)

=
∑
an

∑
an′

ψ̃∗(an′)anψ̃(an)δan,an′ (3.32)

=

∞∫
−∞

dx
∑
an

∑
an′

ψ̃∗(an′)φ
∗
an′

(x)aψ̃(an)φan(x) (3.33)

=

∞∫
−∞

dx
∑
an

∑
an′

(
ψ̃(an′)φan′ (x)

)∗
Â[x]ψ̃(an)φan(x) (3.34)

=

∞∫
−∞

dxψ∗(x)Â[x]ψ(x) . (3.35)
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Ïðè ïåðåõîäå îò Óð. (3.32) ê Óð. (3.33) ìû èñïîëüçîâàëè Óð. (3.27). Ïðè ïåðåõîäå îò
Óð. (3.33) ê Óð. (3.34) ìû èñïîëüçîâàëè Óð. (3.26).

Òàêèì îáðàçîì, ìû ïîëó÷àåì, ÷òî äëÿ ïðîèçâîëüíîãî îïåðàòîðà Â, çàäàííîãî â êîîð-
äèíàòíîì ïðåäñòàâëåíèè (Â[x]), ñðåäíåå çíà÷åíèå âåëè÷èíû a äëÿ ñèñòåìû â ñîñòîÿíèè
ψ(x) èìååò âèä

ā =

∞∫
−∞

dxψ∗(x)Â[x]ψ(x) . (3.36)

Âåðõíèé èíäåêñ [x] îáû÷íî íå ïèøóò, ïðåäïîëàãàÿ, ÷òî ïîíÿòíî, â êàêîì ïðåäñòàâëå-
íèè çàäàí îïåðàòîð,

ā =

∞∫
−∞

dxψ∗(x)Âψ(x) . (3.37)

Èñïîëüçóþò ñëåäóþùåå îáîçíà÷åíèå

∞∫
−∞

dxψ∗(x)Âϕ(x) = 〈ψ|Â|ϕ〉 (3.38)

= 〈ψ|Âϕ〉 = 〈Â+ψ|ϕ〉 . (3.39)

Íàäî îòìåòèòü, ÷òî èç ýðìèòîâîñòè îïåðàòîðà (Â+ = Â) ñëåäóåò, ÷òî åãî ñðåäíèå
çíà÷åíèÿ ÿâëÿþòñÿ âåùåñòâåííûìè ÷èñëàìè (ā ∈ R):

ā = 〈ψ|Âψ〉 = 〈Âψ|ψ〉 = 〈ψ|Âψ〉∗ = ā∗ . (3.40)

3.2.2 Îïðåäåëåíèå 2.

×àñòî èñïîëüçóþò ýêâèâàëåíòíîå îïðåäåëåíèå. Ïî îïðåäåëåíèþ, ñðåäíåå çíà÷åíèå ôèçè-
÷åñêîé âåëè÷èíû, îòâå÷àþùåé ñàìîñîïðÿæ¼ííîìó îïåðàòîðó Â, çàäà¼òñÿ âîëíîâîé ôóíê-
öèåé êàê

ā = 〈ψ|Â|ψ〉 =

∞∫
−∞

dxψ∗(x)Âψ(x) . (3.41)

Òîãäà äîêàçûâàåòñÿ, ÷òî |ψ(x)|2 èìååò ñìûñë ïëîòíîñòè âåðîÿòíîñòè (èëè âåðîÿòíîñòè, â
ñëó÷àå äèñêðåòíîãî ñïåêòðà)

Ðàññìîòðèì ñðåäíåå çíà÷åíèå îò ïðîèçâîëüíîé ôóíêöèè F îò ñàìîñîïðÿæ¼ííîãî îïå-
ðàòîðà Â.
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Çäåñü èñïîëüçóåòñÿ òåðìèíîëîãèÿ áðà- è êåò-âåêòîðîâ, êîòîðàÿ ïðåäñòàâëåíà íèæå, â
ñåêöèè 3.4.

Ðàññìîòðèì ñíà÷àëà ñëó÷àé äèñêðåòíîãî ñïåêòðà

Ê =
∑
an

|φan〉〈φan| (3.42)

F̄ = 〈ψ|F (Â)|ψ〉 (3.43)

= 〈ψ|ÊF (Â)Ê|ψ〉 =
∑
an,a′n

〈ψ|φan〉〈φan|F (Â)|φa′n〉〈φa′n|ψ〉 (3.44)

=
∑
an,a′n

ψ̃∗(an)F (a′n)〈φan|φa′n〉ψ̃(a′n) (3.45)

=
∑
an,a′n

ψ̃∗(an)F (a′n)δan,a′nψ̃(a′n) (3.46)

=
∑
an

F (an)|ψ̃(an)|2 (3.47)

Ìû èñïîëüçîâàëè, ÷òî

ψ̃(a′n) = 〈φa′n|ψ〉 (3.48)

ψ̃∗(an) = 〈ψ|φan〉 . (3.49)

Òàêèì îáðàçîì, ÷òî ñðåäíåå çíà÷åíèå äëÿ ïðîèçâîëüíîé ôóíêöèè F èìååò âèä

F̄ =
∑
an

F (an)wan , (3.50)

ãäå

wan = |ψ̃(an)|2 . (3.51)

Ìû ñ÷èòàåì, ÷òî

〈ψ|ψ〉 = 1 . (3.52)

òîãäà ∑
an

wan = 1 . (3.53)

Â âèäó ïðîèçâîëüíîñòè ôóíêöèè F ïîëó÷àåì, ÷òî wan èìåþò ñìûñë âåðîÿòíîñòè ïîëó-
÷åíèÿ çíà÷åíèÿ an ïðè èçìåðåíèè âåëè÷èíû, îòâå÷àþùåé îïåðàòîðó Â.
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Ðàññìîòðèì òåïåðü ñëó÷àé íåïðåðûâíîãî ñïåêòðà

Ê =

∫
da |φa〉〈φa| (3.54)

F̄ = 〈ψ|F (Â)|ψ〉 (3.55)

= 〈ψ|ÊF (Â)Ê|ψ〉 =

∫
da

∫
da′ 〈ψ|φa〉〈φa|F (Â)|φa′〉〈φa′|ψ〉 (3.56)

=

∫
da

∫
da′ ψ̃∗(a)F (a′)〈φa|φa′〉ψ̃(a′) (3.57)

=

∫
da

∫
da′ ψ̃∗(a)F (a′)δ(a− a′)ψ̃(a′) (3.58)

=

∫
daF (a)|ψ̃(a)|2 (3.59)

Ìû èñïîëüçîâàëè, ÷òî

ψ̃(a′) = 〈φa′|ψ〉 (3.60)

ψ̃∗(a) = 〈ψ|φa〉 . (3.61)

Òàêèì îáðàçîì, ÷òî ñðåäíåå çíà÷åíèå äëÿ ïðîèçâîëüíîé ôóíêöèè F èìååò âèä

F̄ =

∫
daF (a)ρ(a) , (3.62)

ãäå

ρ(a) = |ψ̃(a)|2 . (3.63)

Ìû ñ÷èòàåì, ÷òî

〈ψ|ψ〉 = 1 . (3.64)

òîãäà ∫
da ρ(a) = 1 . (3.65)

Â âèäó ïðîèçâîëüíîñòè ôóíêöèè F ïîëó÷àåì, ÷òî ρ(a) èìåþò ñìûñë ïëîòíîñòè âåðîÿò-
íîñòè ïîëó÷åíèÿ çíà÷åíèÿ a ïðè èçìåðåíèè âåëè÷èíû, îòâå÷àþùåé îïåðàòîðó Â.
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3.2.3 Èçìåðèìîñòü ôèçè÷åñêîé âåëè÷èíû

Ðàññìîòðèì ñàìîñîïðÿæ¼ííûé îïåðàòîð Â ñ ÷èñòî äèñêðåòíûì ñïåêòðîì

Â[x]φan(x) = anφan(x) (3.66)

〈φan′ |φan〉 = δan,an′ . (3.67)

Ïðîèçâîëüíóþ ôóíêöèþ ψ ìîæíî ðàçëîæèòü ïî ñîáñòâåííûì ôóíêöèÿì îïåðàòîðà Â

ψ =
∑
an

canφan =
∑
an

ψ̃(an)φan (3.68)

Êàê áûëî îïðåäåëåíî âûøå, |ψ̃(an)|2 � âåðîÿòíîñòü òîãî, ÷òî ïðè èçìåðåíèè áóäåò çàðå-
ãèñòðèðîâàíà âåëè÷èíà an.

Åñëè |ψ̃(an)|2 = δan,an0 , òî

ψ = φan0 . (3.69)

Çäåñü ãîâîðÿò, ÷òî âîëíîâàÿ ôóíêöèÿ ψ îïèñûâàåò ñîñòîÿíèå ñèñòåìû, â êîòîðîì âåëè-
÷èíà, îòâå÷àþùàÿ îïåðàòîðó Â, ïðèíèìàåò îïðåäåë¼ííîå çíà÷åíèå (an0).

Â ñëó÷àå äèñêðåòíîãî ñïåêòðà, ÷òîáû ôèçè÷åñêàÿ âåëè÷èíà èìåëà îïðåäåë¼ííîå çíà-
÷åíèå (ñî 100% âåðîÿòíîñòüþ ïîëó÷àëàñü an0), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âîëíîâàÿ
ôóíêöèÿ, îïèñûâàþùàÿ ýòî ñîñòîÿíèå áûëà ñîáñòâåííîé ôóíêöèåé îïåðàòîðà Â, îòâå÷à-
þùåé ñîáñòâåííîìó çíà÷åíèþ an0 .

Äëÿ äèñêðåòíîãî ñïåêòðà èçìåðèìîñòü ôèçè÷åñêîé âåëè÷èíû îçíà÷àåò, ÷òî ìû ìîæåì
ïðåäúÿâèòü ñîñòîÿíèå, â êîòîðîì ýòà âåëè÷èíà ïðèíèìàåò îïðåäåë¼ííîå çíà÷åíèå.

Óäîáíî ñäåëàòü àíàëîãè÷íîå óòâåðæäåíèå â òåðìèíàõ ïîíÿòèÿ äèñïåðñèÿ.
Äèñïåðñèÿ âåëè÷èíû, îïðåäåëÿåìîé îïåðàòîðîì Â íà ñîñòîÿíèè ψ, åñòü

∆A =

√
(Â− Ā)2 , (3.70)

ãäå

Ā = 〈ψ|Â|ψ〉 (3.71)

ñðåäíåå çíà÷åíèå âåëè÷èíû, îïðåäåëÿåìîé îïåðàòîðîì Â íà ñîñòîÿíèè ψ è

(Â− Ā)2 = 〈ψ|(Â− Ā)2|ψ〉 . (3.72)
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Ðàññìîòðèì

(Â− Ā)2 = 〈ψ|(Â− Ā)2|ψ〉 = 〈ψ|(Â− Ā)+(Â− Ā)|ψ〉 (3.73)

= 〈(Â− Ā)ψ|(Â− Ā)ψ〉 = 〈ϕ|ϕ〉 (3.74)

ϕ = (Â− Ā)ψ . (3.75)

Åñëè äèñïåðñèÿ ðàâíà íóëþ, òî ϕ = 0 è ìû ìîæåì çàïèñàòü

Âψ = Āψ . (3.76)

Ôèçè÷åñêàÿ âåëè÷èíà ïðèíèìàåò îïðåäåë¼ííîå çíà÷åíèå â òîì ñîñòîÿíèè, êîòîðîå îïè-
ñûâàåòñÿ ñîáñòâåííîé ôóíêöèåé ñîîòâåòñòâóþùåãî îïåðàòîðà. Ôóíêöèÿ ψ äîëæíà ïðè-
íàäëåæàòü ãèëüáåðòîâîìó ïðîñòðàíñòâó. Â ýòîì ñëó÷àå Ā ÿâëÿåòñÿ ñîáñòâåííûì ÷èñëîì
îïåðàòîðà Â, ò.å., ïðèíàäëåæèò äèñêðåòíîìó ñïåêòðó.

Çàìåòèì, ÷òî â îáùåì ñëó÷àå (ïðè íåíóëåâîé äèñïåðñèè) âåëè÷èíà Ā ìîæåò íå áûòü
ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà Â èëè åãî òî÷êîé ñïåêòðà.

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà èçìåðÿåìàÿ âåëè÷èíà ïðèíàäëåæèò íåïðåðûâíîìó
ñïåêòðó. Â ýòîì ñëó÷àå ôóíêöèè, óäîâëåòâîðÿþùèå óðàâíåíèþ

Âφa = aφa (3.77)

〈φa|φa′〉 = δ(a− a′) , (3.78)

íå ïðèíàäëåæàò ãèëüáåðòîâîìó ïðîñòðàíñòâó.
Ðàññìîòðèì ñëåäóþùóþ ôóíêöèþ

ψ =
1√
∆a

a2∫
a1

da φa , ãäå ∆a = a2 − a1 , a2 > a1 . (3.79)

〈ψ|ψ〉 =
1

∆a

a2∫
a1

da

a2∫
a1

da′ 〈φa|φa′〉 =
1

∆a

a2∫
a1

da

a2∫
a1

da′ δ(a− a′) (3.80)

=
1

∆a

a2∫
a1

da = 1 . (3.81)

Â êîîðäèíàòíîì (x) ïðåäñòàâëåíèè ýòè ðàâåíñòâà áóäóò âûãëÿäåòü ñëåäóþùèì îáðà-
çîì

ψ(x) =
1√
∆a

a2∫
a1

da φa(x) , ãäå ∆a = a2 − a1 , a2 > a1 . (3.82)
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〈ψ|ψ〉 =
1

∆a

a2∫
a1

da

a2∫
a1

da′
∞∫

−∞

dx φ∗a(x)φa′(x) =
1

∆a

a2∫
a1

da

a2∫
a1

da′ δ(a− a′) (3.83)

=
1

∆a

a2∫
a1

da = 1 . (3.84)

Ôóíêöèÿ ψ ïðèíàäëåæèò ãèëüáåðòîâîìó ïðîñòðàíñòâó (ψ ∈ L2).
Íàéä¼ì äèñïåðñèþ äëÿ ñîñòîÿíèÿ, îïèñûâàåìîãî ôóíêöèåé ψ

Ā = 〈ψ|Â|ψ〉 =
1

∆a

a2∫
a1

da

a2∫
a1

da′ 〈φa|Â|φa′〉 =
1

∆a

a2∫
a1

da

a2∫
a1

da′ a′〈φa|φa′〉 (3.85)

=
1

∆a

a2∫
a1

da

a2∫
a1

da′ a′δ(a− a′) =
1

∆a

a2∫
a1

da a (3.86)

=
1

∆a

(a2
2 − a2

1)

2
=

1

2
(a2 + a1) . (3.87)

A2 = 〈ψ|Â2|ψ〉 =
1

∆a

a2∫
a1

da

a2∫
a1

da′ 〈φa|Â2|φa′〉 =
1

∆a

a2∫
a1

da

a2∫
a1

da′ a′2〈φa|φa′〉 (3.88)

=
1

∆a

a2∫
a1

da

a2∫
a1

da′ a′2δ(a− a′) =
1

∆a

a2∫
a1

da a2 (3.89)

=
1

∆a

(a3
2 − a3

1)

3
=

1

3
(a2

2 + a2
1 + a1a2) . (3.90)

(Â− Ā)2 = 〈ψ|(Â− Ā)2|ψ〉 = 〈ψ|Â2 − 2ĀÂ+ Ā2|ψ〉 (3.91)

= A2 − 2ĀĀ+ Ā2 = A2 − Ā2 (3.92)

=
1

3
(a2

2 + a2
1 + a1a2)− 1

4
(a2 + a1)2 (3.93)

=
1

12
(a2

2 + a2
1 − 2a1a2) =

1

12
(∆a)2 . (3.94)

Âèäíî, ÷òî

(Â− Ā)2 → 0 , ïðè ∆a→ 0 . (3.95)
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Äëÿ êàæäîãî çíà÷åíèÿ ôèçè÷åñêîé âåëè÷èíû ñóùåñòâóåò ñîñòîÿíèå, â êîòîðîì ýòà
âåëè÷èíà ïðèíèìàåò ýòî çíà÷åíèå ëèáî òî÷íî (äèñêðåòíûé ñïåêòð), ëèáî ñî ñêîëü óãîä-
íî ìàëîé (íî íåíóëåâîé) äèñïåðñèåé (íåïðåðûâíûé ñïåêòð). Â ýòîì ñìûñëå ôèçè÷åñêàÿ
âåëè÷èíà èçìåðèìà.

3.3 Ðåäóêöèÿ âîëíîâîãî ïàêåòà

28.09.2021

Åñëè ïðè èçìåðåíèè ôèçè÷åñêîé âåëè÷èíû, îòâå÷àþùåé ñàìîñîïðÿæ¼ííîìó îïåðàòîðó
Â, áûëî ïîëó÷åíî çíà÷åíèå a, òî ïðè ïîâòîðíîì èçìåðåíèè ÷åðåç áåñêîíå÷íî ìàëûé ïðî-
ìåæóòîê âðåìåíè áóäåò ïîëó÷åíî òî æå ñàìîå çíà÷åíèå a.

Ïóñòü ñîñòîÿíèå ñèñòåìû äî ïåðâîãî èçìåðåíèÿ îïèñûâàëîñü âåêòîðîì ψ, è ïóñòü
èçìåðÿëàñü âåëè÷èíà ñ ÷èñòî äèñêðåòíûì ñïåêòðîì

Âφan = anφan . (3.96)

ψ =
∑
an

canφan . (3.97)

Åñëè ïðè ïåðâîì èçìåðåíèè áûëî ïîëó÷åíî ÷èñëî an0 , òî ïðè ïîâòîðíûõ èçìåðåíèÿõ
áóäåò ïîëó÷àòüñÿ îäíî è òî æå ÷èñëî an0 . Ñëåäîâàòåëüíî, ïîñëå ïåðâîãî èçìåðåíèÿ ñè-
ñòåìà îêàçàëàñü â ñîñòîÿíèè, îïèñûâàåìîì âåêòîðîì φan0 . Òàêèì îáðàçîì, â ðåçóëüòàòå
èçìåðåíèÿ ñîñòîÿíèå ñèñòåìû èçìåíèëîñü

ψ → φan0 . (3.98)

Ãîâîðÿò, ÷òî ïðîèçîøëà ðåäóêöèÿ âîëíîâîãî ïàêåòà.
×òîáû ïðèãîòîâèòü ñèñòåìó â çàäàííîì ñîñòîÿíèè φan0 , íàäî íàéòè îïåðàòîð Â, ñîá-

ñòâåííûì âåêòîðîì êîòîðîãî ÿâëÿåòñÿ φan0 , ïðîèçâåñòè èçìåðåíèå âåëè÷èíû, îòâå÷àþùåé

Â è îòîáðàòü òî ñîñòîÿíèå, ïðè êîòîðîì èçìåðåííîå çíà÷åíèå a îêàçàëîñü ðàâíûì ñîá-
ñòâåííîìó ÷èñëó, ñîîòâåòñòâóþùåìó φan0 .

3.4 Áðà- è êåò-âåêòîðà

Ââåä¼ì ïîíÿòèÿ áðà- è êåò-âåêòîðîâ (bra-c-ket).

|ψ〉 − êåò-âåêòîð , (3.99)

〈ψ| − áðà-âåêòîð . (3.100)
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Ãîâîðÿò, ÷òî áðà-âåêòîð 〈ψ| ÿâëÿåòñÿ ñîïðÿæ¼ííûì ê êåò-âåêòîðó |ψ〉. Óäîáíî ñ÷èòàòü,
÷òî áðà-âåêòîð 〈ψ| ïðèíàäëåæèò àáñòðàêòíîìó ãèëüáåðòîâîìó ïðîñòðàíñòâó. Äåéñòâè-
òåëüíî, ñêàëÿðíîå ïðîèçâåäåíèå 〈ψ|ψ〉 íå çàâèñèò îò ïðåäñòàâëåíèÿ. Ñëåäîâàòåëüíî, ìû
ìîæåì íå óêàçûâàòü â êàêîì ïðåäñòàâëåíèè çàäàíû âåêòîðà èëè ñîîòâåòñòâóþùèå âîë-
íîâûå ôóíêöèè.

Ðàññìîòðèì ëèíåéíûé îïåðàòîð L̂. Ìû íå òðåáóåì ýðìèòîâîñòè îïåðàòîðà L̂. Â ñëå-
äóþùåì ñêàëÿðíîì ïðîèçâåäåíèè ïðåäïîëàãàåòñÿ, ÷òî îïåðàòîð äåéñòâóåò íàïðàâî, ò.å.,
íà ôóíêöèþ ϕ

〈ψ|L̂|ϕ〉 = 〈ψ|L̂ϕ〉 = 〈L̂+ψ|ϕ〉 = 〈ϕ|L̂+ψ〉∗ = 〈ϕ|L̂+|ψ〉∗ (3.101)

Ìû ïîêàçàëè, ÷òî

〈ψ|L̂|ϕ〉 = 〈ϕ|L̂+|ψ〉∗ . (3.102)

Ïîêàæåì, ÷òî åñëè |χ〉 = |L̂ϕ〉, òî 〈χ| = 〈L̂+ϕ|

|χ〉 = |L̂ϕ〉 (3.103)

〈ψ|χ〉 = 〈ψ|L̂ϕ〉 (3.104)

〈χ|ψ〉∗ = 〈ψ|χ〉 = 〈ψ|L̂ϕ〉 = 〈ϕ|L̂+|ψ〉∗ (3.105)

〈χ|ψ〉 = 〈ϕ|L̂+|ψ〉 (3.106)

Â âèäó ïðîèçâîëüíîñòè ôóíêöèè ψ è, ñîîòâåòñòâåííî, êåò-âåêòîðà |ψ〉, ïîëó÷àåì

〈χ| = 〈ϕ|L̂+ . (3.107)

Ðàâåíñòâà (3.103) è (3.107) îïðåäåëÿþò, êàê äåéñòâóþò îïåðàòîðû â ñîïðÿæ¼ííîì ïðî-
ñòðàíñòâå.

Ðàññìîòðèì ñàìîñîïðÿæ¼ííûé îïåðàòîð Â ñ ÷èñòî äèñêðåòíûì ñïåêòðîì

Â|φan〉 = an|φan〉 (3.108)

〈φan′ |φan〉 = δan,an′ . (3.109)

Áóäåì ñ÷èòàòü, ÷òî âñå ñîáñòâåííûå çíà÷åíèÿ íåâûðîæäåííûå. Çäåñü |φan〉 � ñîáñòâåííûå
ôóíêöèè (ñîáñòâåííûå êåò-âåêòîðà) îïåðàòîðà â Â. Ïðîèçâîëüíàÿ ôóíêöèÿ |ψ〉 ìîæåò
áûòü ðàçëîæåíà ïî ñîáñòâåííûì ôóíêöèÿì îïåðàòîðà Â

|ψ〉 =
∑
an

can|φan〉 =
∑
an

ψ̃(an)|φan〉 =
∑
an

〈φan|ψ〉 |φan〉 (3.110)

=
∑
an

|φan〉〈φan|ψ〉 =

(∑
an

|φan〉〈φan|

)
|ψ〉 , ∀|ψ〉 . (3.111)

73



Âûðàæåíèå â êðóãëûõ ñêîáêàõ ìîæíî ðàññìàòðèâàòü êàê åäèíè÷íûé îïåðàòîð

Ê =
∑
an

|φan〉〈φan| (3.112)

Ê|ψ〉 =
∑
an

|φan〉〈φan|ψ〉 . (3.113)

Â êîîðäèíàòíîì ïðåäñòàâëåíèè ýòîò îïåðàòîð áóäåò âûãëÿäåòü ñëåäóþùèì îáðàçîì

Êψ(x) =
∑
an

 ∞∫
−∞

dx′ φ∗an(x′)ψ(x′)

φan(x) (3.114)

=

∞∫
−∞

dx′

(∑
an

φ∗an(x′)φan(x)

)
ψ(x′) (3.115)

=

∞∫
−∞

dx′ δ(x− x′)ψ(x′) = ψ(x) , ∀ψ . (3.116)

Âèäíî, ÷òî δ(x− x′) åñòü ÿäðî åäèíè÷íîãî îïåðàòîðà.

Ðàññìîòðèì ñàìîñîïðÿæ¼ííûé îïåðàòîð Â ñ ÷èñòî íåïðåðûâíûì ñïåêòðîì

Â|φa〉 = a|φa〉 (3.117)

〈φa′|φa〉 = δ(a− a′) . (3.118)

Áóäåì ñ÷èòàòü, ÷òî âñå ñîáñòâåííûå çíà÷åíèÿ íåâûðîæäåííûå. Çäåñü |φa〉 � ñîáñòâåííûå
ôóíêöèè (ñîáñòâåííûå êåò-âåêòîðà) îïåðàòîðà â Â. Ïðîèçâîëüíàÿ ôóíêöèÿ |ψ〉 ìîæåò
áûòü ðàçëîæåíà ïî ñîáñòâåííûì ôóíêöèÿì îïåðàòîðà Â

|ψ〉 =

∫
da ca|φa〉 =

∫
da ψ̃(a)|φa〉 =

∫
da 〈φa|ψ〉 |φa〉 (3.119)

=

∫
da |φa〉〈φa|ψ〉 =

(∫
da |φa〉〈φa|

)
|ψ〉 , ∀|ψ〉 . (3.120)

Âûðàæåíèå â êðóãëûõ ñêîáêàõ ìîæíî ðàññìàòðèâàòü êàê åäèíè÷íûé îïåðàòîð

Ê =

∫
da |φa〉〈φa| (3.121)

Ê|ψ〉 =

∫
da |φa〉〈φa|ψ〉 . (3.122)
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Â êîîðäèíàòíîì ïðåäñòàâëåíèè ýòîò îïåðàòîð áóäåò âûãëÿäåòü ñëåäóþùèì îáðàçîì

Êψ(x) =

∫
da

 ∞∫
−∞

dx′ φ∗a(x
′)ψ(x′)

φa(x) (3.123)

=

∞∫
−∞

dx′
(∫

da φ∗a(x
′)φa(x)

)
ψ(x′) (3.124)

=

∞∫
−∞

dx′ δ(x− x′)ψ(x′) = ψ(x) , ∀ψ . (3.125)

Âèäíî, ÷òî δ(x− x′) åñòü ÿäðî åäèíè÷íîãî îïåðàòîðà.

3.5 Îïåðàòîð èìïóëüñà

Â êà÷åñòâå ãèëüáåðòîâà ïðîñòðàíñòâà âûáåðåì ïðîñòðàíñòâî ôóíêöèé L2

∞∫
−∞

dx |ψ(x)|2 < ∞ , (3.126)

〈ψ|ϕ〉 =

∞∫
−∞

dxψ∗(x)ϕ(x) . (3.127)

Ðàññìîòðèì êîîðäèíàòíîå ïðåäñòàâëåíèå.
Ïî îïðåäåëåíèþ, îïåðàòîð èìïóëüñà â êîîðäèíàòíîì ïðåäñòàâëåíèè èìååò ñëåäóþùèé

âèä

p̂ = −i~ d
dx

, (3.128)

p̂ψ(x) = −i~ d
dx
ψ(x) , ∀ψ . (3.129)

Îïåðàòîð èìïóëüñà � ñàìîñîïðÿæ¼ííûé îïåðàòîð

p̂+ = p̂ . (3.130)

Ñïåêòð îïåðàòîðà èìïóëüñà ÷èñòî íåïðåðûâíûé: −∞ < p <∞.

p̂φp(x) = pφp(x) , (3.131)

φp(x) = (2π~)−1/2 e
ipx
~ , (3.132)

〈φp′|φp〉 = δ(p− p′) . (3.133)
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Ñòðîãî ãîâîðÿ, ó îïåðàòîðà íåò ñîáñòâåííûõ ôóíêöèé, ïîñêîëüêó ôóíêöèè φp(x) íå ïðè-
íàäëåæàò ãèëüáåðòîâîìó ïðîñòðàíñòâó L2. Îäíàêî, ìû áóäåì íàçûâàòü ôóíêöèè φp(x)
ñîáñòâåííûìè ôóíêöèÿìè.

Àíàëîãè÷íûì îáðàçîì îïðåäåëÿþò îïåðàòîð èìïóëüñà â òð¼õìåðíîì ïðîñòðàíñòâå.
Çäåñü ãèëüáåðòîâî ïðîñòðàíñòâî L2 åñòü∫

d3r |ψ(r)|2 < ∞ , (3.134)

〈ψ|ϕ〉 =

∫
d3r ψ∗(r)ϕ(r) (3.135)

=

∞∫
−∞

dx

∞∫
−∞

dy

∞∫
−∞

dz ψ∗(x, y, z)ϕ(x, y, z) . (3.136)

Ïî îïðåäåëåíèþ, îïåðàòîð èìïóëüñà åñòü

p̂ = −i~∇ = −i~
(
ex

∂

∂x
+ ey

∂

∂y
+ ez

∂

∂z

)
. (3.137)

p̂φp(r) = pφp(r) , (3.138)

φp(r) = (2π~)−3/2 e
ipr
~ = (2π~)−3/2 e

i(pxx+pyy+pzz)

~ , (3.139)

〈φp′|φp〉 = δ3(p− p′) = δ(px − p′x)δ(py − p′y)δ(pz − p′z) . (3.140)

Òåïåðü îáñóäèì ïî÷åìó îïåðàòîð èìïóëüñà îïðåäåëèëè Óð. (3.128) è Óð. (3.137).

Ðàññìîòðèì îïåðàòîð ñäâèãà

ψ(r) → ψ(r + δa) , (3.141)

ãäå δa � ìàëîå èçìåíåíèå âåêòîðà r. Ñ òî÷íîñòüþ äî ÷ëåíîâ ïîðÿäêà δa2 ôóíêöèÿ
ψ(r + δa) ìîæåò áûòü çàïèñíà êàê

ψ(r + δa) = ψ(r) + δa ·∇ψ(r) + O(δa2) = ψ(r) +
i

~
δa · p̂ψ(r) + O(δa2) . (3.142)
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Çäåñü ãðàäèåíò âûðàæåí ÷åðåç îïåðàòîð èìïóëüñà. Äëÿ êîíå÷íîãî ñäâèãà (a) íåîáõîäèìî
ó÷èòûâàòü âñå ÷ëåíû ðÿäà Òåéëîðà, ÷òî äà¼ò

ψ(r + a) = ψ(r) +
∞∑
n=1

(a ·∇)n

n!
ψ(r) = exp(a ·∇)ψ(r) = exp

(
ia · p̂
~

)
ψ(r) .(3.143)

Ðàâåíñòâî (3.144) óñòàíàâëèâàåò ñâÿçü îïåðàòîðà ñäâèãà èëè òðàíñëÿöèè (T̂a) è îïåðàòîðà
èìïóëüñà

T̂aψ(r) = ψ(r + a) = exp(a ·∇)ψ(r) = exp

(
ia · p̂
~

)
ψ(r) . (3.144)

Ïðè íàëè÷èè òðàíñëÿöèîííîé ñèììåòðèè ôóíêöèè ψ(r) è ψ(r + a) äîëæíû îïèñûâàòü
îäíî è òî æå ñîñòîÿíèå ñèñòåìû, ò.å., îíè ìîãóò îòëè÷àòüñÿ òîëüêî íà êîíñòàíòó |C| = 1,
ò.å., íà ìíèìóþ ýêñïîíåíòó.

Ðàññìîòðèì ñâîáîäíóþ ÷àñòèöó ñ îïðåäåë¼ííûì èìïóëüñîì p. Åñëè ôóíêöèÿ ψ îïè-
ñûâàåò ñîñòîÿíèå ñ îïðåäåë¼ííûì èìïóëüñîì, òî îíà åñòü ñîáñòâåííàÿ ôóíêöèÿ äëÿ îïå-
ðàòîðà èìïóëüñà è ìû ïîëó÷èì

exp

(
ia · p̂
~

)
ψp(r) = exp

(
ia · p
~

)
ψp(r) . (3.145)

Òàêèì îáðàçîì, ÷òî èç îïðåäåë¼ííîñòè èìïóëüñà è åãî ñîõðàíåíèÿ ñëåäóåò òðàíñëÿöè-
îííàÿ ñèììåòðèÿ. Äëÿ ñâîáîäíîé ÷àñòèöû òàêæå ïîëó÷àåì, ÷òî èç òðàíñëÿöèîííîé ñèì-
ìåòðèè ñëåäóåò ñîõðàíåíèå èìïóëüñà.

Çäåñü íàäî îòìåòèòü, ÷òî ñîñòîÿíèÿ ñâîáîäíîé ÷àñòèöû ñ îïðåäåë¼ííûì èìïóëüñîì
ïðèíàäëåæàò íåïðåðûâíîìó ñïåêòðó. Îäíàêî ìîæíî ðàññìîòðåòü ñîñòîÿíèå èç ãèëüáåð-
òîâà ïðîñòðàíñòâà, ñî ñêîëü óãîäíî ìàëîé (íî íåíóëåâîé) äèñïåðñèåé äëÿ èìïóëüñà.

Èç êëàññè÷åñêîé ìåõàíèêè ìû çíàåì, ÷òî ïðè òðàíñëÿöèîííîé ñèììåòðèè èìïóëüñ
äîëæåí ñîõðàíÿòüñÿ.

∇+ = −∇ (3.146)

(i∇)+ = i∇ . (3.147)

Ïîëó÷àåì, ÷òî äëÿ ñóùåñòâîâàíèÿ óêàçàííîé ñâÿçè ìåæäó òðàíñëÿöèîííîé ñèììåò-
ðèåé è ñîõðàíåíèåì èìïóëüñà, îïåðàòîð èìïóëüñà äîëæåí èìåòü âèä

p̂ = Ci∇ , (3.148)

ãäå C � âåùåñòâåííàÿ êîíñòàíòà.
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3.5.1 Êâàíòîâûå ñêîáêè Ïóàññîíà

Ðàññìîòðèì åù¼ îäíî îáîñíîâàíèå îïðåäåëåíèé Óð. (3.128) è Óð. (3.137).
Êëàññè÷åñêàÿ ñêîáêà Ïóàññîíà

{F,G} =
n∑
i=1

(
∂F

∂pi

∂G

∂qi
− ∂F

∂qi

∂F

∂pi

)
. (3.149)

dF

dt
=

∂F

∂t
+ {H,F} , (3.150)

ãäå H � ãàìèëüòîíèàí ñèñòåìû.
Êëàññè÷åñêèå ñêîáêè Ïóàññîíà îáëàäàþò èçâåñòíûìè ñâîéñòâàìè.
Ïîòðåáóåì, ÷òîáû êâàíòîâàÿ ñêîáêà Ïóàññîíà îáëàäàëà òàêèìè æå ñâîéñòâàìè

1.

{F̂ , Ĝ} = −{Ĝ, F̂} . (3.151)

2.

{F̂ , C} = 0 , ãäå C åñòü êîíñòàíòà . (3.152)

3.

{F̂1 + F̂2, Ĝ} = {F̂1, Ĝ}+ {F̂2, Ĝ} . (3.153)

4.

{F̂1F̂2, Ĝ} = {F̂1, Ĝ}F̂2 + F̂1{F̂2, Ĝ} . (3.154)

5.

{F̂{Ĝ, R̂}}+ {Ĝ{R̂, F̂}}+ {R̂{F̂ , Ĝ}} = 0 . (3.155)

Îñíîâûâàÿñü íà ýòèõ ïÿòè ñâîéñòâàõ, ïîñòàðàåìñÿ íàéòè âèä êâàíòîâîé ñêîáêè Ïóàñ-
ñîíà.

{Ĝ1Ĝ2, F̂} = {Ĝ1, F̂}Ĝ2 + Ĝ1{Ĝ2, F̂} (3.156)

{F̂ , Ĝ1Ĝ2} = {F̂ , Ĝ1}Ĝ2 + Ĝ1{F̂ , Ĝ2} . (3.157)
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Ðàññìîòðèì

{F̂1F̂2, Ĝ1Ĝ2} = {F̂1F̂2, (Ĝ1Ĝ2)} (3.158)

= {F̂1, (Ĝ1Ĝ2)}F̂2 + F̂1{F̂2, (Ĝ1Ĝ2)} (3.159)

= {F̂1, Ĝ1}Ĝ2F̂2 + Ĝ1{F̂1, Ĝ2}F̂2 (3.160)

+F̂1{F̂2, Ĝ1}Ĝ2 + F̂1Ĝ1{F̂2, Ĝ2} . (3.161)

{F̂1F̂2, Ĝ1Ĝ2} = {(F̂1F̂2), Ĝ1Ĝ2} (3.162)

= {(F̂1F̂2), Ĝ1}Ĝ2 + Ĝ1{(F̂1F̂2), Ĝ2} (3.163)

= {F̂1, Ĝ1}F̂2Ĝ2 + F̂1{F̂2, Ĝ1}Ĝ2 (3.164)

+Ĝ1{F̂1, Ĝ2}F̂2 + Ĝ1F̂1{F̂2, Ĝ2} . (3.165)

{F̂1, Ĝ1}Ĝ2F̂2 + F̂1Ĝ1{F̂2, Ĝ2} = {F̂1, Ĝ1}F̂2Ĝ2 + Ĝ1F̂1{F̂2, Ĝ2} (3.166)

{F̂1, Ĝ1}Ĝ2F̂2 − {F̂1, Ĝ1}F̂2Ĝ2 = Ĝ1F̂1{F̂2, Ĝ2} − F̂1Ĝ1{F̂2, Ĝ2} (3.167)

{F̂1, Ĝ1}(Ĝ2F̂2 − F̂2Ĝ2) = (Ĝ1F̂1 − F̂1Ĝ1){F̂2, Ĝ2} (3.168)

Ýòî ðàâåíñòâî äîëæíî âûïîëíÿòüñÿ äëÿ ëþáûõ F̂1, F̂2, Ĝ1, Ĝ2. Ïîýòîìó

{F̂ , Ĝ} = C(F̂ Ĝ− ĜF̂ ) = C[F̂ , Ĝ] . (3.169)

Ïðè ïåðåõîäå ê êëàññè÷åñêîìó ïðåäåëó ìû ïîëó÷èì

C =
i

~
. (3.170)

{F̂ , Ĝ} =
i

~
[F̂ , Ĝ] . (3.171)

Ðàññìîòðèì êëàññè÷åñêèå ñêîïêè Ïóàññîíà

{F,G} =
n∑
i=1

(
∂F

∂pi

∂G

∂qi
− ∂F

∂qi

∂F

∂pi

)
. (3.172)

Ìû áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ p = (px, py, pz) = (p1, p2, p3),
r = (x, y, z) = (r1, r2, r3)

{ri, rj} = 0 (3.173)

{pi, pj} = 0 (3.174)

{pi, rj} = δij . (3.175)
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Ðàññìîòðèì êâàíòîâûå ñêîáêè Ïóàññîíà. Âû÷èñëè êîììóòàòîðû îïåðàòîðîâ

[r̂i, r̂j]ψ(r) = rirjψ(r)− rjriψ(r) = 0 , ∀ψ(r) . (3.176)

[p̂i, p̂j]ψ(r) =

(
−i~ ∂

∂ri

)(
−i~ ∂

∂rj

)
ψ(r)−

(
−i~ ∂

∂rj

)(
−i~ ∂

∂ri

)
ψ(r) (3.177)

= 0 , ∀ψ(r) . (3.178)

[p̂i, r̂j]ψ(r) = (−i~)
∂

∂ri
rjψ(r)− rj(−i~)

∂

∂ri
ψ(r) (3.179)

= ψ(r)(−i~)
∂

∂ri
rj + rj(−i~)

∂

∂ri
ψ(r)− rj(−i~)

∂

∂ri
ψ(r) (3.180)

= ψ(r)(−i~)
∂

∂ri
rj = (−i~)δijψ(r) , ∀ψ(r) . (3.181)

[r̂i, r̂j] = 0 (3.182)

[p̂i, p̂j] = 0 (3.183)

[p̂i, r̂j] = (−i~)δij . (3.184)

Ñîîòâåòñòâóþùèå êâàíòîâûå ñêîáêè Ïóàññîíà èìåþò âèä

{r̂i, r̂j} =
i

~
[r̂i, r̂j] = 0 (3.185)

{p̂i, p̂j} =
i

~
[p̂i, p̂j] = 0 (3.186)

{p̂i, r̂j} =
i

~
[p̂i, r̂j] =

i

~
(−i~)δij = δij . (3.187)

Ìû ïîëó÷àåì, ÷òî ïðè óêàçàííûõ îïðåäåëåíèÿõ îïåðàòîðà èìïóëüñà êâàíòîâûå ñêîá-
êè Ïóàññîíà (Óð. (3.185)-(3.187)) íàïðÿìóþ ñâÿçàíû ñ êëàññè÷åñêèìè ñêîáêàìè Ïóàññîíà
(Óð. (3.173)-(3.175)). Ýòî îáñòîÿòåëüñòâî ïîçâîëÿåò íàì óñòàíîâèòü ñâÿçü ìåæäó óðàâíå-
íèÿìè êâàíòîâîé ìåõàíèêè è êëàññè÷åñêîé ìåõàíèêè. Ýòî òàêæå îáåñïå÷èâàåò ñóùåñòâî-
âàíèå êîððåêòíîãî ïåðåõîäà îò êâàíòîâîé ìåõàíèêè ê êëàññè÷åñêîé ìåõàíèêå äëÿ ñèñòåì,
ãäå êëàññè÷åñêàÿ ìåõàíèêà õîðîøî ðàáîòàåò.
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3.6 Îäíîâðåìåííàÿ èçìåðèìîñòü ôèçè÷åñêèõ âåëè÷èí.

Ñîîòíîøåíèå íåîïðåäåë¼ííîñòè

02.10.2021

Ðàññìîòðèì äâà ñàìîñîïðÿæ¼ííûõ îïåðàòîðà Â è B̂.
Äâå ôèçè÷åñêèå âåëè÷èíû, îòâå÷àþùèå îïåðàòîðàì Â è B̂, îäíîâðåìåííî èçìåðèìû

â ñîñòîÿíèè ψ, åñëè èõ äèñïåðñèè íà ñîñòîÿíèè ψ ðàíû íóëþ.

∆A =

√
(Â− Ā)2 = 0 , (3.188)

∆B =

√
(B̂ − B̄)2 = 0 . (3.189)

Â ýòîì ñëó÷àå ôóíêöèÿ ψ äîëæíà áûòü ñîáñòâåííîé êàê äëÿ îïåðàòîðà Â, òàê è äëÿ
B̂ (ñì. ïàðàãðàô 3.2.3)

Âψ = aψ , (3.190)

B̂ψ = bψ . (3.191)

Äâå ôèçè÷åñêèå âåëè÷èíû íàçûâàþòñÿ îäíîâðåìåííî èçìåðèìûìè (âî âñåõ ñîñòîÿíè-
ÿõ), åñëè äëÿ êàæäîé ïàðû âîçìîæíûõ çíà÷åíèé a è b ñóùåñòâóåò ñîñòîÿíèå, â êîòîðîì
ýòè âåëè÷èíû ïðèíèìàþò îïðåäåë¼ííûå çíà÷åíèÿ (äèñêðåòíûé ñïåêòð), ëèáî ñî ñêîëü
óãîäíî ìàëîé (íî íåíóëåâîé) äèñïåðñèåé (íåïðåðûâíûé ñïåêòð).

Äëÿ ýòîãî íåîáõîäèìî, ÷òîáû âñå ýòè ñîñòîÿíèÿ áûëè ñîáñòâåííûìè ôóíêöèÿìè äëÿ
îïåðàòîðîâ Â è B̂, òî åñòü, ÷òîáû îïåðàòîðû Â è B̂ èìåëè îáùèé áàçèñ. Â ýòîì ñëó÷àå
îïåðàòîðû äîëæíû êîììóòèðîâàòü (ñì. ïàðàãðàô 2.15)

[Â, B̂] = 0 . (3.192)

Ðàññìîòðèì ñîñòîÿíèå ñèñòåìû ψ, íà í¼ì ôèçè÷åñêèå âåëè÷èíû, îòâå÷àþùèå îïåðà-
òîðàì Â è B̂, ïðèíèìàþ ñëåäóþùèå ñðåäíèå çíà÷åíèÿ

Ā = 〈ψ|Â|ψ〉 , (3.193)

B̄ = 〈ψ|B̂|ψ〉 . (3.194)

Äèñïåðñèè ñîîòâåòñòâóþùèõ ôèçè÷åñêèõ âåëè÷èí ðàâíû

∆A =

√
(Â− Ā)2 =

√
〈ψ|(Â− Ā)2|ψ〉 , (3.195)

∆B =

√
(B̂ − B̄)2 =

√
〈ψ|(B̂ − B̄)2|ψ〉 . (3.196)
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Êàê îáû÷íî, ìû ïðåäïîëàãàåì, ÷òî âûïîëíåíî

〈ψ|ψ〉 = 1 . (3.197)

Ââåä¼ì îïåðàòîð D̂

[Â, B̂] = ÂB̂ − B̂Â = −i~D̂ , (3.198)

〈ψ|[Â, B̂]|ψ〉 = 〈ψ|(ÂB̂ − B̂Â)|ψ〉 = −i~〈ψ|D̂|ψ〉 = −i~D̄ , (3.199)

D̄ = 〈ψ|D̂|ψ〉 . (3.200)

Ìû âèäåëè, ÷òî êîììóòàòîð äâóõ ýðìèòîâñêèõ îïåðàòîðîâ åñòü àíòèýðìèòîâñêèé îïåðà-
òîð (ñì. 2.146). Ñëåäîâàòåëüíî, îïåðàòîð D̂ � ýðìèòîâñêèé (ñàìîñîïðÿæ¼ííûé) è D̄ ∈ R.

Ðàññìîòðèì ñëåäóþùèé ëèíåéíûé îïåðàòîð

L̂ = (Â− Ā) + iβ(B̂ − B̄) , β ∈ R . (3.201)

Â îáùåì ñëó÷àå ýòîò îïåðàòîð íåñàìîñîïðÿæ¼ííûé.
Ðàññìîòðèì âåêòîð

|ϕ〉 = L̂|ψ〉 . (3.202)

Âû÷èñëèì êâàäðàò íîðìû ýòîãî âåêòîðà (ìû çíàåì, ÷òî 〈ϕ|ϕ〉 ≥ 0)

〈ϕ|ϕ〉 = 〈ψ|L̂+L̂|ψ〉 (3.203)

= 〈ψ|
(

(Â− Ā) + iβ(B̂ − B̄)
)+ (

(Â− Ā) + iβ(B̂ − B̄)
)
|ψ〉 (3.204)

= 〈ψ|
(

(Â− Ā)− iβ(B̂ − B̄)
)(

(Â− Ā) + iβ(B̂ − B̄)
)
|ψ〉 (3.205)

= 〈ψ|(Â− Ā)2|ψ〉+ β2〈ψ|(B̂ − B̄)2|ψ〉 (3.206)

+iβ〈ψ|
(

(Â− Ā)(B̂ − B̄)− (B̂ − B̄)(Â− Ā)
)
|ψ〉 (3.207)

= (∆A)2 + β2(∆B)2 (3.208)

+iβ〈ψ|
(

(ÂB̂ + ĀB̄ − ÂB̄ − ĀB̂)− (B̂Â+ B̄Ā− B̂Ā− B̄Â)
)
|ψ〉 (3.209)

= (∆A)2 + β2(∆B)2 + iβ〈ψ|(ÂB̂ − B̂Â)|ψ〉 (3.210)

= (∆A)2 + β2(∆B)2 + ~βD̄ ≥ 0 , ∀β ∈ R . (3.211)

Ïîëó÷àåì óñëîâèå íà äèñêðèìèíàíò

~2D̄2 − 4(∆A)2(∆B)2 ≤ 0 . (3.212)

Èíà÷å ýòî óñëîâèå ìîæíî çàïèñàòü êàê

∆A∆B ≥ ~
2
|D̄| . (3.213)
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Ìîæåò îêàçàòüñÿ, ÷òî D̄ = 0 íà ñîñòîÿíèè ψ, íî îïåðàòîð D̂ íåíóëåâîé (D̂ 6= 0). Â ýòîì
ñëó÷àå â ñîñòîÿíèè ψ âåëè÷èíû, îòâå÷àþùèå îïåðàòîðàì Â è B̂, îäíîâðåìåííî èçìåðèìû.
Îäíàêî òàêèå ñîñòîÿíèÿ íå îáðàçóþò ïîëíîé ñèñòåìû (èíà÷å ìû áû ñìîãëè äîêàçàòü, ÷òî
îïåðàòîð D̂ íóëåâîé).

Ðàññìîòðèì íåðàâåíñòâî (3.213) äëÿ ñëó÷àÿ

Â = p̂ , (3.214)

B̂ = x̂ . (3.215)

Òîãäà îïåðàòîð D èìååò âèä (ñì. Óð. (3.184))

[p̂, x̂] = −i~ (3.216)

D̂ = Ê (3.217)

D̄ = 1 . (3.218)

Íåðàâåíñòâî (3.213) ïðèíèìàåò âèä

∆p∆x ≥ ~
2
. (3.219)

Ýòî íåðàâåíñòâî íàçûâàåòñÿ ñîîòíîøåíèåì íåîïðåäåë¼ííîñòè.
Êàê âèäíî, ñîîòíîøåíèå íåîïðåäåë¼ííîñòè ïîëó÷àåòñÿ èç îñíîâíûõ ïîëîæåíèé êâàí-

òîâîé ìåõàíèêè.
Ìû òàêæå îòíîñèòñÿ ê ñîîòíîøåíèþ íåîïðåäåë¼ííîñòè êàê ê ýêñïåðèìåíòàëüíîìó

ôàêòó.

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ñëåäóþùèé ìûñëåííûé ýêñïåðèìåíò.
Ðàçðåøàþùàÿ ñïîñîáíîñòü ãëàçà ÷åëîâåêà

∆x ≈ λ
L

d
≈ λ

1

sinα
≈ 0.03mm , (3.220)

ãäå L � ðàñòîÿíèå îò îáúåêòà äî ãëàçà (25cm), d � äèàìåòð çðà÷êà (5mm), λ � äëèíà âîëíû
ôîòîíà (6000�A=6000·10−10m), α � àïåðòóðíûé óãîë.

Àíàëîãè÷íîå âûðàæåíèå èìååòñÿ äëÿ ðàçðåøåíèÿ îïòè÷åñêîãî ìèêðîñêîïà ∆x:

∆x ≈ 1.22λ

2n sinα
≈ λ

sinα
, (3.221)

ãäå α � àïåðòóðíûé óãîë, λ � äëèíà âîëíû ôîòîíà, n � ïîêàçàòåëü ïðåëîìëåíèÿ îïòè÷å-
ñêîé ñðåäû, â êîòîðîé íàõîäèòñÿ ëèíçà.
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Ïóñòü ìû ñìîòðèì âäîëü îñè y, òîãäà ðàçáðîñ èìïóëüñà âäîëü îñè x åñòü
−p sinα < px < p sinα

∆px = p sinα . (3.222)

Èçâåñòíî, ÷òî èìïóëüñ ôîòîíà ñâÿçàí ñ äëèíîé âîëíû êàê p = h/λ. Äåéñòâèòåëüíî,
äëÿ ïîòåíöèàëà ýëåêòðîìàãíèòíîãî ïîëÿ ìîæíî íàïèñàòü

Aµ(r) ∼ e
ipr
~ (3.223)

λ =
~
p

2π =
h

p
. (3.224)

Òàêèì îáðàçîì, ïîëó÷àåì

∆px∆x ≈ p sinα
λ

sinα
= pλ = h = 2π ~ . (3.225)

Ñîîòíîøåíèå íåîïðåäåë¼ííîñòè Óð. (3.219) â ýòîì ýêñïåðèìåíòå áóäåò âûïîëíåíî.

Ðàññìîòðèì åù¼ îäèí ìûñëåííûé ýêñïåðèìåíò.
Ïóñòü ìîíîõðîìàòè÷åñêèé ïîòîê ÷àñòèö äâèæåòñÿ âäîëü îñè y è ïðîõîäèò ñêâîçü äèà-

ôðàãìó ïàðàëëåëüíóþ îñè x ñî ùåëüþ ∆x. Ìû ìîæåì óòâåðæäàòü, ÷òî â ýòîò ìîìåíò
çíàåì x-êîîðäèíàòó ÷àñòèöó ñ òî÷íîñòüþ ∆x.

Ïðîéäÿ ñêâîçü äèàôðàãìó, ÷àñòèöû ïîïàäàþò íà ïîâåðõíîñòü ïåðïåíäèêóëÿðíóþ îñè
y. Ïóñòü ïåðâûé ìàêñèìóì íà ýòîé ïîâåðõíîñòè îïðåäåëÿåòñÿ óãëîì α, îòñ÷èòàííûé îò
îñè y, òîãäà

sinα =
λ

∆x
, (3.226)

∆x =
λ

sinα
. (3.227)

Èç ðàçáðîñà ÷àñòèö íà óãîë α ìû ïîëó÷àåì, ÷òî x-êîìïîíåíòà èìïóëüñà èìååò ðàçáðîñ
−p sinα < px < p sinα, ò.å., îíà îïðåäåëåíà ñ òî÷íîñòüþ

∆px = p sinα . (3.228)

Òàêèì îáðàçîì, ìû ïîëó÷àåì

∆px ∆x = p sinα
λ

sinα
= pλ = h = 2π ~ . (3.229)

Ñîîòíîøåíèå íåîïðåäåë¼ííîñòè Óð. (3.219) â ýòîì ýêñïåðèìåíòå áóäåò âûïîëíåíî.
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3.7 Óðàâíåíèå Øð¼äèíãåðà (Erwin Schr�odinger). Ïðî-

èçâîäíàÿ ïî âðåìåíè îò îïåðàòîðà

Ïî îïðåäåëåíèþ, ÷èñòîå ñîñòîÿíèå ñèñòåìû ðàçâèâàåòñÿ âî âðåìåíè ñîãëàñíî óðàâíåíèþ
Øð¼äèíãåðà

i~
∂

∂t
ψ(r, t) = Ĥψ(r, t) . (3.230)

Ñàìîñîïðÿæ¼ííûé îïåðàòîð Ĥ íàçûâàåòñÿ îïåðàòîðîì Ãàìèëüòîíà èëè ãàìèëüòîíèàíîì.
Ãàìèëüòîíèàí çàäà¼ò ñèñòåìó â òîì ñìûñëå, ÷òî, çàäàâ ýòîò îïåðàòîð è âîëíîâóþ ôóíê-
öèþ â êàêîé-òî ìîìåíò âðåìåíè t0 (ò.å., ψ(r, t0)), ìû ìîæåì ïîëó÷èòü âîëíîâóþ ôóíêöèþ
â äðóãîé ìîìåíò âðåìåíè t (ψ(r, t)).

Òåïåðü îáñóäèì ïî÷åìó óðàâíåíèå Øð¼äèíãåðà îïðåäåëèëè èìåííî òàê.
1. Çàäàâ âîëíîâóþ ôóíêöèþ ñîñòîÿíèÿ ñèñòåìû â ìîìåíò âðåìåíè t0, ìû ãîâîðèì,

÷òî íàì äîñòóïíà âñÿ èíôîðìàöèÿ î ñèñòåìå. Òåì ñàìûì, ìû äîëæíû çíàòü âîëíîâóþ
ôóíêöèþ è â ïîñëåäóþùèå ìîìåíòû âðåìåíè (ψ(r, t)). Äëÿ ýòîãî äîñòàòî÷íî, ÷òîáû ìû
çíàëè âîëíîâóþ ôóíêöèþ ÷åðåç áåñêîíå÷íî ìàëûé ïðîìåæóòîê âðåìåíè (ψ(r, t0 + dt)).
Ýòî âûðàæàåòñÿ òåì, ÷òî ïðîèçâîäíàÿ ïî âðåìåíè ôóíêöèè îò ψ(r, t) îïðåäåëÿåòñÿ ñà-
ìîé ôóíêöèåé ψ(r, t) ïî ñðåäñòâîì êàêîãî-òî ëèíåéíîãî îïåðàòîðà. Ýòî ðåàëèçîâàíî â
Óð. (3.230).

2. Ôîðìàëüíî Óð. (3.230) ïîõîæå íà îïðåäåëåíèå îïåðàòîðà èìïóëüñà

−i~ ∂
∂x
ψ(x, t) = p̂ψ(x, t) . (3.231)

Ìû âèäåëè, ÷òî òàêîé âèä îïåðàòîðà èìïóëüñà ñâÿçûâàåò åãî ñ ïðîñòðàíñòâåííîé òðàíñ-
ëÿöèåé Óð. (3.144) è, ñîîòâåòñòâåííî, èíâàðèàíòíîñòü ê ïðîñòðàíñòâåííîé òðàíñëÿöèè ñ
ñîõðàíåíèåì èìïóëüñà. Èç êëàññè÷åñêîé ìåõàíèêè èçâåñòíî, ÷òî èíâàðèàíòíîñòü ê ñäâè-
ãó âî âðåìåíè ñâÿçàíà ñ ñîõðàíåíèåì ýíåðãèè. Òàêèì îáðàçîì, óðàâíåíèå Øð¼äèíãåðà
ìîæåò áûòü ôîðìàëüíî ïîëó÷åíî èç îïðåäåëåíèÿ îïåðàòîðà èìïóëüñà çàìåíîé x íà t è p̂
íà Ĥ (è ñ çàìåíîé çíàêà).

3. Âûøå ìû ââåëè êâàíòîâûå ñêîáêè Ïóàññîíà (ñì. Óð. (3.171))

{F̂ , Ĝ} =
i

~
[F̂ , Ĝ] . (3.232)
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è óñòàíîâèëè, ÷òî îíè íàïðÿìóþ ñâÿçàíû ñ êëàññè÷åñêèìè ñêîáêàìè Ïóàññîíà äëÿ ñîîò-
âåòñòâóþùèõ âåëè÷èí.

Êëàññè÷åñêèå ñêîáêè Ïóàññîíà îáëàäàþò ñëåäóþùèì ñâîéñòâîì

dF

dt
=

∂F

∂t
+ {H,F} , (3.233)

ãäå H � ãàìèëüòîíèàí ñèñòåìû, à F = F (q, p, t) åñòü ïðîèçâîëüíàÿ ôóíêöèÿ îáîáù¼ííûõ
êîîðäèíàò è èìïóëüñîâ.

Ðàññìîòðèì ïðîèçâîäíóþ ïî âðåìåíè îò ñðåäíåãî çíà÷åíèÿ îïåðàòîðà Â(x, t) íà âîëíî-
âîé ôóíêöèè ψ(x, t). Äëÿ êðàòêîñòè ìû ðàññìàòðèâàåì îäíîìåðíûé ñëó÷àé è èñïîëüçóåì
êîîðäèíàòíîå ïðåäñòàâëåíèå.

d

dt
Ā =

d

dt
〈ψ|Â|ψ〉 =

d

dt

∞∫
−∞

dxψ∗(x, t)Â(x, t)ψ(x, t) (3.234)

=

∞∫
−∞

dx

(
∂

∂t
ψ(x, t)

)∗
Â(x, t)ψ(x, t) (3.235)

+

∞∫
−∞

dxψ∗(x, t)

(
∂

∂t
Â(x, t)

)
ψ(x, t) (3.236)

+

∞∫
−∞

dxψ∗(x, t)Â(x, t)

(
∂

∂t
ψ(x, t)

)
. (3.237)

Ïîä ÷àñòíîé ïðîèçâîäíîé îò îïåðàòîðà Â ìû ïîíèìàåì

∂

∂t
Â(t) = lim

∆t→0

Â(t+ ∆t)− Â(t)

∆t
, (3.238)

ãäå îïåðàòîð Â ÿâíî çàâèñèò îò t êàê îò ïàðàìåòðà. Ñîîòâåòñòâåííî, åñëè îïåðàòîð íå çà-
âèñèò ÿâíî îò âðåìåíè, íàïðèìåð, êàê îïåðàòîðû êîîðäèíàòû è èìïóëüñà, òî ýòà ÷àñòíàÿ
ïðîèçâîäíàÿ ðàâíà íóëþ.

Äàëåå âîñïîëüçóåìñÿ óðàâíåíèåì Øð¼äèíãåðà â âèäå

∂

∂t
ψ(r, t) = − i

~
Ĥψ(r, t) . (3.239)
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d

dt
Ā =

∞∫
−∞

dx

(
− i
~
Ĥψ(r, t)

)∗
Â(x, t)ψ(x, t) (3.240)

+

∞∫
−∞

dxψ∗(x, t)

(
∂

∂t
Â(x, t)

)
ψ(x, t) (3.241)

+

∞∫
−∞

dxψ∗(x, t)Â(x, t)

(
− i
~
Ĥψ(r, t)

)
(3.242)

=
i

~

∞∫
−∞

dxψ∗(r, t)ĤÂ(x, t)ψ(x, t) (3.243)

+

∞∫
−∞

dxψ∗(x, t)

(
∂

∂t
Â(x, t)

)
ψ(x, t) (3.244)

− i
~

∞∫
−∞

dxψ∗(x, t)Â(x, t)Ĥψ(r, t) (3.245)

=
i

~

∞∫
−∞

dxψ∗(r, t)[Ĥ, Â(x, t)]ψ(x, t) (3.246)

+

∞∫
−∞

dxψ∗(x, t)

(
∂

∂t
Â(x, t)

)
ψ(x, t) (3.247)

=
i

~
〈ψ|[Ĥ, Â]|ψ〉+ 〈ψ

∣∣∣∣( ∂

∂t
Â

)∣∣∣∣ψ〉 . (3.248)

Ìû èñïîëüçîâàëè òî, ÷òî ãàìèëüòîíèàí ÿâëÿåòñÿ ñàìîñîïðÿæ¼ííûì (ýðìèòîâñêèì) îïå-
ðàòîðîì.

d

dt
Ā =

∂

∂t
Â+

i

~
[Ĥ, Â] , ∀ψ (3.249)

d

dt
Ā =

∂

∂t
Â+ {Ĥ, Â} , ∀ψ . (3.250)

Ïðè ïåðåõîäå ê êëàññè÷åñêîìó ïðåäåëó, ãäå îïåðàòîðû áóäóò ïåðåõîäèòü â îòâå÷àþùèå
èì ôèçè÷åñêèå âåëè÷èíû, ìû ïîëó÷èì, ÷òî Óð. (3.250) ïåðåéä¼ò â Óð. (3.233).
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Ðàññìîòðèì îòäåëüíî Óð. (3.249). Ïðàâàÿ ÷àñòü ýòîãî ðàâåíñòâà îïðåäåëÿåò îïåðàòîð,
ñðåäíèå çíà÷åíèÿ êîòîðîãî ñîâïàäàþò ñ ïðîèçâîäíîé îò ñðåäíèõ çíà÷åíèé îïåðàòîðà Â.
Ýòîò îïåðàòîð îáîçíà÷àþò êàê ïîëíàÿ ïðîèçâîäíàÿ ïî âðåìåíè îò îïåðàòîðà Â

d

dt
Â =

∂

∂t
Â+

i

~
[Ĥ, Â] . (3.251)

Òàêèì îáðàçîì, Óð. (3.251) ðàññìàòðèâåòñÿ êàê îïðåäåëåíèå ïðîèçâîäíîé îò îïåðàòîðà
Â ïî âðåìåíè.

Âèäíî, ÷òî îïðåäåëåíèå ïðîèçâîäíîé ïî âðåìåíè îò îïåðàòîðà Â çàâèñèò îò ãàìèëüòî-
íèàíà è, òåì ñàìûì, îò ðàññìàòðèâàåìîé ñèñòåìû. Òàêèì îáðàçîì, äëÿ êàæäîé ñèñòåìû
ïðîèçâîäíàÿ ïî âðåìåíè îò îïåðàòîðà îïðåäåëÿåòñÿ ïî-ðàçíîìó.

3.8 Îïåðàòîð ýâîëþöèè

Èçìåíåíèå âîëíîâîé ôóíêöèè âî âðåìåíè ìîæíî ðàññìàòðèâàòü êàê ðåçóëüòàò äåéñòâèÿ
îïåðàòîðà ýâîëþöèè

ψ(x, t) = Ŝ(t, t0)ψ(x, t0) . (3.252)

Ïîêàæåì, ÷òî îïåðàòîð ýâîëþöèè ÿâëÿåòñÿ óíèòàðíûì îïåðàòîðîì.
Ðàññìîòðèì ïðîèçâîäíóþ ïî âðåìåíè îò ñðåäíåãî çíà÷åíèÿ åäèíè÷íîãî îïåðàòîðà.

Ñîãëàñíî Óð. (3.249) ìû ìîæåì çàïèñàòü

d

dt
〈ψ|ψ〉 =

i

~
〈ψ|[Ĥ, Ê]|ψ〉 = 0 . (3.253)

Ìû èñïîëüçîâàëè, ÷òî åäèíè÷íûé îïåðàòîð êîììóòèðóåò ñî âñåìè îïåðàòîðàìè

[Ĥ, Ê] = 0 . (3.254)

Òàêèì îáðàçîì, ìû ïîêàçàëè, ÷òî èç óðàâíåíèÿ Øð¼äèíãåðà ñëåäóåò, ÷òî íîðìèðîâêà
âîëíîâîé ôóíêöèè íå ìåíÿåòñÿ ñî âðåìåíåì.

Òîãäà ìû ìîæåì çàïèñàòü

〈ψ|ψ〉 =

∞∫
−∞

dxψ∗(x, t0)ψ(x, t0) =

∫ ∞
−∞

dxψ∗(x, t)ψ(x, t) (3.255)

=

∫ ∞
−∞

dx
(
Ŝ(t, t0)ψ(x, t0)

)∗ (
Ŝ(t, t0)ψ(x, t0)

)
(3.256)

=

∫ ∞
−∞

dxψ∗(x, t0)Ŝ+(t, t0)Ŝ(t, t0)ψ(x, t0) . (3.257)

88



Â ïîñëåäíåì ðàâåíñòâå ìû âîñïîëüçîâàëèñü Óð. (3.252). Òàê êàê ýòî âûïîëíåíî äëÿ ïðî-
èçâîëüíîé ôóíêöèè ψ, ìû ìîæåì çàêëþ÷èòü, ÷òî îïåðàòîð Ŝ(t, t0) íå ìåíÿåò íîðìó:
‖ψ(t0)‖ = ‖Ŝ(t, t0)ψ(t0)‖ èëè

〈ψ|ψ〉 = 〈ψ|Ŝ+Ŝ|ψ〉 , ∀ψ (3.258)

Ŝ = Ŝ(t, t0) (3.259)

ψ = ψ(t0) . (3.260)

Äîêàæåì, ÷òî îïåðàòîð Ŝ ÿâëÿåòñÿ óíèòàðíûì îïåðàòîðîì.
Ðàññìîòðèì ñíà÷àëà ôóíêöèþ ψ â âèäå (ãäå ϕ è χ ïðîèçâîëüíûå ôóíêöèè)

ψ = ϕ+ χ , (3.261)

〈ψ|ψ〉 = 〈(ϕ+ χ)|(ϕ+ χ)〉 (3.262)

= 〈ϕ|ϕ〉+ 〈χ|χ〉+ 〈χ|ϕ〉+ 〈ϕ|χ〉 (3.263)

= 〈ϕ|ϕ〉+ 〈χ|χ〉+ 2<{〈χ|ϕ〉} (3.264)

〈ψ|ψ〉 = 〈ψ|Ŝ+Ŝ|ψ〉 = 〈(ϕ+ χ)|Ŝ+Ŝ|(ϕ+ χ)〉 (3.265)

= 〈ϕ|Ŝ+Ŝ|ϕ〉+ 〈χ|Ŝ+Ŝ|χ〉+ 〈χ|Ŝ+Ŝ|ϕ〉+ 〈ϕ|Ŝ+Ŝ|χ〉 (3.266)

= 〈ϕ|ϕ〉+ 〈χ|χ〉+ 2<{〈χ|Ŝ+Ŝ|ϕ〉} (3.267)

<{〈χ|ϕ〉} = <{〈χ|Ŝ+Ŝ|ϕ〉} , ∀ϕ, χ . (3.268)

Òåïåðü ïðåäñòàâèì ôóíêöèþ ψ â âèäå

ψ = ϕ+ iχ , (3.269)

〈ψ|ψ〉 = 〈(ϕ+ iχ)|(ϕ+ iχ)〉 (3.270)

= 〈ϕ|ϕ〉+ 〈χ|χ〉 − i〈χ|ϕ〉+ i〈ϕ|χ〉 (3.271)

= 〈ϕ|ϕ〉+ 〈χ|χ〉+ 2={〈χ|ϕ〉} (3.272)

〈ψ|ψ〉 = 〈ψ|Ŝ+Ŝ|ψ〉 = 〈(ϕ+ iχ)|Ŝ+Ŝ|(ϕ+ iχ)〉 (3.273)

= 〈ϕ|Ŝ+Ŝ|ϕ〉+ 〈χ|Ŝ+Ŝ|χ〉 − i〈χ|Ŝ+Ŝ|ϕ〉+ i〈ϕ|Ŝ+Ŝ|χ〉 (3.274)

= 〈ϕ|ϕ〉+ 〈χ|χ〉+ 2={〈χ|Ŝ+Ŝ|ϕ〉} , (3.275)

={〈χ|ϕ〉} = ={〈χ|Ŝ+Ŝ|ϕ〉} , ∀ϕ, χ . (3.276)

Ïîëó÷àåì, ÷òî ìû äîêàçàëè

〈χ|ϕ〉 = 〈χ|Ŝ+Ŝ|ϕ〉 , ∀ϕ, χ (3.277)

è, òåì ñàìûì, äîêàçàëè, ÷òî

Ŝ+Ŝ = Ê , (3.278)

èëè, âåðíóâ ÿâíóþ âðåìåííóþ çàâèñèìîñòü,

Ŝ+(t0, t)Ŝ(t0, t) = Ŝ+(t, t0)Ŝ(t, t0) = Ê . (3.279)
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Èòàê, îïåðàòîð ýâîëþöèè Ŝ(t, t0) � óíèòàðíûé îïåðàòîð

ψ(x, t) = Ŝ(t, t0)ψ(x, t0) . (3.280)

Îïåðàòîð ýâîëþöèè îáëàäàåò ñëåäóþùèì ñâîéñòâîì

Ŝ(t0, t) = Ŝ+(t, t0) . (3.281)

Äåéñòâèòåëüíî,

Ŝ(t0, t)ψ(x, t) = ψ(x, t0) = Êψ(x, t0) = Ŝ+(t, t0)Ŝ(t, t0)ψ(x, t0) (3.282)

= Ŝ+(t, t0)ψ(x, t) , ∀ψ . (3.283)

Âîëíîâàÿ ôóíêöèÿ ψ(x, t) äîëæíà óäîâëåòâîðÿòü óðàâíåíèþ Øð¼äèíãåðà

i~
∂

∂t
ψ(x, t) = Ĥψ(x, t) . (3.284)

Èñïîëüçóÿ (3.280), ìû ìîæåì íàïèñàòü

i~
∂

∂t
Ŝ(t, t0)ψ(x, t0) = ĤŜ(t, t0)ψ(x, t0) , ∀ψ(x, t0) . (3.285)

Ìû ïîëó÷àåì ñëåäóþùåå îïåðàòîðíîå óðàâíåíèå äëÿ îïåðàòîðà ýâîëþöèè

i~
∂

∂t
Ŝ(t, t0) = ĤŜ(t, t0) (3.286)

Ŝ(t0, t0) = Ê . (3.287)

Åñëè ãàìèëüòîíèàí íå çàâèñèò îò âðåìåíè (t)

Ĥ = Ĥ(x) , (3.288)

òîãäà ìû ìîæåì çàïèñàòü ðåøåíèå Óð. (3.286), (3.287) â âèäå

Ŝ(t, t0) = exp

(
− i
~
Ĥ · (t− t0)

)
. (3.289)

3.9 Ñòàöèîíàðíûå ñîñòîÿíèÿ

Ðàññìîòðèì íåçàâèñÿùèé îò âðåìåíè ãàìèëüòîíèàí

Ĥ = Ĥ(x) . (3.290)

Â ýòîì ñëó÷àå óäîáíî ââåñòè ïîíÿòèå ñòàöèîíàðíûõ ñîñòîÿíèé.

90



Îïðåäåëåíèå. Ñòàöèîíàðíûå ñîñòîÿíèÿ � ýòî ÷èñòûå ñîñòîÿíèÿ, êîòîðûå îïèñûâàþòñÿ
âîëíîâîé ôóíêöèåé âèäà

ψ(x, t) = e−
iEt
~ ϕ(x) , (3.291)

ãäå

Ĥ(x)ϕ(x) = Eϕ(x) . (3.292)

Ïîñëåäíåå óðàâíåíèå íàçûâàåòñÿ ñòàöèîíàðíûì óðàâíåíèåì Øð¼äèíãåðà.
Ñóùåñòâîâàíèå ñòàöèîíàðíûõ ñîñòîÿíèé ÿâëÿåòñÿ ñëåäñòâèåì íàøåãî ïðåäïîëîæå-

íèÿ, ÷òî ãàìèëüòîíèàí ðàññìàòðèâàåìîé ñèñòåìû íå çàâèñèò îò âðåìåíè. Äåéñòâèòåëüíî,
ðàññìîòðèì óðàâíåíèå Øð¼äèíãåðà

i~
∂

∂t
ψ(x, t) = Ĥ(x)ψ(x, t) . (3.293)

Ðàç ãàìèëüòîíèàí ðàññìàòðèâàåìîé ñèñòåìû íå çàâèñèò îò âðåìåíè, ìû ìîæåì èñêàòü
ðåøåíèå â âèäå ñëåäóþùåé ôàêòîðèçàöèè

ψ(x, t) = χ(t)ϕ(x) . (3.294)

i~
∂

∂t
χ(t)ϕ(x) = Ĥ(x)χ(t)ϕ(x) (3.295)

Óìíîæèì ýòî óðàâíåíèå ñëåâà íà ϕ∗(x) è ïðîèíòåãðèðóåì ïî x

i~
∂

∂t
χ(t)

∞∫
−∞

dxϕ∗(x)ϕ(x) = χ(t)

∞∫
−∞

dxϕ∗(x)Ĥ(x)ϕ(x) . (3.296)

Ïîëó÷àåì, ÷òî ôóíêöèÿ χ(t) óäîâëåòâîðÿåò ñëåäóþùåìó óðàâíåíèþ

i~
∂

∂t
χ(t) = Eχ(t) (3.297)

χ(t) = C e−
iEt
~ (3.298)

E =
〈ϕ|Ĥ|ϕ〉
〈ϕ|ϕ〉

, 〈ϕ|ϕ〉 > 0 . (3.299)

Òîãäà, â ñâîþ î÷åðåäü, Óð. (3.295) ïðèìåò âèä

i~
∂

∂t
C e−

iEt
~ ϕ(x) = Ĥ(x)C e−

iEt
~ ϕ(x) (3.300)

Ĥ(x)ϕ(x) = Eϕ(x) . (3.301)
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Óðàâíåíèå (3.301) íàçûâàþò ñòàöèîíàðíûì óðàâíåíèåì Øð¼äèíãåðà.
Â ñëó÷àå ôàêòîðèçàöèè Óð. (3.294) âîëíîâàÿ ôóíêöèÿ ψ èìååò âèä

ψ(x, t) = e−
iEt
~ ϕ(x) . (3.302)

Ðàññìîòðèì ñâîéñòâà ñòàöèîíàðíûõ ñîñòîÿíèé

1. Âîëíîâàÿ ôóíêöèÿ ñòàöèîíàðíîãî ñîñòîÿíèÿ çàâèñèò îò âðåìåíè ýêñïîíåíöèàëüíî

ψ(x, t) = e−
iEt
~ ϕ(x) . (3.303)

05.10.2021

2. Â ñòàöèîíàðíûõ ñîñòîÿíèÿõ ýíåðãèÿ ñèñòåìû èìååò îïðåäåë¼ííîå çíà÷åíèå

Ĥψ(x, t) = Eψ(x, t) , ∀t . (3.304)

Çàìå÷àíèå: â îáùåì ñëó÷àå (E1 6= E2) ñóïåðïîçèöèÿ ñòàöèîíàðíûõ ñîñòîÿíèé íå
ÿâëÿåòñÿ ñòàöèîíàðíûì ñîñòîÿíèåì

ψ(x, t) = c1 e
− iE1t

~ ϕ1(x) + c2 e
− iE2t

~ ϕ2(x) , (3.305)

ãäå

Ĥϕ1(x) = E1ϕ1(x) , (3.306)

Ĥϕ2(x) = E2ϕ2(x) . (3.307)

Êàê îáû÷íî, ïðåäïîëàãàåì, ÷òî

〈ψ|ψ〉 = 1 , (3.308)

〈ϕ1|ϕ1〉 = 1 , (3.309)

〈ϕ2|ϕ2〉 = 1 . (3.310)

Î÷åâèäíî, ÷òî

〈ϕ1|ϕ2〉 = 0 . (3.311)

92



Â ñîñòîÿíèè Óð. (3.305) ýíåðãèÿ íå èìååò îïðåäåë¼ííîãî çíà÷åíèÿ. Âåðîÿòíîñòè
òîãî, ÷òî ïðè èçìåðåíèè áóäåò ýíåðãèÿ E1 èëè E2 ðàâíû

wE1 = |c1|2 , (3.312)

wE2 = |c2|2 , (3.313)

ñîîòâåòñòâåííî.

Ē = 〈ψ|Ĥ|ψ〉 = |c1|2E1 + |c2|2E2 . (3.314)

3. Åñëè â êàêîé-òî ìîìåíò âðåìåíè t0 âîëíîâàÿ ôóíêöèÿ ψ(x, t) óäîâëåòâîðÿåò ñòàöè-
îíàðíîìó óðàâíåíèþ Øð¼äèíãåðà

Ĥψ(x, t0) = Eψ(x, t0) , (3.315)

òî âîëíîâàÿ ôóíêöèÿ ψ(x, t) îïèñûâàåò ñòàöèîíàðíîå ñîñòîÿíèå. Äåéñòâèòåëüíî, ñì.
Óð. (3.289),

ψ(x, t) = Ŝ(t, t0)ψ(x, t0) = exp

(
− i
~
Ĥ · (t− t0)

)
ψ(x, t0) (3.316)

= exp

(
− i
~
E · (t− t0)

)
ψ(x, t0) = e−

iEt
~ e

iEt0
~ ψ(x, t0) (3.317)

= e−
iEt
~ ϕ(x) , (3.318)

ϕ(x) = e
iEt0
~ ψ(x, t0) . (3.319)

4. Âåðîÿòíîñòè (â ñëó÷àå äèñêðåòíîãî ñïåêòðà) è ïëîòíîñòè âåðîÿòíîñòè (â ñëó÷àå
íåïðåðûâíîãî ñïåêòðà) íå çàâèñÿò îò âðåìåíè. Â ÷àñòíîñòè, ïëîòíîñòü âåðîÿòíîñòè
íàéòè ÷àñòèöó â òî÷êå x, íå çàâèñèò îò âðåìåíè

ρ(x) = |ψ(x, t)|2 = |ϕ(x)|2 . (3.320)

Â ñëó÷àå äèñêðåòíîé ïåðåìåííîé x ïðèíöèïèàëüíî íè÷åãî íå ïîìåíÿåòñÿ.

5. Ó îïåðàòîðîâ, êîòîðûå íå çàâèñÿò îò âðåìåíè ÿâíî ( ∂
∂t
Â = 0), ñðåäíèå çíà÷åíèÿ íà

ñòàöèîíàðíûõ ñîñòîÿíèÿõ íå çàâèñÿò îò âðåìåíè

Ā =

∞∫
−∞

dxψ∗(x, t)Âψ(x, t) =

∞∫
−∞

dx e
iEt
~ ϕ∗(x)Âe−

iEt
~ ϕ(x) (3.321)

=

∞∫
−∞

dxϕ∗(x)Âϕ(x) . (3.322)
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3.10 Óðàâíåíèå íåðàçðûâíîñòè

Â êëàññè÷åñêîé ìåõàíèêå ïëîòíîñòü ïîòîêà ýòî ïðîèçâåäåíèå ñêîðîñòè íà ïëîòíîñòü

j(r, t) = vρ(r, t) =
p

m
ρ(r, t) (3.323)

=
p

m
ψ∗(r, t)ψ(r, t) (3.324)

=
1

2m

(
ψ∗(r, t)pψ(r, t) + (pψ(r, t))∗ψ(r, t)

)
. (3.325)

Â êâàíòîâîé ìåõàíèêå ïëîòíîñòü ïîòîêà, îòâå÷àþùàÿ âîëíîâîé ôóíêöèè ψ, îïðåäå-
ëÿåòñÿ ñëåäóþùèì îáðàçîì

j(r, t) =
1

2m

(
ψ∗(r, t)p̂ψ(r, t) + (p̂ψ(r, t))∗ψ(r, t)

)
(3.326)

= − i~
2m

(
ψ∗(r, t)∇ψ(r, t)− ψ(r, t)∇ψ∗(r, t)

)
. (3.327)

Îïåðàòîð èìïóëüñà (p̂ = −i~∇) äåéñòâóåò òîëüêî íà ïîä÷¼ðêíóòóþ ôóíêöèþ.
Ðàññìîòðèì óðàâíåíèå Øð¼äèíãåðà

i~
∂

∂t
ψ(r, t) = Ĥψ(r, t) (3.328)

ñ ãàìèëüòîíèàíîì âèäà

Ĥ =
p̂2

2m
+ V (r, t) (3.329)

= − ~2

2m
∆ + V (r, t) . (3.330)

Òîãäà óðàâíåíèå Øð¼äèíãåðà çàïèñûâàåòñÿ êàê

i~
∂

∂t
ψ(r, t) =

(
− ~2

2m
∆ + V (r, t)

)
ψ(r, t) . (3.331)

Çàïèøåì ïî îòäåëüíîñòè âåùåñòâåííóþ è ìíèìóþ ÷àñòè ýòîãî óðàâíåíèÿ

ψ(r, t) = ψ(r)(r, t) + iψ(i)(r, t) , ãäå ψ(r)(r, t), ψ(i)(r, t) ∈ R , (3.332)

−~ ∂
∂t
ψ(i)(r, t) =

(
− ~2

2m
∆ + V (r, t)

)
ψ(r)(r, t) (3.333)

~
∂

∂t
ψ(r)(r, t) =

(
− ~2

2m
∆ + V (r, t)

)
ψ(i)(r, t) . (3.334)
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Äîìíîæèì ïîñëåäíåå óðàâíåíèå íà (−i)

−i~ ∂
∂t

(−i)ψ(i)(r, t) =

(
− ~2

2m
∆ + V (r, t)

)
ψ(r)(r, t) (3.335)

−i~ ∂
∂t
ψ(r)(r, t) =

(
− ~2

2m
∆ + V (r, t)

)
(−i)ψ(i)(r, t) . (3.336)

Ñëîæèâ ýòè óðàâíåíèÿ, ìû ïîëó÷àåì, ÷òî óðàâíåíèå äëÿ êîìïëåêñíî ñîïðÿæ¼ííîé ôóíê-
öèè (ψ∗(r, t)) èìååò âèä

−i~ ∂
∂t
ψ∗(r, t) =

(
− ~2

2m
∆ + V (r, t)

)
ψ∗(r, t) . (3.337)

Óìíîæèì Óð. (3.331) íà ψ∗ è Óð. (3.337) íà ψ

i~ψ∗(r, t)
∂

∂t
ψ(r, t) = ψ∗(r, t)

(
− ~2

2m
∆ + V (r, t)

)
ψ(r, t) (3.338)

−i~ψ(r, t)
∂

∂t
ψ∗(r, t) = ψ(r, t)

(
− ~2

2m
∆ + V (r, t)

)
ψ∗(r, t) . (3.339)

Âû÷èòàÿ ïîëó÷åííûå óðàâíåíèÿ, ìû ïîëó÷àåì (ïîä÷¼ðêíóòûå ÷ëåíû ñîêðàòèëèñü)

i~
(
ψ∗(r, t)

∂

∂t
ψ(r, t) + ψ(r, t)

∂

∂t
ψ∗(r, t)

)
= (3.340)

= − ~2

2m

(
ψ∗(r, t)∆ψ(r, t)− ψ(r, t)∆ψ∗(r, t)

)
(3.341)(

ψ∗(r, t)
∂

∂t
ψ(r, t) + ψ(r, t)

∂

∂t
ψ∗(r, t)

)
= (3.342)

=
i~
2m

(
ψ∗(r, t)∆ψ(r, t)− ψ(r, t)∆ψ∗(r, t)

)
. (3.343)

Ââåä¼ì ïëîòíîñòü âåðîÿòíîñòè (ρ) è ïëîòíîñòü ïîòîêà âåðîÿòíîñòè (j)

ρ(r, t) = ψ∗(r, t)ψ(r, t) , (3.344)

j(r, t) =
1

2m

(
ψ∗(r, t)p̂ψ(r, t) + (p̂ψ(r, t))∗ψ(r, t)

)
(3.345)

= − i~
2m

(
ψ∗(r, t)∇ψ(r, t)− ψ(r, t)∇ψ∗(r, t)

)
. (3.346)

Â Óð. (3.345) îïåðàòîð èìïóëüñà äåéñòâóåò òîëüêî íà ïîä÷¼ðêíóòóþ ôóíêöèþ.
Ðàññìîòðèì ïðîèçâîäíóþ ïî âðåìåíè îò ïëîòíîñòè âåðîÿòíîñòè

∂

∂t
ρ(r, t) = ψ∗(r, t)

∂

∂t
ψ(r, t) + ψ(r, t)

∂

∂t
ψ∗(r, t) (3.347)
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è äèâåðãåíöèþ îò ïîòîêà âåðîÿòíîñòè

divj(r, t) = ∇j(r, t) (3.348)

= − i~
2m

∇
(
ψ∗(r, t)∇ψ(r, t)− ψ(r, t)∇ψ∗(r, t)

)
(3.349)

= − i~
2m

(
ψ∗(r, t)∆ψ(r, t)− ψ(r, t)∆ψ∗(r, t)

)
(3.350)

Óðàâíåíèå (3.343) ìîæíî çàïèñàòü â âèäå

∂

∂t
ρ(r, t) + divj(r, t) = 0 . (3.351)

Ýòî óðàâíåíèå íàçûâàåòñÿ óðàâíåíèåì íåðàçðûâíîñòè.
Îáñóäèì ôèçè÷åñêèé ñìûñë óðàâíåíèÿ íåðàçðûâíîñòè. Äëÿ ýòîãî ðàññìîòðèì îäíî-

ìåðíûé ñëó÷àé

∂

∂t
ρ(x, t) +

∂

∂x
jx(x, t) = 0 (3.352)

jx(x, t) =
1

2m

(
ψ∗(r, t)p̂xψ(r, t) + (p̂xψ(r, t))∗ψ(r, t)

)
. (3.353)

Ïðîèíòåãðèðóåì Óð. (3.352) ïî ïðîìåæóòêó [x1, x2]

∂

∂t

x2∫
x1

dx ρ(x, t) = −
x2∫
x1

dx
∂

∂x
jx(x, t) (3.354)

∂

∂t
w[x1,x2] = jx(x1, t)− jx(x2, t) (3.355)

Ñêîðîñòü èçìåíåíèÿ âåðîÿòíîñòè íàéòè ÷àñòèöó íà ïðîìåæóòêå [x1, x2] ðàâíà ðàçíîñòè
ïîòîêîâ âåðîÿòíîñòè íà êðàÿõ ýòîãî ïðîìåæóòêà.

Ïóñòü ïîòîê â òî÷êå x1 ïîëîæèòåëåí (jx(x1, t) > 0). Òîãäà, åñëè jx(x1, t) > jx(x2, t), òî
âåðîÿòíîñòü íàéòè ÷àñòèöó â ïðîìåæóòêå [x1, x2] óâåëè÷èâàåòñÿ. Åñëè jx(x1, t) < jx(x2, t),
òî âåðîÿòíîñòü íàéòè ÷àñòèöó â ïðîìåæóòêå [x1, x2] óìåíüøàåòñÿ.

Åñëè ïîòîê â òî÷êå x1 îòðèöàòåëåí (jx(x1, t) < 0).
Ýòî òîò ðåçóëüòàò, êîòîðûé ìû áû ïîëó÷èëè, îñíîâûâàÿñü íà íàøèõ ýêñïåðèìåíòàëü-

íûõ çíàíèÿõ î ïðèðîäå.

Òàêèì îáðàçîì, ñóùåñòâîâàíèå óðàâíåíèÿ íåðàçðûâíîñòè äëÿ âîëíîâîé ôóíêöèè ïî-
êàçûâàåò íà ñàìîñîãëàñîâàííîñòü îïðåäåëåíèé êâàíòîâîé ìåõàíèêè. Â ÷àñòíîñòè íà êîð-
ðåêòíîñòü îïðåäåëåíèÿ ïëîòíîñòè âåðîÿòíîñòè.
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3.11 Ïðèìåðû ãàìèëüòîíèàíîâ

Â êëàññè÷åñêîé ìåõàíèêå ãàìèëüòîíèàí ñòðîèòñÿ êàê ñóììà êèíåòè÷åñêîé è ïîòåíöè-
àëüíîé ýíåðãèè, âûðàæåííûå ÷åðåç îáîáù¼ííûå êîîðäèíàòû è èìïóëüñû. Â êâàíòîâîé
ìåõàíèêå áóäåì äåéñòâîâàòü òàê æå.

1. Ñâîáîäíàÿ ÷àñòèöà. Îäíîìåðíûé ñëó÷àé.

Ĥ = T̂ =
p̂2

2m
= − ~2

2m

∂2

∂x2
. (3.356)

Ìû èñïîëüçîâàëè îïðåäåëåíèå îïåðàòîðà èìïóëüñà

p̂ = −i~ ∂
∂x

(3.357)

p̂2 =

(
−i~ ∂

∂x

)2

= −~2 ∂
2

∂x2
. (3.358)

Ðàññìîòðèì ñòàöèîíàðíûå ñîñòîÿíèÿ ñâîáîäíîé ÷àñòèöû

ψ(x, t) = e−
iEt
~ ϕ(x) (3.359)

Ĥϕ(x) = Eϕ(x) (3.360)

− ~2

2m

∂2

∂x2
ϕ(x) = Eϕ(x) (3.361)

Òàê êàê Óð. (3.361) ÿâëÿåòñÿ óðàâíåíèåì âòîðîé ñòåïåíè, ìû èìååì äâà ëèíåéíî
íåçàâèñèìûõ ðåøåíèÿ

ϕE(x) = c1e
ipx
~ + c2e

− ipx~ , c1, c2 ∈ C, E =
p2

2m
. (3.362)

×àñòî áûâàåò óäîáíî ïðåäñòàâèòü ðåøåíèå â ñëåäóþùåì âèäå

ϕE(x) = a sin
(px
~

)
+ b cos

(px
~

)
, a, b ∈ C, E =

p2

2m
. (3.363)

Îïåðàòîð èìïóëüñà êîììóòèðóåò ñ ãàìèëüòîíèàíîì ñâîáîäíîé ÷àñòèöû

[Ĥ, p̂] = [
p̂2

2m
, p̂] = 0 . (3.364)

Çíà÷èò, ýòè ñàìîñîïðÿæ¼ííûå îïåðàòîðû èìåþò îáùèé áàçèñ è, ñîîòâåòñòâåííî,
ýíåðãèÿ è èìïóëüñ ìîãóò îäíîâðåìåííî èìåòü îïðåäåë¼ííîå çíà÷åíèå. Òàêèì îáùèì
áàçèñîì ÿâëÿþòñÿ ñîáñòâåííûå ôóíêöèè îïåðàòîðà èìïóëüñà

p̂φp(x) = pφp(x) (3.365)

φp(x) = (2π~)−1/2 e
ipx
~ (3.366)

〈φp|φp′〉 = δ(p− p′) . (3.367)
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Äåéñòâèòåëüíî,

Ĥφp(x) = Eφp(x) , E =
p2

2m
. (3.368)

Âîëíîâàÿ ôóíêöèÿ, îïèñûâàþùàÿ ñîñòîÿíèå ñ îïðåäåë¼ííîé ýíåðãèåé è èìïóëüñîì
èìååò âèä

ψE,p(x, t) = e−
iEt
~ φp(x) = (2π~)−1/2 e−

iEt
~ e

ipx
~ , E =

p2

2m
. (3.369)

Íàéä¼ì ïëîòíîñòü âåðîÿòíîñòè è ïîòîê âåðîÿòíîñòè äëÿ ôóíêöèé ψ(x, t) = ψE,p(x, t).

ρ(x, t) = ψ∗E,pψE,p = φ∗pφp = (2π~)−1 , (3.370)

j(x, t) =
1

2m

(
φ∗ppφp + (pφp)

∗φp

)
(3.371)

=
p

m
φ∗pφp = ρ

p

m
= (2π~)−1 p

m
. (3.372)

Ìû áóäåì ñ÷èòàòü, ÷òî ñîáñòâåííûå ôóíêöèè îïåðàòîðà èìïóëüñà îïèñûâàþò ïîòîê
÷àñòèö ñ ïîñòîÿííûì ïîòîêîì è ïîñòîÿííîé ïëîòíîñòüþ.

2. Îäíîìåðíûé ñëó÷àé. Â îáùåì ñëó÷àå ãàìèëüòîíèàí âûãëÿäèò ñëåäóþùèì îáðàçîì

Ĥ = T̂ + V̂ . (3.373)

Âî ìíîãèõ ÷àñòíûõ ñëó÷àÿõ ñîáñòâåííûå ôóíêöèè è ñïåêòð ãàìèëüòîíèàíà ìîæíî
íàéòè àíàëèòè÷åñêè.

Çäåñü ìû îòìåòèì òîëüêî ñëó÷àé êîãäà ïîòåíöèàë åñòü êîíñòàíòà

V̂ = V0 (3.374)

V̂ ϕ(x) = V0ϕ(x) , ∀ϕ . (3.375)

Çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ ãàìèëüòîíèàíà âûãëÿäèò êàê

(Ĥ + V0)ϕ(x) = Eϕ(x) . (3.376)

Ýòà çàäà÷à ñâîäèòñÿ ê ñëó÷àþ ñâîáîäíîé ÷àñòèöû (V0 = 0)

p̂2

2m
ϕ(x) = (E − V0)ϕ(x) = E ′ϕ(x) , (3.377)

ϕE(x) = c1e
ipx
~ + c2e

− ipx~ , c1, c2 ∈ C, E =
p2

2m
+ V0 . (3.378)
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èëè

ϕE(x) = a sin
(px
~

)
+ b cos

(px
~

)
, a, b ∈ C, E =

p2

2m
+ V0 . (3.379)

Ñîîòâåòñòâóþùàÿ âîëíîâàÿ ôóíêöèÿ ñòàöèîíàðíîãî ñîñòîÿíèÿ èìååò âèä

ψE(x, t) = e−
iEt
~ ϕE(x) . (3.380)

3. Ñâîáîäíàÿ ÷àñòèöà. Òð¼õìåðíûé ñëó÷àé. Äåêàðòîâûå êîîðäèíàòû.

Ĥ = T̂ =
p̂2

2m
= − ~2

2m
∆ . (3.381)

Ìû èñïîëüçîâàëè îïðåäåëåíèå îïåðàòîðà èìïóëüñà

p̂ = −i~∇ = −i~
(
ex

∂

∂x
+ ey

∂

∂y
+ ez

∂

∂z

)
(3.382)

p̂2 = (−i~∇)2 = −~2

(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
= −~2∆ (3.383)

∆ = (∇)2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
. (3.384)

Ðàññìîòðèì ñòàöèîíàðíûå ñîñòîÿíèÿ ñâîáîäíîé ÷àñòèöû

ψ(r, t) = e−
iEt
~ ϕ(r) (3.385)

Ĥϕ(r) = Eϕ(r) (3.386)

− ~2

2m
∆ϕ(r) = Eϕ(r) . (3.387)

Êàæäûé óðîâåíü ýíåðãèè îêàçûâàåòñÿ áåñêîíå÷íîêðàòíî âûðîæäåííûì (ïî íàïðàâ-
ëåíèþ èìïóëüñà)

ϕE(x) = ce
ipr
~ , c ∈ C, E =

p2

2m
. (3.388)

Â ýòîì ñîñòîÿíèè èìïóëüñ òàêæå èìååò ñîáñòâåííîå çíà÷åíèå.
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Ââåä¼ì ñîáñòâåííûå ôóíêöèè îïåðàòîðà èìïóëüñà

p̂φp(r) = pφp(r) (3.389)

φp(r) = (2π~)−3/2 e
ipr
~ (3.390)

〈φp|φp′〉 = δ3(p− p′) . (3.391)

Òàêèì îáðàçîì, âîëíîâàÿ ôóíêöèÿ ñòàöèîíàðíîãî ñîñòîÿíèÿ ñèñòåìû ñ îïðåäåë¼í-
íûìè ýíåðãèåé è èìïóëüñîì èìååò âèä

ψE,p(r, t) = e−
iEt
~ φp(r) , E =

p2

2m
. (3.392)

Íàéä¼ì ïëîòíîñòü âåðîÿòíîñòè è ïîòîê âåðîÿòíîñòè äëÿ ôóíêöèé φp.

ρ(r, t) = φ∗pφp = (2π~)−3 , (3.393)

j(r, t) =
1

2m

(
φ∗ppφp + (pφp)

∗φp

)
(3.394)

=
p

m
φ∗pφp = ρ

p

m
= (2π~)−3 p

m
. (3.395)

Ìû áóäåì ñ÷èòàòü, ÷òî ñîáñòâåííûå ôóíêöèè îïåðàòîðà èìïóëüñà îïèñûâàþò ïîòîê
÷àñòèö ñ ïîñòîÿííûì ïîòîêîì è ïîñòîÿííîé ïëîòíîñòüþ.

09.10.2021

4. Ñâîáîäíàÿ ÷àñòèöà. Òð¼õìåðíûé ñëó÷àé. Ñôåðè÷åñêèå êîîðäèíàòû.

Ðàññìîòðèì ëàãðàíæèàí ñâîáîäíîé ÷àñòèöû â ñôåðè÷åñêèõ êîîðäèíàòàõ

L(r, ϕ, θ, ṙ, ϕ̇, θ̇) =
mv2

2
=

m

2

(
ṙ2 + r2θ̇2 + r2 sin2 θϕ̇2

)
. (3.396)

Ââåä¼ì îáîáù¼ííûå èìïóëüñû

pr =
∂L

∂ṙ
= mṙ , (3.397)

pθ =
∂L

∂θ̇
= mr2θ̇ , (3.398)

pϕ =
∂L

∂ϕ̇
= mr2 sin2 θϕ̇ . (3.399)

Çàïèøåì ãàìèëüòîíèàí ñâîáîäíîé ÷àñòèöû â ñôåðè÷åñêèõ êîîðäèíàòàõ

H(r, ϕ, θ, pr, pϕ, pθ) =
1

2m

(
p2
r +

1

r2
p2
θ +

1

r2 sin2 θ
p2
ϕ

)
. (3.400)
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Äëÿ êâàíòîâàíèÿ ãàìèëüòîíèàíà åãî íàäî çàïèñàòü â ñëåäóþùåì âèäå

H(r, ϕ, θ, pr, pϕ, pθ) =
1

2m

(
1

r2
prr

2pr +
1

r2

1

sin θ
pθ(sin θ)pθ +

1

r2 sin2 θ
p2
ϕ

)
.(3.401)

Ââåä¼ì îïåðàòîðû, îòâå÷àþùèå îáîáù¼ííûì èìïóëüñàì,

p̂r = −i~ ∂
∂r

, (3.402)

p̂θ = −i~ ∂
∂θ

, (3.403)

p̂ϕ = −i~ ∂

∂ϕ
. (3.404)

Ïîñëå êâàíòîâàíèÿ ãàìèëüòîíèàí ïðèíèìàåò ñëåäóþùèé âèä

Ĥ =
1

2m

(
1

r2
p̂rr

2p̂r +
1

r2

1

sin θ
p̂θ(sin θ)p̂θ +

1

r2 sin2 θ
p̂2
ϕ

)
(3.405)

=
−~2

2m

(
1

r2

∂

∂r
r2 ∂

∂r
+

1

r2

(
1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin2 θ

∂2

∂ϕ2

))
(3.406)

=
−~2

2m

(
1

r2

∂

∂r
r2 ∂

∂r
− l̂

2

r2

)
. (3.407)

Çäåñü ìû ââåëè îïåðàòîð îðáèòàëüíîãî ìîìåíòà, êîòîðûé ìû áóäåì èçó÷àòü íèæå,

~l̂ = [r × p̂] (3.408)

l̂2 = −
(

1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin2 θ

∂2

∂ϕ2

)
. (3.409)

Íàì ïîòðåáîâàëîñü ïåðåéòè îò ôîðìû çàïèñè Óð. (3.400) ê Óð. (3.401) äëÿ òîãî,
÷òîáû ïîëó÷èâøèéñÿ ïîñëå êâàíòîâàíèÿ îïåðàòîð áûë ñàìîñîïðÿæ¼ííûì.

Ëåãêî ïîêàçàòü, ÷òî îïåðàòîð Óð. (3.407) ÿâëÿåòñÿ ñàìîñîïðÿæ¼ííûì.

Òàêæå ìû ïîêàçàëè, ÷òî

∆ =
1

r2

∂

∂r
r2 ∂

∂r
− l̂

2

r2
(3.410)

=
1

r2

∂

∂r
r2 ∂

∂r
+

1

r2

(
1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin2 θ

∂2

∂ϕ2

)
. (3.411)
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3.12 Ïðåäñòàâëåíèå Ãåéçåíáåðãà (Werner Heisenberg)

Ðàññìîòðèì íåçàâèñÿùèé îò âðåìåíè îïåðàòîð Â = Â(x).
Äî ñèõ ïîð ìû ðàññìàòðèâàëè ôóíêöèè è îïåðàòîðû â, òàê íàçûâàåìîì, ïðåäñòàâëå-

íèè Øð¼äèíãåðà

ΨS(x, t) = Ψ(x, t) (3.412)

ÂS = Â . (3.413)

Â ïðåäñòàâëåíèèØð¼äèíãåðà âîëíîâàÿ ôóíêöèÿ ψS(x, t) çàâèñèò îò âðåìåíè, à îïåðàòîðû
ÂS íå çàâèñÿò.

Íàäî çàìåòèòü, ÷òî â ïðåäñòàâëåíèè Øð¼äèíãåðà ìû ìîæåì ââåñòè îïåðàòîðû, çàâè-
ñÿùèå îò âðåìåíè (íàïðèìåð, âíåøíåå ïåðåìåííîå ïîëå èëè îïåðàòîð ýâîëþöèè). Çäåñü
ìû èõ íå ðàññìàòðèâàåì. Ìû ãîâîðèì òîëüêî î íåçàâèñÿùèõ îò âðåìåíè îïåðàòîðàõ: x̂,
p̂.

Ðàññìîòðèì ñðåäíåå çíà÷åíèå îïåðàòîðà Â = Â(x), âûðàçèâ ñ ïîìîùüþ îïåðàòîðà
ýâîëþöèè âîëíîâóþ ôóíêöèþ â ìîìåíò âðåìåíè t ÷åðåç âîëíîâóþ ôóíêöèþ â ìîìåíò
âðåìåíè t0 (ñì. Óð. (3.252))

ψS(x, t) = ψ(x, t) = Ŝ(t, t0)ψ(x, t0) , (3.414)

Ā =

∫
dxψ∗S(x, t)ÂSψS(x, t) (3.415)

=

∫
dx
(
Ŝ(t, t0)ψ(x, t0)

)∗
ÂSŜ(t, t0)ψ(x, t0) (3.416)

=

∫
dxψ∗(x, t0) Ŝ+(t, t0)ÂS(x)Ŝ(t, t0)ψ(x, t0) (3.417)

=

∫
dxψ∗H(x, t0)ÂH(t, t0)ψH(x, t0) , (3.418)

ãäå ìû ââåëè îïåðàòîð è âîëíîâóþ ôóíêöèþ ïðåäñòàâëåíèè Ãåéçåíáåðãà

ÂH(t, t0) = Ŝ+(t, t0)ÂSŜ(t, t0) (3.419)

ψH(x, t0) = ψ(x, t0) . (3.420)

Çàìåòèì, ÷òî âîëíîâóþ ôóíêöèþ ïðåäñòàâëåíèè Ãåéçåíáåðãà òàêæå ìîæíî ïðåäñòàâèòü
â âèäå (ñì. Óð. (3.281))

ψH(x, t0) = Ŝ(t0, t)ψS(x, t) = Ŝ+(t, t0)ψS(x, t) . (3.421)

Ïðåäïîëîæèì, ÷òî Ĥ = Ĥ(x)

ψ(x, t) = e−
i
~Etϕ(x) (3.422)

Ĥϕ(x) = Eϕ(x) . (3.423)
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Òîãäà îïåðàòîð ýâîëþöèè èìååò âèä (ñì. Óð. (3.289))

Ŝ(t, t0) = e−
i
~ Ĥ·(t−t0) (3.424)

Ñîîòâåòñòâåííî, îïåðàòîðû è âîëíîâûå ôóíêöèè â ïðåäñòàâëåíèè Ãåéçåíáåðãà ìîæíî
çàïèñàòü êàê

ÂH(t, t0) = e
i
~ Ĥ·(t−t0)ÂSe

− i
~ Ĥ·(t−t0) . (3.425)

Åñëè âîëíîâàÿ ôóíêöèÿ ψ îïèñûâàåò ñòàöèîíàðíîå ñîñòîÿíèå, òî ìû ìîæåì çàïèñàòü

ψH(x, t0) = Ŝ+(t, t0)ψS(x, t) = e
i
~ Ĥ·(t−t0) e−

i
~Etϕ(x) (3.426)

= e
i
~E(t−t0) e−

i
~Etϕ(x) = e−

i
~Et0ϕ(x) . (3.427)

Çàìåòèì, ÷òî îïåðàòîð Ãàìèëüòîíà è îïåðàòîð ýâîëþöèè (â ñëó÷àå Ĥ = Ĥ(x)) â
ïðåäñòàâëåíèè Øð¼äèíãåðà è Ãåéçåíáåðãà âûãëÿäÿò îäèíàêîâî

ĤH = ĤS , (3.428)

ŜH(t, t0) = ŜS(t, t0) . (3.429)

Åäèíè÷íûé îïåðàòîð òàêæå ñîõðàíÿåò ñâîé âèä.

ÊH = ÊS . (3.430)

Òàêæå âàæíî îòìåòèòü, ÷òî îïåðàòîðû â ïðåäñòàâëåíèè Ãåéçåíáåðãà è Øð¼äèíãåðà
ñîâïàäàþò â ìîìåíò âðåìåíè t0

ÂH(t0) = ÂS . (3.431)

Îáû÷íî ìîìåíò âðåìåíè t0 âûáèðàþò ðàâíûì íóëþ (t0 = 0). Òîãäà, ìû ïîëó÷àåì

ÂH(t) = e
i
~ ĤtÂSe

− i
~ Ĥt (3.432)

ψH(x) = ϕ(x) (3.433)

è, ñîîòâåòñòâåííî,

ÂH(0) = ÂS . (3.434)

Â ïðåäñòàâëåíèè Ãåéçåíáåðãà îïåðàòîð ÂH(t) çàâèñèò îò âðåìåíè (t), à âîëíîâàÿ ôóíê-
öèÿ íå çàâèñèò.

103



Ðàññìîòðèì ïðîèçâîäíóþ ïî âðåìåíè îò ñðåäíåãî çíà÷åíèÿ îïåðàòîðà Â

Ā =

∫
dxψ∗H(x)ÂH(t)ψH(x) , (3.435)

d

dt
Ā =

∫
dxψ∗H(x)

(
d

dt
ÂH(t)

)
ψH(x) , (3.436)

Çäåñü ïîä ïðîèçâîäíîé îò îïåðàòîðà ìû ïîíèìàåò ïðîèçâîäíóþ ïî âðåìåíè êàê ïî ïàðà-
ìåòðó

d

dt
ÂH(t) = lim

∆t→0

ÂH(t+ ∆t)− ÂH(t)

∆t
. (3.437)

Ðàññìîòðèì ýòó ïðîèçâîäíóþ

d

dt
ÂH =

d

dt
e
i
~ ĤtÂSe

− i
~ Ĥt (3.438)

=
i

~
Ĥe

i
~ ĤtÂSe

− i
~ Ĥt − i

~
e
i
~ ĤtÂSe

− i
~ ĤtĤ + e

i
~ Ĥt

(
∂

∂t
ÂS

)
e−

i
~ Ĥt (3.439)

=

(
∂

∂t
ÂS

)
H

+
i

~
[Ĥ, ÂH] =

(
∂

∂t
ÂS

)
H

+
i

~
([Ĥ, ÂS])H . (3.440)

Â ïîñëåäíåì ðàâåíñòâå ìû âîñïîëüçîâàëèñü òåì, ÷òî [Ĥ, e±
i
~ Ĥt] = 0.

Ðàâåíñòâî Óð. (3.440) íàäî ñðàâíèòü ñ àíàëîãè÷íûì ðàâåíñòâîì â ïðåäñòàâëåíèèØð¼-
äèíãåðà Óð. (3.251).

Çàìåòèì, ÷òî â îòëè÷èå îò ïðåäñòàâëåíèÿ Øð¼äèíãåðà, â ïðåäñòàâëåíèè Ãåéçåíáåðãà
ïðîèçâîäíóþ îò îïåðàòîðà ìîæíî ïîíèìàòü â ñìûñëå Óð. (3.437).

3.12.1 Îïåðàòîðû êîîðäèíàòû è èìïóëüñà ïðåäñòàâëåíèè Ãåéçåí-
áåðãà

Ïîñìîòðèì êàê âûãëÿäÿò îïåðàòîðû êîîðäèíàòû è èìïóëüñà â ïðåäñòàâëåíèè Ãåéçåíáåð-
ãà.

Ñíà÷àëà âû÷èñëèì íåñêîëüêî êîììóòàòîðîâ (ñì. Óð. (3.184))

[p̂, x̂] = −i~ . (3.441)

[p̂2, x̂] = p̂2x̂− x̂p̂2 (3.442)

= p̂p̂x̂− p̂x̂p̂+ p̂x̂p̂− x̂p̂p̂ (3.443)

= p̂[p̂, x̂] + [p̂, x̂]p̂ (3.444)

= −2i~ p̂ . (3.445)
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[p̂, x̂2] = p̂x̂2 − x̂2p̂ (3.446)

= p̂x̂x̂− x̂p̂x̂+ x̂p̂x̂− x̂x̂p̂ (3.447)

= [p̂, x̂]x̂+ x̂[p̂, x̂] (3.448)

= −2i~ x̂ . (3.449)

ÂH(t) = e
i
~ ĤtÂSe

− i
~ Ĥt (3.450)

ĤH = Ĥ . (3.451)

Åù¼ ðàç âîñïîëüçóåìñÿ òåì, ÷òî [Ĥ, e±
i
~ Ĥt] = 0.

d

dt
ÂH =

i

~
[Ĥ, ÂH] =

i

~
(ĤÂH − ĤÂH) (3.452)

=
i

~

(
Ĥe

i
~ ĤtÂSe

− i
~ Ĥt − e

i
~ ĤtÂSe

− i
~ ĤtĤ

)
(3.453)

=
i

~

(
e
i
~ ĤtĤÂSe

− i
~ Ĥt − e

i
~ ĤtÂSĤe

− i
~ Ĥt
)

(3.454)

=
i

~
([Ĥ, ÂS])H . (3.455)

1. Ñâîáîäíàÿ ÷àñòèöà

Ĥ =
p̂2

2m
. (3.456)

d

dt
p̂H =

i

~
[Ĥ, p̂H] =

i

~
([Ĥ, p̂])H =

i

2m~
([p̂2, p̂])H = 0 (3.457)

p̂H = ĉ . (3.458)

Ñ ó÷¼òîì Óð. (3.434)

p̂H(0) = p̂ = ĉ , ĉ = p̂ . (3.459)

p̂H = p̂ . (3.460)

d

dt
x̂H =

i

~
[Ĥ, x̂H] =

i

~
([Ĥ, x̂])H =

i

2m~
([p̂2, x̂])H =

i

2m~
(−2i~p̂)H =

p̂H
m

(3.461)

x̂H(t) = ĉ+
p̂H
m
t . (3.462)
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Ñ ó÷¼òîì Óð. (3.434)

x̂H(0) = x̂ = ĉ , ĉ = x̂ . (3.463)

x̂H(t) = x̂+
p̂

m
t . (3.464)

2. ×àñòèöà â îäíîðîäíîì ïîëå

Ĥ =
p̂2

2m
− Fx̂ . (3.465)

d

dt
p̂H =

i

~
[Ĥ, p̂H] =

i

2m~
([p̂2, p̂])H −

i

~
F ([x̂, p̂])H = − i

~
F (i~) = F (3.466)

p̂H(t) = p̂+ Ft (3.467)

p̂H(0) = p̂ . (3.468)

d

dt
x̂H =

i

~
[Ĥ, x̂H] =

i

2m~
([p̂2, x̂])H −

i

~
F ([x̂, x̂])H =

i

2m~
(−2i~p̂)H =

p̂H
m

(3.469)

=
p̂

m
+
F

m
t . (3.470)

x̂H(t) = x̂+
p̂

m
t+

F

2m
t2 (3.471)

x̂H(0) = x̂ . (3.472)

3. Îñöèëëÿòîð

Ĥ =
p̂2

2m
+
mω2x̂2

2
. (3.473)

d

dt
p̂H =

i

~
[Ĥ, p̂H] =

i

2m~
([p̂2, p̂])H +

i

~
mω2

2
([x̂2, p̂])H =

i

~
mω2

2
(2i~x̂)H (3.474)

= −mω2x̂H . (3.475)

d

dt
x̂H =

i

~
[Ĥ, x̂H] =

i

2m~
([p̂2, x̂])H +

i

~
mω2

2
([x̂2, x̂])H =

i

2m~
(−2i~p̂)H (3.476)

=
p̂H
m
. (3.477)
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d2

dt2
x̂H = −ω2x̂H , (3.478)

x̂H(t) = ĉ1 sinωt+ ĉ2 cosωt , (3.479)

p̂H(t) = m
d

dt
x̂H = ĉ1mω cosωt− ĉ2mω sinωt . (3.480)

x̂H(0) = ĉ2 = x̂ , ĉ2 = x̂ , (3.481)

p̂H(0) = ĉ1mω = p̂ , ĉ1 =
p̂

mω
. (3.482)

x̂H(t) =
p̂

mω
sinωt+ x̂ cosωt , (3.483)

p̂H(t) = m
d

dt
x̂H = p̂ cosωt− x̂mω sinωt . (3.484)

3.13 Óðàâíåíèÿ Ýðåíôåñòà (Paul Ehrenfest)

Ðàññìîòðèì ñèñòåìó ñ ãàìèëüòîíèàíîì

Ĥ =
p̂2

2m
+ V (r) . (3.485)

Ñðåäíèå çíà÷åíèÿ êîîðäèíàòû è èìïóëüñà â êîîðäèíàòíîì ïðåäñòàâëåíèè â îäíîìåð-
íîì ñëó÷àå èìåþò âèä

x̄(t) =

∞∫
−∞

dxψ∗(x, t)x̂ψ(x, t) , (3.486)

p̄x(t) =

∞∫
−∞

dxψ∗(x, t)p̂xψ(x, t) , p̂x = −i~ ∂
∂x

. (3.487)

Â òð¼õìåðíîì ñëó÷àå îíè èìåþò âèä

r̄(t) =

∫
d3r ψ∗(r, t)r̂ψ(r, t) , (3.488)

p̄(t) =

∫
d3r ψ∗(r, t)p̂ψ(r, t) , p̂ = −i~∇ . (3.489)
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d

dt
x̄ =

i

~
[Ĥ, x̂] =

i

2m~
[p̂2
x, x̂] +

i

~
[V, x̂] =

i

2m~
(−2i~p̄x) =

p̄

m
(3.490)

[p̂2
x, x̂] = −2i~p̂x (3.491)

[V, x̂] = 0 . (3.492)

d

dt
p̄x =

i

~
[Ĥ, p̂x] =

i

2m~
[p̂2
x, p̂x] +

i

~
[V, p̂x] =

i

~
[V,

(
−i~ ∂

∂x

)
] (3.493)

= [V,
∂

∂x
] =

∞∫
−∞

dx

(
ψ∗(x)V

∂

∂x
ψ(x)− ψ∗(x)

∂

∂x
V ψ(x)

)
(3.494)

= −
∞∫

−∞

dxψ∗(x)

(
∂

∂x
V

)
ψ(x) = − ∂

∂x
V . (3.495)

Ïîëó÷åííûå óðàâíåíèÿ íàçûâàþò óðàâíåíèÿìè Ýðåíôåñòà

d

dt
x̄ =

p̄x
m
, (3.496)

d

dt
p̄x = − ∂

∂x
V (3.497)

èëè

d

dt
r̄ =

p̄

m
, (3.498)

d

dt
p̄ = −∇V . (3.499)

Ðàññìîòðèì ðÿä Òåéëîðà (ðàçëîæåíèå ôóíêöèè F (x) âáëèçè òî÷êè x = x̄)

F (x) = F (x̄) +
∂F

∂x

∣∣∣∣
x=x̄

(x− x̄) +
∂2F

∂x2

∣∣∣∣
x=x̄

(x− x̄)2

2
+ O((x− x̄)3) . (3.500)

Âîçüì¼ì â êà÷åñòâå ôóíêöèè F ôóíêöèþ

F (x) =
∂

∂x
V (x) , (3.501)

òîãäà ìû ìîæåì çàïèñàòü

∂

∂x
V (x) =

∂V

∂x

∣∣∣∣
x=x̄

+
∂2V

∂x2

∣∣∣∣
x=x̄

(x− x̄) +
∂3V

∂x3

∣∣∣∣
x=x̄

(x− x̄)2

2
+ O((x− x̄)3) . (3.502)
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Èñïîëüçóÿ, ÷òî

(x− x̄) = 0 , (3.503)

(x− x̄)2 = (∆x)2 , (3.504)

ìû èìååì

∂V

∂x
=

∂V

∂x

∣∣∣∣
x=x̄

+
∂3V

∂x3

∣∣∣∣
x=x̄

(∆x)2

2
+ O((x− x̄)3) . (3.505)

Òàêèì îáðàçîì, Óð. (3.499) ïåðåéä¼ò â óðàâíåíèå Íüþòîíà, ò.å.,

∂V

∂x
≈ ∂V

∂x

∣∣∣∣
x=x̄

, (3.506)

åñëè âûïîëíåíî óñëîâèå ∣∣∣∣∂V∂x
∣∣∣∣ � ∣∣∣∣∂3V

∂x3

∣∣∣∣ (∆x)2 . (3.507)

Ïîëó÷àåòñÿ, ÷òî äèñïåðñèÿ ∆x äîëæíà áûòü äîñòàòî÷íî ìàëà. Îäíàêî, ïðè óìåíüøåíèè
∆x áóäåò âîçðàñòàòü ∆px.

Ðàññìîòðèì êèíåòè÷åñêóþ ýíåðãèþ

T =
p̂2
x

2m
=

p̄2
x

2m
+

(∆px)
2

2m
, (3.508)

ãäå

(∆px)
2 = (p̂x − p̄x)2 = p̂2

x − 2p̄xp̂x + p̄2
x = p̂2

x − p̄2
x . (3.509)

Åñëè êèíåòè÷åñêàÿ ýíåðãèÿ äîñòàòî÷íî áîëüøàÿ, òî ìû ìîæåì ñ÷èòàòü

p̄2
x

2m
� (∆px)

2

2m
, (3.510)

p̂2
x

2m
≈ p̄2

x

2m
. (3.511)

Òàêèì îáðàçîì, êâàíòîâàÿ ÷àñòèöà ïîõîæà íà êëàññè÷åñêóþ ïðè âûïîëíåíèè óñëîâèÿ
Óð. (3.507) è ïðè äîñòàòî÷íî áîëüøîé êèíåòè÷åñêîé ýíåðãèè.

Â òî÷êàõ ïîâîðîòà (V (x) = E), ãäå, êàê èçâåñòíî, ñêîðîñòü ðàâíà íóëþ, ïîâåäåíèå
êëàññè÷åñêîé è êâàíòîâîé ÷àñòèöû ñèëüíî îòëè÷àþòñÿ.
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3.14 Ìèíèìèçèðóþùèé âîëíîâîé ïàêåò

12.10.2021

Ñîîòíîøåíèå íåîïðåäåë¼ííîñòè èìååò âèä (ñì. Óð. (3.219))

∆p∆x ≥ ~
2
. (3.512)

Âîëíîâîé ïàêåò, äëÿ êîòîðîãî âûïîëíåíî ðàâåíñòâî

∆p∆x =
~
2
, (3.513)

íàçûâàåòñÿ ìèíèìèçèðóþùèì ïàêåòîì.
Ïóñòü âîëíîâàÿ ôóíêöèÿ ψ(x) ÿâëÿåòñÿ ìèíèìèçèðóþùèì ïàêåòîì. Íàéä¼ì êàê äîëæ-

íà âûãëÿäåòü ýòà ôóíêöèÿ.
Îïÿòü (ñì. Óð. (3.201)) ðàññìîòðèì ëèíåéíûé îïåðàòîð

L̂ = (Â− Ā) + iβ(B̂ − B̄) , β ∈ R , (3.514)

ãäå Â è B̂ � ñàìîñîïðÿæ¼ííûå îïåðàòîðû,

Ā = 〈ψ|Â|ψ〉 , (3.515)

B̄ = 〈ψ|B̂|ψ〉 , (3.516)

(∆A)2 = 〈ψ|(Â− Ā)2|ψ〉 , (3.517)

(∆B)2 = 〈ψ|(B̂ − B̄)2|ψ〉 . (3.518)

Çàìå÷àíèå: îïåðàòîð L̂ îïðåäåëÿåòñÿ ôóíêöèåé ψ(x) â òîì ñìûñëå, ÷òî îíà çàäà¼ò
ñðåäíèå çíà÷åíèÿ Ā è B̄. Âåëè÷èíû Ā è B̄ âûñòóïàþò êàê ïàðàìåòðû. Ïðè äåéñòâèè
îïåðàòîðà L̂ íà äðóãóþ ôóíêöèþ (χ) ïàðàìåòðû Ā è B̄ íå ìåíÿþòñÿ è ïî-ïðåæíåìó
îïðåäåëÿþòñÿ Óð. (3.515), (3.516) èìåííî ñ ôóíêöèåé ψ(x).

Òàêæå ââåä¼ì îïåðàòîð D̂

[Â, B̂] = ÂB̂ − B̂Â = −i~D̂ , (3.519)

〈ψ|[Â, B̂]|ψ〉 = 〈ψ|(ÂB̂ − B̂Â)|ψ〉 = −i~〈ψ|D̂|ψ〉 = −i~D̄ , (3.520)

D̄ = 〈ψ|D̂|ψ〉 . (3.521)

Â îáùåì ñëó÷àå ýòîò îïåðàòîð L̂ íåñàìîñîïðÿæ¼ííûé.
Ðàññìîòðèì âåêòîð

|ϕ〉 = L̂|ψ〉 . (3.522)

110



Âû÷èñëèì êâàäðàò íîðìû ýòîãî âåêòîðà

〈ϕ|ϕ〉 = 〈ψ|L̂+L̂|ψ〉 (3.523)

= 〈ψ|
(

(Â− Ā) + iβ(B̂ − B̄)
)+ (

(Â− Ā) + iβ(B̂ − B̄)
)
|ψ〉 (3.524)

= 〈ψ|
(

(Â− Ā)− iβ(B̂ − B̄)
)(

(Â− Ā) + iβ(B̂ − B̄)
)
|ψ〉 (3.525)

= 〈ψ|(Â− Ā)2|ψ〉+ β2〈ψ|(B̂ − B̄)2|ψ〉 (3.526)

+iβ〈ψ|
(

(Â− Ā)(B̂ − B̄)− (B̂ − B̄)(Â− Ā)
)
|ψ〉 (3.527)

= (∆A)2 + β2(∆B)2 (3.528)

+iβ〈ψ|
(

(ÂB̂ + ĀB̄ − ÂB̄ − ĀB̂)− (B̂Â+ B̄Ā− B̂Ā− B̄Â)
)
|ψ〉 (3.529)

= (∆A)2 + β2(∆B)2 + iβ〈ψ|(ÂB̂ − B̂Â)|ψ〉 (3.530)

= (∆A)2 + β2(∆B)2 + ~βD̄ , ∀β ∈ R . (3.531)

Âîçüì¼ì â êà÷åñòâå îïåðàòîðîâ Â è B̂ îïåðàòîðû p̂, x̂, ñîîòâåòñòâåííî. Òîãäà îïåðàòîð D̂
áóäåò èìåòü âèä

Â = p̂ , (3.532)

B̂ = x̂ , (3.533)

[p̂, x̂] = −i~ , (3.534)

D̂ = Ê . (3.535)

Òîãäà ìîæåì çàïèñàòü

〈ϕ|ϕ〉 = (∆A)2 + β2(∆B)2 + ~βD̄ = (∆p)2 + β2(∆x)2 + ~β . (3.536)

Ðàç âîëíîâàÿ ôóíêöèÿ ψ(x) îïèñûâàåò ìèíèìèçèðóþùèé ïàêåò, òî âûïîëíÿåòñÿ ðà-
âåíñòâî (3.513)

∆p∆x =
~
2
. (3.537)

Òîãäà ïîëó÷èì

〈ϕ|ϕ〉 =
~2

4(∆x)2
+ β2(∆x)2 + ~β =

(
β∆x+

~
2∆x

)2

, ∀β ∈ R . (3.538)

Ïîëîæèì β ðàâíîé ñëåäóþùåé âåëè÷èíå

β = − ~
2(∆x)2

. (3.539)

111



Òîãäà íîðìà âåêòîðà ψ ðàâíà íóëþ

〈ϕ|ϕ〉 = 0 . (3.540)

Ñëåäîâàòåëüíî, äëÿ îïåðàòîðà

L̂ = (p̂− p̄) + i

(
− ~

2(∆x)2

)
(x̂− x̄) (3.541)

óñëîâèå òîãî, ÷òî ψ(x) ÿâëÿåòñÿ ìèíèìèçèðóþùåì ïàêåòîì, ïðèâîäèò ê

|ϕ〉 = L̂|ψ〉 = 0 . (3.542)

Òàêèì îáðàçîì ìèíèìèçèðóþùèé ïàêåò ψ äîëæåí óäîâëåòâîðÿòü óðàâíåíèþ

(p̂− p̄)ψ(x) + i

(
− ~

2(∆x)2

)
(x̂− x̄)ψ(x) = 0 . (3.543)

Óðàâíåíèå èìååò îäíî ëèíåéíî íåçàâèñèìîå ðåøåíèå

ψ(x) = c exp

(
ip̄x

~
− (x− x̄)2

4(∆x)2

)
. (3.544)

Äåéñòâèòåëüíî,

−i~ ∂
∂x
ψ(x) = c p̄ exp

(
ip̄x

~
− (x− x̄)2

4(∆x)2

)
(3.545)

−c (−i~)
(x− x̄)

2(∆x)2
exp

(
ip̄x

~
− (x− x̄)2

4(∆x)2

)
(3.546)

= p̄ψ(x)− i
(
− ~

2(∆x)2

)
(x̂− x̄)ψ(x) . (3.547)

Âèäíî, ÷òî Óð. (3.543) áóäåò âûïîëíåíî.
Ðàññìîòðèì íîðìèðîâêó ôóíêöèè ψ(x)

〈ψ|ψ〉 =

∞∫
−∞

dxψ∗(x)ψ(x) (3.548)

= |c|2
∞∫

−∞

dx exp

(
−(x− x̄)2

2(∆x)2

)
(3.549)

= |c|2
∞∫

−∞

dx exp

(
− x2

2(∆x)2

)
(3.550)

= |c|2
√

2π(∆x)2 . (3.551)
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Â ïîñëåäíåì ðàâåíñòâå ìû âîñïîëüçîâàëèñü Óð. (2.215)

∞∫
−∞

dx e−x
2

=
√
π (3.552)

∞∫
−∞

dx e−αx
2

=

√
π

α
. (3.553)

Òàêèì îáðàçîì, íîðìèðîâàííûé íà åäèíèöó ìèíèìèçèðóþùèé âîëíîâîé ïàêåò èìååò
âèä

ψ(x) =
1

4
√

2π(∆x)2
exp

(
ip̄x

~
− (x− x̄)2

4(∆x)2

)
, (3.554)

〈ψ|ψ〉 = 1 . (3.555)

Ìèíèìèçèðóþùèé ïàêåò ψ(x) çàâèñèò îò p̄ è x̄ êàê îò ïàðàìåòðîâ. Ïî ïîñòðîåíèþ,
ýòî ñðåäíèå çíà÷åíèÿ ñîîòâåòñòâóþùèõ îïåðàòîðîâ íà ôóíêöèè ψ(x)

〈ψ|x̂|ψ〉 = x̄ , (3.556)

〈ψ|p̂|ψ〉 = p̄ . (3.557)

Óáåäèìñÿ â ýòîì íåïîñðåäñòâåííî âû÷èñëåíèåì. Äåéñòâèòåëüíî, çàìåòèì ÷òî

|c|2
∞∫

−∞

dx (x− x̄) exp

(
−(x− x̄)2

2(∆x)2

)
= |c|2

∞∫
−∞

dx′ x′ exp

(
− x′2

2(∆x)2

)
= 0 , (3.558)

〈ψ|x̂− x̄|ψ〉 = 0 . (3.559)

Òîãäà ìû ìîæåì çàïèñàòü

〈ψ|x̂|ψ〉 = 〈ψ|x̄|ψ〉+ 〈ψ|x̂− x̄|ψ〉 = x̄ (3.560)

è, èñïîëüçóÿ Óð. (3.547),

〈ψ|p̂|ψ〉 = 〈ψ
∣∣∣∣p̄− i(− ~

2(∆x)2

)
(x̂− x̄)

∣∣∣∣ψ〉 (3.561)

= 〈ψ |p̄|ψ〉 = p̄ . (3.562)

3.15 Ðàñïëûâàíèå ìèíèìèçèðóþùåãî âîëíîâîãî ïàêåòà

Ðàññìîòðèì êàê ìåíÿåòñÿ ñî âðåìåíåì âîëíîàÿ ôóíöèÿ, îïèñûâàþùàÿ ìèíèìèçèðóþùèé
ïàêåò Óð. (3.554)

χ(x) =
1

4
√

2π(∆x)2
exp

(
ip̄x

~
− (x− x̄)2

4(∆x)2

)
. (3.563)
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Ïóñòü ýòà ôóíêöèÿ çàäàíà â ìîìåíò âðåìåíè t = 0.
Âîëíîâàÿ ôóíêöèÿ èçìåíÿåòñÿ ñî âðåìåíåì ñîãëàñíî óðàâíåíèþ Øð¼äèíãåðà

i~
∂

∂t
ψ(x, t) = Ĥψ(x, t) (3.564)

ψ(x, 0) = χ(x) . (3.565)

Ïóñòü ãàìèëüòîíèàí çàâèñèò òîëüêî îò êîîðäèíàòû Ĥ = Ĥ(x) è ïóñòü ìû çíàåì âñå
ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ ýòîãî ãàìèëüòîíèàíà

Ĥφn(x) = Enφn(x) , (3.566)

〈φn|φn′〉 = δnn′ . (3.567)

Òàê êàê ãàìèëüòîíèàí ÿâëÿåòñÿ ñàìîñîïðÿæ¼ííûì îïåðàòîðîì, ôóíêöèÿ ψ(x, t) â
êàæäûé ìîìåíò âðåìåíè ìîæåò áûòü ðàçëîæåíà ïî ôóíêöèÿì φn(x)

ψ(x, t) =
∑
n

cn(t)φn(x) , ∀t (3.568)

cn(t) = 〈φn|ψ(t)〉 =

∞∫
−∞

dx φ∗n(x)ψ(x, t) . (3.569)

Ïîäñòàâèì ðàçëîæåíèå Óð. (3.568) â óðàâíåíèå Øð¼äèíãåðà Óð. (3.564)

i~
∂

∂t

∑
n

cn(t)φn(x) = Ĥ
∑
n

cn(t)φn(x) (3.570)

∑
n

i~
∂

∂t
cn(t)φn(x) =

∑
n

cn(t)Enφn(x) . (3.571)

Äîìíîæèì ñëåâà íà φ∗k(x) è ïðîèíòåãðèðóåì ïî x∑
n

i~
∂

∂t
cn(t) 〈φk|φn〉 =

∑
n

cn(t)En〈φk|φn〉 , (3.572)

i~
∂

∂t
ck(t) = ck(t)Ek . (3.573)

Íàõîäèì êîýôôèöèåíòû ck(t)

ck(t) = ck(0) e−
i
~Ekt , (3.574)

ck(0) = 〈φk|ψ(0)〉 =

∞∫
−∞

dx φ∗k(x)ψ(x, 0) . (3.575)
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Òàêèì îáðàçîì ìû ìîæåì çàïèñàòü

ψ(x, t) =
∑
n

cn(t)φn(x) (3.576)

=
∑
n

cn(0) e−
i
~Ent φn(x) (3.577)

=
∑
n

∞∫
−∞

dx′ φ∗n(x′)ψ(x′, 0) e−
i
~Ent φn(x) (3.578)

=

∞∫
−∞

dx′

(∑
n

φ∗n(x′) e−
i
~Ent φn(x)

)
ψ(x′, 0) (3.579)

=

∞∫
−∞

dx′R(x, x′, t)ψ(x′, 0) . (3.580)

Íàäî îòìåòèòü, ÷òî ôóíêöèÿ R(x, x′, t) íå çàâèñèò îò ôóíêöèè ψ è îïðåäåëÿåòñÿ ãà-
ìèëüòîíèàíîì ñèñòåìû

R(x, x′, t) =
∑
n

e−
i
~Entφn(x)φ∗n(x′) . (3.581)

Ôóíêöèþ R(x, x′, t) ìîæíî ðàññìàòðèâàòü êàê ÿäðî îïåðàòîðà ýâîëþöèè

ψ(x, t) = Ŝ(t, 0)ψ(x, 0) =

∞∫
−∞

dx′R(x, x′, t)ψ(x′, 0) , ∀ψ . (3.582)

Â ñëó÷àå, êîãäà ãàìèëüòîíèàí èìååò è äèñêðåòíûé è íåïðåðûâíûé ñïåêòð, ôóíêöèÿ
R(x, x′, t) âûãëÿäèò êàê

R(x, x′, t) =
∑
n

e−
i
~Entφn(x)φ∗n(x′) +

∫
dE e−

i
~EtφE(x)φ∗E(x′) , (3.583)

〈φE|φE′〉 = δ(E − E ′) . (3.584)

Èíòåãðèðîâàíèå ïî ýíåðãèè (E) èä¼ò ñ ó÷¼òîì òîãî, ÷òî óðîâíè ýíåðãèè ìîãóò áûòü
âûðîæäåíû.
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3.15.1 Ðàñïëûâàíèå ìèíèìèçèðóþùåãî âîëíîâîãî ïàêåòà. Ïðè-
ìåð ñâîáîäíîé ÷àñòèöû.

Ðàññìîòðèì ñëó÷àé ñîáîäíîé ÷àñòèöû

Ĥ =
p̂2

2m
, (3.585)

φp(x) = (2π~)−1/2e
i
~px , (3.586)

〈φp|φp′〉 = δ(p− p′) (3.587)

= δ(p(E)− p(E ′)) =
1∣∣ dp
dE

∣∣δ(E − E ′) (3.588)

=

√
2E

m
δ(E − E ′) , (3.589)

p =
√

2mE ,
dp

dE
=

√
m

2E
, dE =

√
2E

m
dp , (3.590)

ϕE(x) = 4

√
m

2E
φp(x) , (3.591)

〈ϕE|ϕE′〉 = δ(E − E ′) . (3.592)

Çàìåòèì, ÷òî óðîâíè ýíåðãèè äâóõêðàòíî âûðîæäåíû.

R(x, x′, t) =

∫
dE e−

i
~EtϕE(x)ϕ∗E(x′) =

∞∫
−∞

dp e−
i
~Etφp(x)φ∗p(x

′) (3.593)

=

∞∫
−∞

dp exp

[
− ip2

2m~
t

]
φp(x)φ∗p(x

′) (3.594)

=
1

2π~

∞∫
−∞

dp exp

[
− ip2

2m~
t+

i

~
p(x− x′)

]
. (3.595)

Îïÿòü âîñïîëüçóåìñÿ ðàâåíñòâàìè Óð. (2.215)

∞∫
−∞

dx e−x
2

=
√
π (3.596)

∞∫
−∞

dx e−αx
2

=

√
π

α
. (3.597)

116



− ip2

2m~
t+

i

~
p(x− x′) = − it

2m~

[
p2 − 2mp(x− x′)

t

]
(3.598)

= − it

2m~

[
p2 − 2mp(x− x′)

t
+
m2(x− x′)2

t2
− m2(x− x′)2

t2

]
(3.599)

= − it

2m~

[(
p− m(x− x′)

t

)2

− m2(x− x′)2

t2

]
(3.600)

R(x, x′, t) =
1

2π~

∞∫
−∞

dp exp

[
− ip2

2m~
t+

i

~
p(x− x′)

]
(3.601)

=
1

2π~

∞∫
−∞

dp exp

{
− it

2m~

[(
p− m(x− x′)

t

)2

− m2(x− x′)2

t2

]}
(3.602)

=
1

2π~
exp

{
− it

2m~

[
−m

2(x− x′)2

t2

]}
(3.603)

×
∞∫

−∞

dp exp

{
− it

2m~

(
p− m(x− x′)

t

)2
}

(3.604)

=
1

2π~
exp

{
− it

2m~

[
−m

2(x− x′)2

t2

]} √
π2m~
it

(3.605)

=

√
m

i2~tπ
exp

{
im

2~t
(x− x′)2

}
. (3.606)

Ðàññìîòðèì ìèíèìèçèðóþùèé ïàêåò. Âûáåðåì ñèñòåìó îòñ÷¼òà òàê, ÷òîáû p̄ = 0

χ(x) =
1

4
√

2π(∆x)2
exp

(
−(x− x̄)2

4(∆x)2

)
. (3.607)

ψ(x, t) =

∞∫
−∞

dx′R(x, x′, t)χ(x′) (3.608)

=

∞∫
−∞

dx′
√

m

i2~tπ
exp

{
im

2~t
(x− x′)2

}
1

4
√

2π(∆x)2
exp

(
−(x′ − x̄)2

4(∆x)2

)
(3.609)

=
1

4
√

2π(∆x)2

√
m

i2~tπ

∞∫
−∞

dx′ exp(ξ) . (3.610)
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ξ =
im

2~t
(x′ − x)2 − (x′ − x̄)2

4(∆x)2
(3.611)

=
im

2~t
(x′ − x̄+ x̄− x)2 − (x′ − x̄)2

4(∆x)2
(3.612)

=
im

2~t
[(x′ − x̄)2 + 2(x′ − x̄)(x̄− x) + (x̄− x)2]− (x′ − x̄)2

4(∆x)2
(3.613)

=

(
2im(∆x)2 − ~t

4~t(∆x)2

)[
x′ − x̄+

(
2(∆x)2im(x̄− x)

2im(∆x)2 − ~t

)]2

(3.614)

+

(
−m

(4m(∆x)2 + 2i~t)

)
(x̄− x)2 (3.615)

ψ(x, t) =

∞∫
−∞

dx′R(x, x′, t)χ(x′) (3.616)

=
1

4
√

2π(∆x)2

√
m

i2~tπ

∞∫
−∞

dx′ exp(ξ) (3.617)

=
1

4
√

2π(∆x)2

√
m

i2~tπ
exp

{(
−m

(4m(∆x)2 + 2i~t)

)
(x̄− x)2

}
(3.618)

×

√
π(−1)4~t(∆x)2

2im(∆x)2 − ~t
(3.619)

=
1

4
√

2π(∆x)2

√
4m(∆x)2

4m(∆x)2 + 2i~t
exp

{
−m(x̄− x)2

4m(∆x)2 + 2i~t

}
. (3.620)

Ðàññìîòðèì êàê ìåíÿåòñÿ ñî âðåìåíåì ïëîòíîñòü âåðîÿòíîñòè

ρ(x, t) = |ψ(x, t)|2 =
1√

2π(∆x)2

∣∣∣∣ 4m(∆x)2

4m(∆x)2 + 2i~t

∣∣∣∣ (3.621)

× exp

{
−m(x̄− x)2

4m(∆x)2 − 2i~t

}
exp

{
−m(x̄− x)2

4m(∆x)2 + 2i~t

}
(3.622)

=
1√
π

√
8m2(∆x)2

(4m(∆x)2)2 + (2~t)2
exp

{
−m(x̄− x)28m(∆x)2

(4m(∆x)2)2 + (2~t)2

}
(3.623)

=
1√

2πσ(t)
exp

{
−(x̄− x)2

2σ(t)

}
(3.624)
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σ(t) =
(4m(∆x)2)2 + (2~t)2

16m2(∆x)2
(3.625)

= (∆x)2 +
t2

m2

~2

4(∆x)2
= (∆x)2 +

t2

m2
(∆p)2 (3.626)

∆p =
~

2∆x
(3.627)

Âèäíî, ÷òî σ(t) ðàñò¼ò ñî âðåìåíåì. Ñîîòâåòñòâåííî, âîëíîâîé ïàêåò ðàñïëûâàåòñÿ.
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ξ =
im

2~t
(x′ − x)2 − (x′ − x̄)2

4(∆x)2
(3.628)

=
im

2~t
(x′ − x̄+ x̄− x)2 − (x′ − x̄)2

4(∆x)2
(3.629)

=
im

2~t
[(x′ − x̄)2 + 2(x′ − x̄)(x̄− x) + (x̄− x)2]− (x′ − x̄)2

4(∆x)2
(3.630)

=

(
im

2~t
− 1

4(∆x)2

)
(x′ − x̄)2 + 2

im

2~t
(x̄− x)(x′ − x̄) +

im

2~t
(x̄− x)2 (3.631)

=

(
2im(∆x)2 − ~t

4~t(∆x)2

)
(x′ − x̄)2 + 2

im

2~t
(x̄− x)(x′ − x̄) +

im

2~t
(x̄− x)2 (3.632)

=

(
2im(∆x)2 − ~t

4~t(∆x)2

)[
(x′ − x̄)2 + 2

im

2~t

(
4~t(∆x)2

2im(∆x)2 − ~t

)
(x̄− x)(x′ − x̄)

]
(3.633)

+
im

2~t
(x̄− x)2 (3.634)

=

(
2im(∆x)2 − ~t

4~t(∆x)2

)[
(x′ − x̄)2 + 2

(
2(∆x)2im(x̄− x)

2im(∆x)2 − ~t

)
(x′ − x̄)

]
(3.635)

+
im

2~t
(x̄− x)2 (3.636)

=

(
2im(∆x)2 − ~t

4~t(∆x)2

)[
(x′ − x̄)2 + 2

(
2(∆x)2im(x̄− x)

2im(∆x)2 − ~t

)
(x′ − x̄) (3.637)

+

(
2(∆x)2im(x̄− x)

2im(∆x)2 − ~t

)2

−
(

2(∆x)2im(x̄− x)

2im(∆x)2 − ~t

)2
]

(3.638)

+
im

2~t
(x̄− x)2 (3.639)

=

(
2im(∆x)2 − ~t

4~t(∆x)2

)[
(x′ − x̄) +

(
2(∆x)2im(x̄− x)

2im(∆x)2 − ~t

)]2

(3.640)

−
(

2im(∆x)2 − ~t
4~t(∆x)2

)(
2(∆x)2im(x̄− x)

2im(∆x)2 − ~t

)2

(3.641)

+
im

2~t
(x̄− x)2 (3.642)

=

(
2im(∆x)2 − ~t

4~t(∆x)2

)[
(x′ − x̄) +

(
2(∆x)2im(x̄− x)

2im(∆x)2 − ~t

)]2

(3.643)

+

(
2(∆x)2m2

2~t(2im(∆x)2 − ~t)
+
im

2~t

)
(x̄− x)2 (3.644)
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ξ =

(
2im(∆x)2 − ~t

4~t(∆x)2

)[
(x′ − x̄) +

(
2(∆x)2im(x̄− x)

2im(∆x)2 − ~t

)]2

(3.645)

+

(
2(∆x)2m2 + im(2im(∆x)2 − ~t)

2~t(2im(∆x)2 − ~t)

)
(x̄− x)2 (3.646)

=

(
2im(∆x)2 − ~t

4~t(∆x)2

)[
(x′ − x̄) +

(
2(∆x)2im(x̄− x)

2im(∆x)2 − ~t

)]2

(3.647)

+

(
−im~t

2~t(2im(∆x)2 − ~t)

)
(x̄− x)2 (3.648)

=

(
2im(∆x)2 − ~t

4~t(∆x)2

)[
x′ − x̄+

(
2(∆x)2im(x̄− x)

2im(∆x)2 − ~t

)]2

(3.649)

+

(
−m

(4m(∆x)2 + 2i~t)

)
(x̄− x)2 (3.650)

Ïóñòü ñèñòåìà íàõîäèòñÿ â ñîñòîÿíèè ψ. Êàêàÿ âåðîÿòíîñòü òîãî, ÷òî ïðè èçìåðåíèè
ñèñòåìà îêàæåòñÿ â ñîñòîÿíèè ϕ?

Êàê îáû÷íî, áóäåì ïðåäïîëàãàòü, ÷òî

〈ψ|ψ〉 = 1 , (3.651)

〈ϕ|ϕ〉 = 1 . (3.652)

Ðàññìîòðèì îïåðàòîð ïðîåêòèðîâàíèÿ íà ñîñòîÿíèå ϕ

P̂ϕψ = 〈ϕ|ψ〉ϕ , ∀ψ . (3.653)

Ñïåêòð îïåðàòîðà P̂ϕ: λ = 0, 1 (ñì. Óð. (2.152), (2.158)).

Ðàññìîòðèì ñîáñòâåííûå ôóíêöèè îïåðàòîðà P̂ϕ

P̂ϕφn = λnφn . (3.654)

Ñðàçó íàõîäèì ñîáñòâåííóþ ôóíêöèþ, îòâå÷àþùóþ ñîáñòâåíîìó ÷èñëó λ = 1

P̂ϕϕ = ϕ (3.655)

φ1 = ϕ , λ1 = 1 . (3.656)

Ôóíêöèÿ ϕ îïðåäåëÿåò îäíîìåðíîå ïîäïðîñòðàíñòâî L. Ðàññìîòðèì îðòîãîíàëüíîå äî-
ïîëíåíèåM, ò.å.,

L ∪M = H , (3.657)

L ∩M = 0 . (3.658)
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Ïîñëåäíåå ðàâåíñòâî îçíà÷àåò, ÷òî

〈φ|ϕ〉 = 0 , ∀φ ∈M . (3.659)

Âûáåðåì â êà÷åñòâå ñîáñòâåííûõ ôóíêöèé φn, n = 2, 3, . . . áàçèñ â ïîäïðîñòðàíñòâåM

P̂ϕφn = 〈φn|ϕ〉φn = 0 , n = 2, 3, . . . . (3.660)

Ðàçëîæèì ôóíêöèþ ψ ïî ñîáñòâåííûì ôóíêöèÿì îïåðàòîðà P̂ϕ

ψ =
∞∑
n=1

cnφn = c1φ1 +
∞∑
n=2

cnφn = c1ϕ+
∞∑
n=2

cnφn , (3.661)

cn = 〈φn|ψ〉 . (3.662)

Ôèçè÷åñêèé ñìûñë êîýôôèöèåíòà c1: w1 = |c1|2 � âåðîÿòíîñòü òîãî, ÷òî ñèñòåìà áóäåò
íàõîäèòüñÿ â ñîñòîÿíèè ϕ.

Òàêèì îáðàçîì, âåðîÿòíîñòü òîãî, ÷òî ïðè èçìåðåíèè ñèñòåìà îêàæåòñÿ â ñîñòîÿíèè
ϕ åñòü

|c1|2 = |〈ϕ|ψ〉|2 . (3.663)

3.16 Ìàòðè÷íîå ïðåäñòàâëåíèå îïåðàòîðîâ

19.10.2021

Ðàññìîòðèì ñàìîñîïðÿæ¼ííûé îïåðàòîð Â

Â|φn〉 = an|φn〉 , (3.664)

〈φk|φn〉 = δkn . (3.665)

Äëÿ ðàòêîñòè èçëîæåíèÿ áóäåì ñ÷èòàòü, ÷òî ñïåêòð ó îïåðàòîðà Â ÷èñòî äèñêðåòíûé è
âñå ñîáñòâåííûå çíà÷åíèÿ íåâûðîæäåíû.

Ïðîèçîëüíûé âåêòîð (ôóíêöèþ) ãèëüáåðòîâà ïðîñòðàíñòâà ìîæíî ðàçëîæèòü ïî ñîá-
ñòâåííûì ôóíêöèÿì îïåðàòîðà Â

|ψ〉 =
∑
n

cn|ϕn〉 , (3.666)

cn = 〈φn|ψ〉 . (3.667)

Ðàññìîòðèì äåéñòâèå ñàìîñïðÿæ¼ííîãî îïåðàòîðà B̂ íà ôóíêöèþ |ψ〉, ðåçóëüòàò äåé-
ñòâèÿ òàêæå ðàçëîæèì ïî ôóíêöèÿì |φn〉

B̂|ψ〉 = |χ〉 =
∑
n

dn|φn〉 (3.668)

dn = 〈φn|B̂|ψ〉 = 〈φn|χ〉 . (3.669)
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Èñïîëüçóÿ Óð. (3.666), ìû ìîæåì çàïèñàòü

B̂
∑
n

cn|φn〉 =
∑
n

dn|φn〉 (3.670)∑
n

B̂|φn〉cn =
∑
n

dn|φn〉 (3.671)

Ïðàâàÿ è ëåâàÿ ÷àñòè Óð. (3.671) ÿâëÿþòñÿ êåò-âåêòîðîì. Ðàññìîòðèì åãî ñêàëÿðíîå
ïðîèçâåäåíèå ñ áðà-âåêòîðîì 〈φk|∑

n

〈φk|B̂|φn〉cn =
∑
n

dn〈φk|φn〉 =
∑
n

dnδkn = dk . (3.672)

Ââåä¼ì áåñêîíå÷íîìåðíóþ ìàòðèöó

Bkn = 〈φk|B̂|φn〉 = 〈k|B̂|n〉 . (3.673)

Ìàòðèöà (Bkn) îïðåäåëÿåòñÿ îïåðàòîðîì B̂ è ïðåäñòàâëåíèåì, çàäàâàåìûì îïåðàòîðîì
Â.

Óðàâíåíèå (3.672) ìîæíî çàïèñàòü â âèäå∑
n

Bkncn = dk . (3.674)

Ìû ìîæåì òàêæå ââåñòè áåñêîíå÷íîìåðíûå âåêòîðà

c = (c1, c2, . . .) , ck = (c)k (3.675)

d = (d1, d2, . . .) , dk = (d)k . (3.676)

Ýòè âåêòîðà çàâèñÿò îò ïðåäñòàâëåíèÿ, çàäàâàåìîãî îïåðàòîðîì Â.
Òåïåðü Óð. (3.674) ìîæíî çàïèñàòü â ìàòðè÷íîì âèäå

B̂c = d , (3.677)

(B̂c)k = (d)k (3.678)

Ïðîèçâåäåíèþ îïåðàòîðîâ ñîîòâåòñòâóåò ïðîèçâåäåíèå èõ ìàòðèö. Äåéñòâèòåëüíî,
ïóñòü

B̂F̂ = Ĝ , (3.679)

òîãäà

Gkn = 〈φk|Ĝ|φn〉 (3.680)

= 〈φk|B̂F̂ |φn〉 = 〈φk|B̂ÊF̂ |φn〉 (3.681)

=
∑
m

〈φk|B̂|φm〉〈φmF̂ |φn〉 =
∑
m

BkmFmn . (3.682)
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Çäåñü åäèíè÷íûé îïåðàòîð (Ê) ïðåäñòàâëåí â âèäå Óð. (3.112).
Ìàòðèöà îïåðàòîðà â åãî ñîáñòâåííîì ïðåäñòàâëåíèè äèàãîíàëüíà, è íà ãëàâíîé äèà-

ãîíàëè ñòîÿò å¼ ñîáñòâåííûå ÷èñëà

Akn = 〈φk|Â|φn〉 = an〈φk|φn〉 = anδkn . (3.683)

Â ëþáîì ïðåäñòàâëåíèè ìàòðèöà ñàìîñîïðÿæåííîãî îïåðàòîðà îáëàäàåò ñëåäóþùèì
ñâîéñòâîì:

Bkn = 〈φk|B̂|φn〉 = 〈φk|B̂φn〉 = 〈B̂φk|φn〉 = 〈φn|B̂φk〉∗ = B∗nk . (3.684)
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Ãëàâà 4

Ïðîñòåéøèå ìîäåëè

4.1 Îäíîìåðíîå äâèæåíèå

Ðàññìîòðèì ñèñòåìó ñ ãàìèëüòîíèàíîì

Ĥ =
p̂2

2m
+ V (x) = − ~2

2m

d2

dx2
+ V (x) , (4.1)

ãäå V (x) � âåùåñòâåííàÿ ôóíêöèÿ.
Ðàññìîòðèì ñðåäíåå çíà÷åíèå ãàìèëüòîíèàíà íà âîëíîâîé ôóíêöèè ψ

〈ψ|Ĥ|ψ〉 =
1

2m
〈ψ|p̂2|ψ〉+ 〈ψ|V |ψ〉 ≥ 〈ψ|V |ψ〉 , (4.2)

〈ψ|p̂2|ψ〉 = 〈p̂ψ|p̂ψ〉 ≥ 0 , (4.3)

〈ψ|ψ〉 = 1 . (4.4)

Òàêèì îáðàçîì, â êâàíòîâîé ìåõàíèêå ñïðàâåäëèâî ñëåäóþùåå íåðàâåíñòâî

H̄ ≥ V̄ ≥ Vmin , (4.5)

ãäå Vmin = min
x
V . Ýòî íåðàâåíñòâî çàäà¼ò îãðàíè÷åííîñòü ãàìèëüòîíèàíà ñíèçó.

Åñëè âîëíîâàÿ ôóíêöèÿ ψ ÿâëÿåòñÿ ñîáñòâåííîé äëÿ ãàìèëüòîíèàíà (ò.å., îïèñûâàåò
ñòàöèîíàðíîå ñîñòîÿíèå)

Ĥψ(x) = Eψ(x) , (4.6)

òîãäà Óð. (4.5) ïðèíèìàåò âèä

E ≥ V̄ ≥ Vmin . (4.7)
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Ðàññìîòðèì ñòàöèîíàðíûå ñîñòîÿíèÿ

ψ(x, t) = e−
i
~Etψ(x) , (4.8)

Ĥψ(x) = Eψ(x) (4.9)

〈ψ|ψ〉 = 1 . (4.10)

Ñòàöèîíàðíîå óðàâíåíèå Øð¼äèíãåðà èìååò âèä

Ĥψ(x) =

(
p̂2

2m
+ V (x)

)
ψ(x) =

(
− ~2

2m

d2

dx2
+ V (x)

)
ψ(x) = Eψ(x) . (4.11)

Âûäåëèì ó ôóíêöèè ψ âåùåñòâåííóþ è ìíèìóþ ÷àñòü

ψ(x) = ψ(r)(x) + iψ(i)(x) , ψ(r)(x), ψ(i)(x) ∈ R . (4.12)

Çàìåòèì, ÷òî âåùåñòâåííàÿ è ìíèìàÿ ÷àñòü ôóíêöèè ψ óäîâëåòâîðÿþò îäíîìó è òîìó
æå óðàâíåíèþ (

− ~2

2m

d2

dx2
+ V (x)

)
ψ(r,i)(x) = Eψ(r,i)(x) . (4.13)

Ñîîòâåòñòâåííî, ôóíêöèè ψ(x) è ψ∗(x) óäîâëåòâîðÿþò îäíîìó è òîìó æå óðàâíåíèþ.
Òàêèì îáðàçîì, ìû ìîæåì ñäåëàòü âûâîä: åñëè îïåðàòîð ïîòåíöèàëüíîé ýíåðãèè çàäà-
¼òñÿ âåù¼ñòâåííîé ôóíêöèåé (V (x)), òî ðåøåíèÿ ñòàöèîíàðíîãî óðàâíåíèÿ Øð¼äèíãåðà
ìîæíî ñäåëàòü âåùåñòâåííûìè.

Ïîêàæåì, ÷òî â îäíîìåðíîì ñëó÷àå âñå ýíåðãåòè÷åñêèå óðîâíè äèñêðåòíîãî ñïåêòðà
íå âûðîæäåíû. Ðàññìîòðèì ñòàöèîíàðíîå óðàâíåíèå Øð¼äèíãåðà â ñëåäóþùåì âèäå

Ĥψ = Eψ (4.14)

p̂2

2m
ψ + V ψ = Eψ (4.15)

− ~2

2m

d2

dx2
ψ + V ψ = Eψ (4.16)

− ~2

2m
ψ′′ + V ψ = Eψ , ψ′ =

d

dx
ψ , ψ′′ =

d2

dx2
ψ (4.17)

ψ′′ =
2m

~2
(V − E)ψ . (4.18)

Ïðåäïîëîæèì, ÷òî óðîâåíü ýíåðãèè E âûðîæäåí, ò.å., ñóùåñòâóåò äâå ñîáñòâåííûå ôóíê-
öèè (ψ1, ψ2) ñ òàêèì ñîáñòâåííûì çíà÷åíèåì

Ĥψ1 = Eψ1 , (4.19)

Ĥψ2 = Eψ2 . (4.20)
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Òîãäà ýòè ôóíêöèè óäîâëåòâîðÿþò ñëåäóþùèì óðàâíåíèÿì

ψ′′1 =
2m

~2
(V − E)ψ1 , (4.21)

ψ′′2 =
2m

~2
(V − E)ψ2 . (4.22)

Äîìíîæèì Óð. (4.21) íà ψ2, à Óð. (4.22) íà ψ1

ψ2ψ
′′
1 =

2m

~2
ψ2(V − E)ψ1 =

2m

~2
(V − E)ψ2ψ1 , (4.23)

ψ1ψ
′′
2 =

2m

~2
ψ1(V − E)ψ2 =

2m

~2
(V − E)ψ1ψ2 . (4.24)

Âû÷òåì ýòè óðàâíåíèÿ

ψ2ψ
′′
1 − ψ1ψ

′′
2 = 0 . (4.25)

Çàìåòèì, ÷òî ïîñëåäíåå ðàñåíñòâî ìîæíî çàïèñàòü â âèäå

0 = ψ2ψ
′′
1 − ψ1ψ

′′
2 =

d

dx
(ψ2ψ

′
1 − ψ1ψ

′
2) . (4.26)

Ïðîèíòåãðèðîâàâ ýòî ðàâåíñòâî, ìû ïîëó÷àåì

ψ2(x)ψ′1(x)− ψ1(x)ψ′2(x) = const . (4.27)

Èç Óð. (4.4) ñëåäóåò, ÷òî ψ1(±∞) = ψ2(±∞) = 0. Ñîîòâåñòâåííî, ìû ïîëó÷àåì, ÷òî
const = 0

ψ2ψ
′
1 − ψ1ψ

′
2 = 0 (4.28)

èëè

ψ′1
ψ1

=
ψ′2
ψ2

, (4.29)

d

dx
lnψ1 =

d

dx
lnψ2 . (4.30)

Ïðîèíòåãðèðîâàâ ïîñëåäíåå ðàâåíñòâî, ìû ïîëó÷àåì

lnψ1 = lnψ2 + c , (4.31)

ψ1 = c′ψ2 , c′ = ec . (4.32)

Ïîëó÷àåì, ÷òî ôóíêöèè ψ1 è ψ2 îïèñûâàþò îäíî è òî æå ñîñòîÿíèå ñèñòåìû.
Çàìå÷àíèå: äëÿ òîãî, ÷òîáû ñîáñòâåííîå çíà÷åíèå áûëî íåâûðîæäåííûì äîñòàòî÷íî

âûïîëíåíèÿ îäíîãî èç óñëîâèé ψ1,2(∞) = 0 èëè ψ1,2(−∞) = 0.

Èìååò ìåñòî îñöèëëÿöèîííàÿ òåîðåìà (áåç äîêàçàòåëüñòâà): ôóíêöèÿ ψn(x), ñîîò-
âåòñòâóþùàÿ n-ìó ñîáñòâåííîìó çíà÷åíèþ En îáðàùàåòñÿ â íóëü (ïðè êîíå÷íûõ çíà÷å-
íèÿõ x) n ðàç. Ìû ïðåäïîëàãàåì, ÷òî óðîâíè ýíåðãèè ïðîíóìåðîâàíû ïî âîçðàñòàíèþ
(En < En+1, n = 0, 1, 2, . . .).
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4.2 Êà÷åñòâåííûé àíàëèç ñïåêòðà ãàìèëüòîíèàíà.

Ðàññìîòðèì ïîòåíöèàë V (x), èìåþùèé ñëåäóþùóþ àñèìïòîòèêó

V (x) =

{
V0 , x→ −∞ , V0 > 0 ,
0 , x→∞ . (4.33)

Áóäåì ñ÷èòàòü, ÷òî V (x)→ 0 ïðè x→∞ áûñòðåå ÷åì 1/x. Òàêæå áóäåì ñ÷èòàòü, ÷òî

Vmin = min
x
V (x) < 0 . (4.34)

Âû äåëèì òðè èíòåðâàëà ñïåêòðà

1. Vmin < E < 0

2. 0 ≤ E < V0

3. V0 ≤ E .

1. Ðàññìîòðèì ñëó÷àé îòðèöàòåëüíûõ ýíåðãèé: Vmin < E < 0.
Ïðè äîñòàòî÷íî áîëüøèõ x ìû ìîæåì çàìåíèòü ïîòåíöèë åãî àñèìïòîòè÷åêèìè çíà-

÷åíèÿìè. Óðàâíåíèå Øð¼äèíãåðà ïðèìåò âèä

− ~2

2m

d2

dx2
ψ(x) = Eψ(x) , x→∞ (4.35)

ψ(x) = A+e
αx + A−e

−αx , x→∞ , (4.36)

ãäå α óäîâëåòâîðÿåò óðàâíåíèþ

− ~2

2m
α2 = E (4.37)

α =

√
2m(−E)

~2
> 0 , (−E) > 0 . (4.38)

− ~2

2m

d2

dx2
ψ(x) = (E − V0)ψ(x) , x→ −∞ (4.39)

ψ(x) = B+e
βx +B−e

−βx , x→ −∞ , (4.40)

ãäå β óäîâëåòâîðÿåò óðàâíåíèþ

− ~2

2m
β2 = E − V0 (4.41)
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β =

√
2m(−E + V0)

~2
> 0 , (−E + V0) > 0 . (4.42)

Ýêñïîíåíöèàëüíî ðàñõîäÿùèåñÿ ðåøåíèÿ ÿâëÿþòñÿ íåôèçè÷íûìè, îíè íàñ íå èíòåðå-
ñóþò. Ïîýòîìó ìû äîëæíû ïîëîæèòü A+ = 0, B− = 0

ψ(x) =

{
B+e

βx , x→ −∞
A−e

−αx , x→∞ . (4.43)

Ìû ïîëó÷àåì, ÷òî ψ(±∞) = 0.
Ïðîäèôôåðåíöèðîâàâ Óð. (4.43) ìû ïîëó÷àåì

ψ′(x) =

{
B+βe

βx , x→ −∞
−A−αe−αx , x→∞ . (4.44)

Îáúåäèíÿÿ Óð. (4.43) è (4.44), ìû ìîæåì çàïèñàòü

ψ′(x)− βψ(x) = 0 , x→ −∞ , (4.45)

ψ′(x) + αψ(x) = 0 , x→∞ . (4.46)

Óðàâíåíèÿ (4.45), (4.46) çàäàþò îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ íà ðåøåíèÿ óðàâíåíèÿ
Øð¼äèíãåðà.

Óðàâíåíèå Øð¼äèíãåðà ÿâëÿåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì âòîðîé ñòåïåíè.
Ñîîòâåòñòâåííî, îíî èìååò äâà ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ ϕ1 è ϕ2. Ëþáîå ðåøåíèå
óðàâíåíèÿ Øð¼äèíãåðà (ψ) ìîæåò áûòü ðàçëîæåíî ïî ýòèì ðåøåíèÿì

ψ(x) = c1ϕ1(x) + c2ϕ2(x) . (4.47)

Ðàññìîòðèì îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ â òî÷êàõ x = −a è x = a, a→∞.

ψ′(−a)− βψ(−a) = 0 , (4.48)

ψ′(a) + αψ(a) = 0 . (4.49)

Ïîäñòàâèì ôóíêöèþ ψ â âèäå ðàçëîæåíèÿ Óð. (4.47) â ãðàíè÷íûå óñëîâèÿ (4.48),
(4.49)

c1ϕ
′
1(−a) + c2ϕ

′
2(−a)− βc1ϕ1(−a)− βc2ϕ2(−a) = 0 , (4.50)

c1ϕ
′
1(a) + c2ϕ

′
2(a) + αc1ϕ1(a) + αc2ϕ2(a) = 0 . (4.51)

c1 [ϕ′1(−a)− βϕ1(−a)] + c2 [ϕ′2(−a)− βϕ2(−a)] = 0 , (4.52)

c1 [ϕ′1(a) + αϕ1(a)] + c2 [ϕ′2(a) + αϕ2(a))] = 0 . (4.53)
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Ïîñëåäíåå óðàâíåíèå ìîæíî ðàññìàòðèâàòü êàê

Â(E)c = 0 , (4.54)

ãäå Â(E) � ìàòðèöà 2×2, çàâèñÿùàÿ îò ýíåðãèè E êàê îò ïàðàìåòðà, c = (c1, c2) � âåêòîð.
Íåíóëåâîå ðåøåíèå Óð. (4.54) ñóùåñòâóåò òîëüêî, åñëè ìàòðèöà Â(E) âûðîæäåíà, ò.å.,

det{Â(E)} = 0 . (4.55)

Ïîñëåäíåå óðàâíåíèå îïðåäåëÿåò ñïåêòð óðàâíåíèÿ Øð¼äèíãåðà íà èíòåðâàëå Vmin < E <
0. Â ýòîì ñëó÷àå ñïåêòð äèñêðåòíûé.

Ïî-ïðîñòîìó, ìîæíî ñêàçàòü ñëåäóþùåå: ó íàñ èìååòñÿ äâà ñâîáîäíûõ êîýôôèöèåíòà
c1 è c2, è åñòü äâà îäíîðîäíûõ ãðàíè÷íûõ óñëîâèÿ (îäíî íà +∞, äðóãîå íà −∞) ïëþñ
ôóíêöèÿ äîëíà áûòü íîðìèðîâàííîé (íåíóëåâîé [íóëåâîå ðåøåíèå óäîâëåòâîðÿåò îäíî-
ðîäíûì ãðàíè÷íûì óñëîâèÿì]). Ìû èìååì òðè óñëîâèÿ íà äâà êîýôôèöèåíòà. Ýòè òðè
óñëîâèÿ ìîãóò áûòü âûïîëíåíû òîëüêî ïðè îïðåäåë¼ííûõ ýíåðãèÿõ E.

Êîëè÷åñòâî äèñêðåòíûõ óðîâíåé ýíåðãèè ìîæåò áûòü áåñêîíå÷íî, êîíå÷íî èëè íóëü.

2. Ðàññìîòðèì ñëó÷àé ýíåðãèé â èíòåðâàëå 0 ≤ E < V0.
Ïðè äîñòàòî÷íî áîëüøèõ x ìû ìîæåì çàìåíèòü ïîòåíöèë åãî àñèìïòîòè÷åêèìè çíà-

÷åíèÿìè. Óðàâíåíèå Øð¼äèíãåðà ïðèìåò âèä

− ~2

2m

d2

dx2
ψ(x) = Eψ(x) , x→∞ (4.56)

ψ(x) = A+e
iκx + A−e

−iκx (4.57)

= As sinκx+ Ac cosκx (4.58)

= A cos(κx+ δ) , x→∞ , (4.59)

ãäå κ óäîâëåòâîðÿåò óðàâíåíèþ

~2

2m
κ2 = E (4.60)

κ =

√
2mE

~2
> 0 , E > 0 . (4.61)

− ~2

2m

d2

dx2
ψ(x) = (E − V0)ψ(x) , x→ −∞ (4.62)

ψ(x) = B+e
βx +B−e

−βx , x→ −∞ , (4.63)
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ãäå β óäîâëåòâîðÿåò óðàâíåíèþ

− ~2

2m
β2 = E − V0 (4.64)

β =

√
2m(−E + V0)

~2
> 0 , (−E + V0) > 0 . (4.65)

Èñêëþ÷àÿ íåôèçè÷íûå ýêñïîíåíöèàëüíî ðàñõîäÿùèåñÿ ðåøåíèÿ, ìû äîëæíû ïîëî-
æèòü B− = 0

ψ(x) =

{
B+e

βx , x→ −∞
A+e

iκx + A−e
−iκx , x→∞ . (4.66)

Ìû ïîëó÷àåì, ÷òî ψ(−∞) = 0. Ñîîòâåòñòâåííî, ìû ïîëó÷àåì îäíîðîäíîå ãðàíè÷íîå
óñëîâèå ïðè x→ −∞.

Îäíàêî, â ýòîì ñëó÷àå ó íàñ íåò ãðàíè÷íîãî óñëîâèÿ ïðè x→ +∞, êîòîðîå áû ñëåäî-
âàëî èç ôèçè÷íîñòè ðåøåíèÿ. Ñïåêòð ïîëó÷àåòñÿ íåïðåðûâíûì.

Â âèäó íàëè÷èÿ óñëîâèÿ ψ(−∞) = 0 ñïåêòð áóäåò íåâûðîæäåííûì.
Ñîîòâåòñòâåííî, â ýòîì ñëó÷àå ñïåêòð íåïðåðûâíûé, íåâûðîæäåííûé.

3. Ðàññìîòðèì ñëó÷àé ýíåðãèé â èíòåðâàëå V0 ≤ E.
Ïðè äîñòàòî÷íî áîëüøèõ x ìû ìîæåì çàìåíèòü ïîòåíöèë åãî àñèìïòîòè÷åêèìè çíà-

÷åíèÿìè. Óðàâíåíèå Øð¼äèíãåðà ïðèìåò âèä

− ~2

2m

d2

dx2
ψ(x) = Eψ(x) , x→∞ (4.67)

ψ(x) = A+e
iκx + A−e

−iκx , x→∞ , (4.68)

ãäå κ óäîâëåòâîðÿåò óðàâíåíèþ

~2

2m
κ2 = E (4.69)

κ =

√
2mE

~2
> 0 , E > 0 . (4.70)

− ~2

2m

d2

dx2
ψ(x) = (E − V0)ψ(x) , x→ −∞ (4.71)

ψ(x) = B+e
ikx +B−e

−ikx , x→ −∞ , (4.72)
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ãäå k óäîâëåòâîðÿåò óðàâíåíèþ

~2

2m
k2 = E − V0 (4.73)

k =

√
2m(E − V0)

~2
> 0 , (E − V0) > 0 . (4.74)

ψ(x) =

{
B+e

ikx +B−e
−ikx , x→ −∞

A+e
iκx + A−e

−iκx , x→∞ . (4.75)

Â ýòîì ñëó÷àå ó íàñ íåò ãðàíè÷íûõ óñëîâèé, êîòîðûå áû ñëåäîâàëè èç ôèçè÷íîñòè
ðåøåíèÿ.

Ñîîòâåòñòâåííî, â ýòîì ñëó÷àå ñïåêòð íåïðåðûâíûé, âûðîæäåííûé.

Ñîáñòâåííûå ôóíêöèè íåïðåðûâíîãî ñïåêòðà íå ïðèíàäëåæàò ãèëüáåðòîâîìó ïðî-
ñòðàíñòâó. Ìû ãîâîðèì, ÷òî ôóíêöèè íåïðåðûâíîãî ñïåêòðà îïèñûâàþò ïîòîê ÷àñòèö
(ñì. Óð. (3.370), (3.372))

ψE,p(x, t) = e−
Et
~ φp(x) = (2π~)−1/2 e−

Et
~ e

ipx
~ , E =

p2

2m
. (4.76)

ρ(x, t) = ψ∗E,pψE,p = φ∗pφp = (2π~)−1 , (4.77)

j(x, t) =
1

2m

(
φ∗ppφp + (pφp)

∗φp

)
(4.78)

=
p

m
φ∗pφp = ρ

p

m
= (2π~)−1 p

m
. (4.79)

j(x, t)[A+e
iκxe−

i
~Et] =

1

2m

(
(A+e

iκx)∗(−i~)
d

dx
A+e

iκx +

(
(−i~)

d

dx
A+e

iκx
)∗

A+e
iκx
)

=
1

2m

(
(A+e

iκx)∗(~κA+e
iκx) +

(
~κA+e

iκx)∗A+e
iκx
)

(4.80)

=
~κ
m
|A+|2 . (4.81)

Òàêèì îáðàçîì, ôóíêöèÿ íåïðåðûâíîãî ñïåêòðà

ψ(x, t) = A+e
iκxe−

i
~Et (4.82)
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îïèñûâàåò ïîòîê ÷àñòèö, äâèãàþùèõñÿ â ïîëîæèòåëüíîì íàïðàâëåíèè îñè x.

j(x, t)[A−e
−iκxe−

i
~Et] =

1

2m

(
(A−e

−iκx)∗(−i~)
d

dx
A−e

−iκx +

(
(−i~)

d

dx
A−e

−iκx
)∗

A−e
−iκx

)
=

1

2m

(
(A−e

−iκx)∗(−~κA−e−iκx) +
(
−~κA−e−iκx

)∗
A−e

−iκx
)

(4.83)

= −~κ
m
|A−|2 . (4.84)

Òàêèì îáðàçîì, ôóíêöèÿ íåïðåðûâíîãî ñïåêòðà

ψ(x, t) = A−e
−iκxe−

i
~Et (4.85)

îïèñûâàåò ïîòîê ÷àñòèö, äâèãàþùèõñÿ â îòðèöàòåëüíîì íàïðàâëåíèè îñè x.

4.3 Ñèììåòðèÿ (÷¼òíîñòü) ðåøåíèé ñòàöèîíàðíîãî óðàâ-

íåíèÿ Øð¼äèíãåðà

23.10.2021

Ïóñòü åñòü ñàìîñîïðÿæ¼ííûé îïåðàòîð Â, êîììóòèðóþùèé ñ ãàìèëüòîíèàíîì ñèñòå-
ìû

[Ĥ, Â] = ĤÂ− ÂĤ = 0 . (4.86)

Â ïàðàãðàôå 2.15 ìû ðàññìàòðèâàëè äâå òåîðåìû î êîììóòèðóþùèõ îïåðàòîðàõ. Âòî-
ðàÿ òåîðåìà ãîâîðèò, ÷òî åñëè äâà ñàìîñîïðÿæ¼ííûõ îïåðàòîðà êîììóòèðóþò, òî îíè
èìåþò îáùèé íàáîð ñîáñòâåííûõ ôóíêöèé

Ĥψn = Enψn , (4.87)

Âψn = anψn . (4.88)

Ðàññìîòðèì îïåðàòîð èíâåðñèè (ñì. Óð. (2.55), (2.159))

Îψ(x) = ψ(−x) . (4.89)

Çàìåòèì, ÷òî

Î2 = Ê , (4.90)

ãäå Ê � åäèíè÷íûé îïåðàòîð.
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Ìû çíàåì, ÷òî ñîáñòâåííûå ôóíêöèè îïåðàòîðà èíâåðñèè èìåþò âèä (ñì. Óð. (2.164))

ϕg(x) =
1

2
(ψ(x) + ψ(−x)) , ϕu(x) =

1

2
(ψ(x)− ψ(−x)) (4.91)

Îϕg(x) = 1 · ϕg(x) , Îϕu(x) = −1 · ϕg(x) , λ = 1, −1 . (4.92)

Ñîáñòâåííûå ôóíêöèè îïåðàòîðà èíâåðñèè � ýòî ôóíêöèè ñ îïðåäåë¼ííîé ÷¼òíîñòüþ:
÷¼òíûå (ϕg(−x) = ϕg(x)) èëè íå÷¼òíûå (ϕu(−x) = −ϕu(x)) ôóíêöèè.

Ðàññìîòðèì ãàìèëüòîíèàí âèäà

Ĥ =
p̂2

2m
+ V (x) , (4.93)

ãäå V (x) � âåùåñòâåííàÿ ôóíêöèÿ.
Çàìåòèì, ÷òî îïåðàòîð êèíåòè÷åñêîé ýíåðãèè êîììóòèðóåò ñ îïåðàòîðîì èíâåðñèè

[
p̂2

2m
, Î]ψ(x) = − ~2

2m

(
∂2

∂x2
ψ(−x)− Î ∂

2

∂x2
ψ(x)

)
(4.94)

= − ~2

2m
(ψ′′(−x)− ψ′′(−x)) = 0 , ∀ψ . (4.95)

×òîáû ãàìèëüòîíèàí Óð. (4.93) êîììóòèðîâàë ñ îïåðàòîðîì èíâåðñèè, íåîáõîäèìî ÷òîáû
ïîñëåäíèé êîììóòèðîâàë ñ îïåðàòîðîì ïîòåíöèàëüíîé ýíåðãèè

[V, Î] = V Î − ÎV = 0 , (4.96)

[V, Î]ψ(x) = V (x)Îψ(x)− ÎV (x)ψ(x) (4.97)

= V (x)ψ(−x)− V (−x)ψ(−x) = 0 , ∀ψ . (4.98)

Òàêèì îáðàçîì, åñëè ôóíêöèÿ V (x) ÷¼òíàÿ

V (−x) = V (x) , (4.99)

òîãäà îïåðàòîð èíâåðñèè êîììóòèðóåò ñ ãàìèëüòîíèàíîì

[Ĥ, Î] = ĤÎ − ÎĤ = 0 . (4.100)

Ïóñòü äàëåå óñëîâèå Óð. (4.99) âûïîëíåíî.
Ñîîòâåòñòâåííî, ñîãëàñíî âòîðîé òåîðåìå 2.15, ãàìèëüòîíèàí è îïåðàòîð èíâåðñèè

äîëæíû èìåòü îáùèé íàáîð ñîáñòâåííûõ ôóíêöèé.
Ýòî ìîæíî òàêæå ïîêàçàòü íàïðÿìóþ, íå èñïîëüçóÿ òåîðåìó 2.15.
1. Ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà ñîáñòâåííîå çíà÷åíèå E íåâûðîæäåíî. Ïóñòü

ôóíêöèÿ ψ(x) � ñîáñòâåííàÿ ôóíêöèÿ äëÿ ãàìèëüòîíèàíà

Ĥψ(x) = Eψ(x) . (4.101)
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Â ýòîì ñëó÷àå ñîáñòâåííàÿ ôíêöèÿ äîëæíà îáëàäàòü îïðåäåë¼ííîé ÷¼òíîñòüþ: áûòü ÷¼ò-
íîé (ψ(−x) = ψ(x)) èëè íå÷¼òíîé (ψ(−x) = −ψ(x)) ôóíêöèåé.

Äåéñòâèòåëüíî, ïîäåéñòâóåì íà Óð. (4.101) îïåðàòîðîì èíâåðñèè è âîñïîëüçóåìñÿ
Óð. (4.100)

ÎĤψ(x) = ÎEψ(x) (4.102)

ĤÎψ(x) = ÎEψ(x) (4.103)

Ĥψ(−x) = Eψ(−x) (4.104)

Òàê êàê ñîáñòâåííîå çíà÷åíèå E íåâûðîæäåííîå, òî ôóíêöèè ψ(x) è Îψ(x) = ψ(−x) ìîãóò
îòëè÷àòüñÿ òîëüêî íà êîíñòàíòó

Îψ(x) = cψ(x) (4.105)

Ïîäåéñòâóåì íà ýòî ðàâåíñòâî îïåðàòîðîì èíâåðñèè

Î2ψ(x) = Îcψ(x) = c2ψ(x) (4.106)

Ñ äðóãîé ñòîðîíû Î2 = Ê

Î2ψ(x) = Êψ(x) = ψ(x) . (4.107)

Èç óñëîâèÿ c2 = 1 ïîëó÷àåì, ÷òî c = ±1, ò.å., ôóíêöèÿ ψ îáëàäàåò îïðåäåë¼ííîé ÷¼òíî-
ñòüþ

ψ(−x) = ±ψ(x) . (4.108)

2. Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà ñîáñòâåííîå çíà÷åíèå E (äâóêðàòíî) âûðîæäåíî.
Â ýòîì ñëó÷àå ñîáñòâåííûå ôóíêöèè ãàìèëüòîíèàíà ìîãóò áûòü âûáðàíû êàê ôóíêöèè
ñ îïðåäåë¼ííîé ÷¼òíîñòüþ: ÷¼òíûìè èëè íå÷¼òíûìè.

Äåéñòâèòåëüíî, íàêëàäûâàÿ ãðàíè÷íûå óñëîâèÿ Äèðèõëå

Ĥψ(x) = Eψ(x) , (4.109)

ψ(x1) = A , (4.110)

ψ(x2) = B , (4.111)

ìû ìîæåì ïîëó÷èòü ðåøåíèå ñòàöèîíàðíîãî óðàâíåíèÿ Øð¼äèíãåðà, íå îáëàäàþùåå
îïðåäåë¼ííîé ÷¼òíîñòüþ. Íàïðèìåð, ìû ìîæåì âûáðàòü: x1 = −1, x2 = 1, A = 1, B = 0.
Â ýòîì ñëó÷àå ôóíêöèè ψ(x) è ψ(−x) áóäóò ëèíåéíî íåçàâèñèìûìè. Òîãäà ìû ìîæåì
ââåñòè ñëåäóþùèå äâå ôóíêöèè

ϕg(x) =
1

2
(ψ(x) + ψ(−x)) , ϕu(x) =

1

2
(ψ(x)− ψ(−x)) . (4.112)
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Ýòî áóäóò íåíóëåâûå ôóíêöèè, òàê êàê ψ(x) è ψ(−x) ëèíåéíî íåçàâèñèìû.
Ôóíêöèè ϕg(x) è ϕu(x) îáëàäàþò îïðåäåë¼ííîé ÷¼òíîñòüþ: ÷¼òíàÿ è íå÷¼òíàÿ ôóíê-

öèÿ, ñîîòâåòñòâåííî. Îáå ýòè ôóíêöèè ÿâëÿþòñÿ ñîáñòâåííûìè äëÿ óðàâíåíèÿ Øð¼äèí-
ãåðà ñ ñîáñòâåííûì ÷èñëîì E.

Çàìå÷àíèå: â ïðåäûäóùåì ñëó÷àå ó íàñ áûëî òîëüêî îäíî ôèçè÷íîå ðåøåíèå óðàâíå-
íèÿ Øð¼äèíãåðà. Â ýòîì ñëó÷àå ó íàñ îáà ðåøåíèÿ ôèçè÷íûå è ìû ìîæåì íàêëàäûâàòü
óñëîâèÿ Äèðèõëå.

Ìû äîêàçàëè, ÷òî ãàìèëüòîíèàí è îïåðàòîð èíâåðñèè èìåþò îáùèé íàáîð ñîáñòâåííûõ
ôóíêöèé.

4.4 Ñðàâíåíèå äâèæåíèÿ êëàññè÷åñêîé è êâàíòîâîé ÷à-

ñòèöû

Äâèæåíèå êëàññè÷åñêîé ÷àñòèöû óäîáíî îïèñûâàòü ñ ïîìîùüþ òðàåêòîðèè. Ñ äðóãîé
ñòîðîíû, ââèäó ñîîòíîøåíèÿ íåîïðåäåë¼ííîñòåé Ãåéçåíáåðãà, ó êâàíòîâîé ÷àñòèöû íåò
òðàåêòîðèè.

Îäíàêî, äëÿ îïèñàíèÿ äâèæåíèÿ êëàññè÷åñêîé è êâàíòîâîé ÷àñòèö ìû ìîæåì èñïîëü-
çîâàòü ïëîòíîñòü âåðîÿòíîñòè. Ïëîòíîñòü âåðîÿòíîñòè äëÿ êâàíòîâîé ÷àñòèöû îïðåäåëÿ-
åòñÿ êàê

ρ(x) = |ψ(x)|2 . (4.113)

Ìû îãðàíè÷èìñÿ ðàññìîòðåíèåì ñòàöèîíàðíûõ ñîñòîÿíèé, â êîòîðûõ ïëîòíîñòü âåðîÿò-
íîñòè íå çàâèñèò îò âðåìåíè.

Ââåä¼ì ïîíÿòèå ïëîòíîñòè âåðîÿòíîñòè äëÿ êëàññè÷åñêîé ÷àñòèöû. Ðàññìîòðèì äâè-
æåíèå ÷àñòèöû ñ ýíåðãèåé E è ñ ïîòåíöèàëüíîé ýíåðãèåé V (x). Ïóñòü êëàññè÷åñêè ðàç-
ðåø¼ííàÿ îáëàñòü (V (x) ≤ E) îãðàíè÷èâàåòñÿ îòðåçêîì x1 è x2 è ïóñòü â íåé ÷àñòèöà
äâèæåòñÿ ñ ïåðèîäîì T . Âåðîÿòíîñòü íàéòè ÷àñòèöó â îòðåçêå [x, x+ dx] åñòü

dw[x,x+dx] =
dt

T
, (4.114)

ãäå dt � âðåìÿ çà êîòîðîå ÷àñòèöà ïðîõîäèò îòðåçîê [x, x+ dx]

dt = 2
dx

u(x)
, (4.115)

ãäå u(x) � ñêîðîñòü ÷àñòèöû. Ôàêòîð 2 ïîÿâëÿåòñÿ, òàê êàê çà ïåðèîä ÷àñòèöà ïðîõîäèò
îòðåçîê äâà ðàçà. Âûðàæåíèå äëÿ âåðîÿòíîñòè ïðèíèìàåò âèä

dw[x,x+dx] = 2
dx

u(x)T
, (4.116)
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Ïëîòíîñòü âåðîÿòíîñòè, ñîòòâåòñòâåííî, áóäåò ðàâíà

ρêëàññ(x) =
dw[x,x+dx]

dx
=

2

u(x)T
. (4.117)

Äëÿ îïðåäåëåíèÿ ñêîðîñòè ÷àñòèöû âîñïîëüçóåìñÿ çàêîíîì ñîõðàíåíèÿ ýíåðãèè

mu(x)2

2
+ V (x) = E , (4.118)

u(x) =

√
2

m
(E − V (x)) (4.119)

ρêëàññ(x) =


0 , x < x1

1
T

√
2m

E−V (x)
, x1 ≤ x ≤ x2

0 , x > x2

(4.120)

Ðèñ. 4.1:

Ïëîòíîñòü âåðîÿòíîñòè íàéòè ÷àñòèöó â òî÷êàõ ïîâîðîòà ìàêñèìàëüíà, òàê êàê â ýòèõ
òî÷êàõ ñêîðîñòü ÷àñòèöû ðàâíà íóëþ.

Ïëîòíîñòü âåðîÿòíîñòè íàéòè ÷àñòèöó ìèíèìàëüíà â òî÷êàõ, ãäå ïîòåíöèàëüíàÿ ýíåð-
ãèÿ ìèíèìàëüíà, à, ñîîòâåòñòâåííî, ñêîðîñòü ìàêñèìàëüíà.

Çàìå÷àíèå: ïîâåäåíèå êëàññè÷åñêîé è êâàíòîâîé ÷àñòèöû â òî÷êàõ ïîâîðîòà ñèëüíî
ðàçëè÷àþòñÿ (ñì. Óð. (3.510)).
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4.5 Íåïðåðûâíîñòü âîëíîâîé ôóíêöèè è å¼ ïåðâîé ïðî-

èçâîäíîé

Ðàññìîòðèì âîëíîâóþ ôóíêöèþ ψ(x), óäîâëåòâîðÿþùóþ ñòàöèîíàðíîìó óðàâíåíèþØð¼-
äèíãåðà

Ĥψ(x) = Eψ(x) , (4.121)

Ĥ =
p̂2

2m
+ V (x) = − ~2

2m

d2

dx2
+ V (x) . (4.122)

Ïîêàæåì, ÷òî åñëè ïîòåíöèàë V (x) íå èìååò ñèíãóëÿðíîñòåé, òî ôóíêöèÿ ψ(x) è å¼
ïðîèçâîäíàÿ ( d

dx
ψ(x)) äîëæíû áûòü íåïðåðûâíû.

Äåéñòâèòåëüíî, ïðåäïîëîæèì, ÷òî ôóíêöèÿ ψ(x) èìååò ðàçðûâ ïåðâîãî ðîäà â òî÷êå
x = a

ψ(a+ 0) = ψ(a− 0) + β , |β| > 0 , (4.123)

òîãäà â áëèçè òî÷êè x = a å¼ ìîæíî ïðåäñòàâèòü êàê

ψ(x) = ψ̃(x) + βθ(x− a) (4.124)

ψ̃(x) =


ψ(x) , x < a
ψ(a− 0) , x = a
ψ(x)− β , x > a

. (4.125)

ãäå ψ̃(x) � íåïðåðûâíàÿ ôóíêöèÿ, θ(a− 0) � ôóíêöèÿ Õåâèñàéäà (ñì. Óð. (2.271)).
Èñïîëüçóÿ (2.272), ìû ïîëó÷àåì

d

dx
ψ(x) =

d

dx

(
ψ̃(x) + βθ(x− a)

)
(4.126)

=

(
d

dx
ψ̃(x)

)
+ βδ(x− a) . (4.127)

Òàêèì îáðàçîì, åñëè ïîòåíöèàë íå èìååò ñèíãóëÿðíîñòåé òèïà δ-ôóíêöèè (ïðîèçâîä-
íûõ îò δ-ôóíêöèè), âîëíîâàÿ ôóíêöèÿ ψ(x) äîëæíà áûòü íåïðåðûâíà. Òàê êàê â óðàâ-
íåíèè Øð¼äèíãåðà ïðîèçâîäíàÿ ñòîèò âî âòîðîé ñòåïåíè, èç òåõ æå ñîîáðàæåíèé, ïðîèç-
âîäíàÿ âîëíîâîé ôóíêöèè ( d

dx
ψ(x)) òîæå äîëæíà áûòü íåïðåðûâíà.

Ðàññìîòðèì ïîòåíöèàë V (x) = −αδ(x), ãäå α > 0(
− ~2

2m

d2

dx2
− αδ(x)

)
ψ(x) = Eψ(x) (4.128)
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Íàéä¼ì äèñêðåòíûé óðîâíè ýíåðãèè E < 0

ψ(x) =

{
Ae−κx , x > 0
Beκx , x < 0

(4.129)

κ =

√
2m(−E)

~2
(4.130)

Òàê êàê ïîòåíöèàë íå ñîäåîæèò ïðîèçâîäíûõ îò δ-ôóíêöèè, âîëíîâàÿ ôóíêöèÿ äëîæ-
íà áûòü íåïðåðûâíà

ψ(+0) = ψ(−0) (4.131)

A = B . (4.132)

Ôóíêöèÿ, óäîâëåòâîðÿþùàÿ Óð. (4.129) è èìåþùàÿ ðàçðûâ ïðîèçâîäíîé ïåðâîãî ðîäà
èìååò âèä

ψ(x) = Ae−κ|x| = Ae−κ sign(x)x . (4.133)

sign(x) = −1 + 2θ(x) (4.134)

d

dx
x sign(x) = sign(x) + x2δ(x) = sign(x) . (4.135)

d

dx
ψ(x) = A(−κ sign(x))e−κ sign(x)x (4.136)

d2

dx2
ψ(x) = A(−κ sign(x))2e−κ sign(x)x + A(−κ)2δ(x)e−κ sign(x)x (4.137)

= κ2ψ(x)− κ2δ(x)ψ(x) (4.138)

Ïîäñòàâèì ôóíêöèþ Óð. (4.133) â óðàâíåíèå Øð¼äèíãåðà

− ~2

2m

d2

dx2
ψ(x)− αδ(x)ψ(x) = Eψ(x) (4.139)

− ~2

2m
κ2ψ(x) +

~2

2m
κ2δ(x)ψ(x)− αδ(x)ψ(x) = Eψ(x) (4.140)

~2

2m
κ2δ(x)ψ(x)− αδ(x)ψ(x) = 0 . (4.141)
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Ìû ïîëó÷àåì, ÷òî äîëæíî âûïîëíÿòüñÿ óñëîâèå

κ =
αm

~2
(4.142)

è, ñîîòâåòñòâåííî, ñóùåñòâóåò òîëüêî îäèí äèñêðåòíûé óðîâåíü ýíåðãèè

E = −κ2~2

2m
= −mα

2

2~2
. (4.143)

Òàêèì îáðàçîì, ïîòåíöèàë âèäà V (x) = −αδ(x), ãäå α > 0, îïèñûâàåò îäíîìåðíóþ
ñèñòåìó ñ îäíèì äèñêðåòíûì óðîâíåì ýíåðãèè Óð. (4.143) è íåïðåðûíûì ñïåêòðîì ïðè
E > 0.

Íîðìèðîâàíàÿ íà åäèíèöó ôóíêöèÿ Óð. (4.133) èìååò âèä

ψ(x) =
√
κe−κ|x| , (4.144)

〈ψ|ψ〉 =

∞∫
−∞

dx |ψ(x)|2 = 1 . (4.145)

Ýòî íàäî ñðàâíèòü ñ Óð. (4.439).

4.6 Ïðÿìîóãîëüíàÿ ïîòåíöèàëüíàÿ ÿìà

Ïîäðîáíî ìàòåðèàë ýòîãî ïàðàãðàôà ïðåäñòàâëåí â ãëàâå 2 êíèãè [Àáàðåíêîâ È.Â., Çà-
ãóëÿåâ Ñ.Í. �Ïðîñòåéøèå ìîäåëè â êâàíòîâîé ìåõàíèêå�]. Ýòà òåìà äîëæíà ïîäðîáíî
îáñóæäàòüñÿ íà ñåìèíàðàõ.

Ìû ðàññìàòðèâàåì äâèæåíèå êâàíòîâîé ÷àñòèöû â ñëåäóþùåì ïîòåíöèàëå

V (x) =


0 , x < −a

−V0 , −a ≤ x ≤ a
0 , x > a

, (4.146)

ãäå V0 > 0.
Ãàìèëüòîíèàí ñèñòåìû èìååò âèä

Ĥ =
p̂2

2m
+ V (x) . (4.147)

Ìû áóäåì èçó÷àòü ñòàöèîíàðíûå ñîñòîÿíèÿ ñèñòåìû (ñì. Óð. (3.291)), ò.å., ñîñòîÿíèÿ,
îïèñûâàåìûå âîëíîâîé ôóíêöèåé âèäà

ψ(x, t) = e−
i
~Etψ(x) , (4.148)

Ĥψ(x) = Eψ(x) . (4.149)
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Ðèñ. 4.2:

Èñïîëüçóÿ Óð. (4.7), ìû ìîæåì ñêàçàòü, ÷òî ñïåêòð íàøåãî ãàìèëüòîíèàíà ëåæèò â
èíòåðâàëå

E ≥ −V0 . (4.150)

Èñïîëüçóÿ Óð. (4.55), ìû ìîæåì ñêàçàòü, ÷òî ñïåêòð â èíòåðâàëå −V0 ≤ E ≤ 0, áóäåò
äèñêðåòíûì è íåâûðîæäåííûì.

Çàìåòèì, ÷òî ðàññìàòðèâàåìûé ïîòåíöèàë ÿâëÿåòñÿ ÷¼òíîé ôóíêöèåé (V (−x) = V (x)).
Ñëåäîâàòåëüíî, ñ ó÷¼òîì Óð. (4.108) ìû òàêæå ìîæåì ñêàçàòü, ÷òî âîëíîâûå ôóíêöèè
äèñêðåòíîãî ñïåêòðà áóäóò îáëàäàòü îïðåäåë¼ííîé ÷¼òíîñòüþ.

Èñïîëüçóÿ (4.66), ìû ìîæåì ñêàçàòü, ÷òî ñïåêòð â èíòåðâàëå E ≥ 0, áóäåò íåïðåðûâ-
íûì è äâóêðàòíî âûðîæäåííûì.

Ðàçäåëèì âåùåñòâåííóþ îñü íà òðè îáëàñòè: I, II è III, êàê ïîêàçàíî íà ðèñóíêå 4.2.
Íà ãðàíèöå ýòèõ îáëàñòåé âîëíîâàÿ ôóíêöèÿ è å¼ ïåðâàÿ ïðîèçâîäíàÿ äîëæíû áûòü

íåïðåðûâíû (ñì. 4.5).
Îòðèöàòåëüíûå ýíåðãèè: −V0 < E < 0. Ðåøåíèå äëÿ îáëàñòåé I, II, III

ψ1(x) = A1e
αx +B1e

−αx , (4.151)

ψ2(x) = A2 sin(κx) +B2 cos(κx) , (4.152)

ψ3(x) = A3e
αx +B3e

−αx . (4.153)

Çäåñü

α =

√
−2m

~2
E , (4.154)

κ =

√
2m

~2
(V0 + E) . (4.155)

Òðåáóÿ îòñóòñòâèå ýêñïîíåíöèàëüíî ðàñõîäÿùèõñÿ ÷ëåíîâ, íàõîäèì êîýôôèöèåíòû

B1 = 0 , (4.156)

A3 = 0 . (4.157)
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Óñëîâèÿ ñøèâàíèÿ

ψ1(−a) = ψ2(−a) , ψ′1(−a) = ψ′2(−a) , (4.158)

ψ2(a) = ψ3(a) , ψ′2(a) = ψ′3(a) . (4.159)

Çàìåòèì, ÷òî, òàê êàê ôóíêöèÿ ψ(x) îáëàäàåò îïðåäåë¼ííîé ÷¼òíîñòüþ, òî äîñòàòî÷íî
ðàññìîòðåòü óñëîâèÿ ñøèâàíèÿ â îäíîé òî÷êå, ïóñòü â òî÷êå x = a.

×¼òíûå ðåøåíèÿ:

A1 = B3 , (4.160)

A2 = 0 . (4.161)

Óñëîâèÿ ñøèâàíèÿ â òî÷êå x = a ïðèâîäÿò ê óðàâíåíèþ

ξ tg ξ =
√
Q− ξ2 , (4.162)

ãäå ξ = κa, à Q � ïàðàìåòð ÿìû

Q = a2(κ2 + α2) =
2ma2

~
V0 . (4.163)

Åñëè ξl ÿâëÿåòñÿ ðåøåíèåì Óð. (4.162), òî ýíåðãèÿ l-ãî ñîñòîÿíèÿ åñòü

El = −V0 +
~2

2ma2
ξ2
l . (4.164)

1. Äëÿ ÷¼òíûõ ðåøåíèé ïðè ëþáûõ çíà÷åíèÿõ a è V0 èìååòñÿ ïî êðàéíåé ìåðå îäèí
÷¼òíûé äèñêðåòíûé óðîâåíü.

2. Ïðè ëþáûõ êîíå÷íûõ çíà÷åíèÿõ a è V0 ÷èñëî äèñêðåòíûõ ÷¼òíûõ óðîâíåé â ÿìå
êîíå÷íî.

Íå÷¼òíûå ðåøåíèÿ:

A1 = −B3 , (4.165)

B2 = 0 . (4.166)

Óñëîâèÿ ñøèâàíèÿ â òî÷êå x = a ïðèâîäÿò ê óðàâíåíèþ

−ξ ctg ξ =
√
Q− ξ2 , (4.167)

1. Â ÿìå èìåþòñÿ íå÷¼òíûå äèñêðåòíûå óðîâíè, åñëè ïàðàìåòð ÿìû Q > π2/4.

2. Ïðè ëþáûõ êîíå÷íûõ çíà÷åíèÿõ a è V0 ÷èñëî äèñêðåòíûõ íå÷¼òíûõ óðîâíåé â ÿìå
êîíå÷íî (èëè íóëü).
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Ðèñ. 4.3:

Ðèñ. 4.4:

Ñðàâíåíèå äâèæåíèÿ êâàíòîâîé è êëàññè÷åñêîé ÷àñòèö ïðè E ≤ 0.
1. Êëàññè÷åñêàÿ ÷àñòèöà ìîæåò èìåòü ëþáóþ ýíåðãèþ â èíòåðâàëå −V0 ≤ E ≤ 0.

Êâàíòîâàÿ ÷àñòèöà ìîæåò íàõîäèòüñÿ òîëüêî íà îäíîì èç äèñêðåòíûõ óðîâíåé.
2. Ïëîòíîñòè âåðîÿòíîñòåé íàéòè ÷àñòèöó â òî÷êå ðàçëè÷àþòñÿ.

Ïîëîæèòåëüíûå ýíåðãèè E > 0.
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Ðåøåíèå äëÿ îáëàñòåé I, II, III

ψ1(x) = A1e
ikx +B1e

−ikx , (4.168)

ψ2(x) = A2e
iκx +B2e

−iκx , (4.169)

ψ3(x) = A3e
ikx +B3e

−ikx . (4.170)

Çäåñü

k =

√
2m

~2
E , (4.171)

κ =

√
2m

~2
(V0 + E) . (4.172)

Ñïåêòð íåïðåðûâíûé: E > 0.
Ïóñòü ÷àñòèöà íàëåòàåò íà ÿìó ñëåâà. Òîãäà |A1|2 çàäà¼ò ïëîòíîñòü ïîòîêà ïàäàþùèõ

÷àñòèö (ñì. Óð. (4.81), (4.84))

ji =
~k
m
|A1|2 , (4.173)

B3 = 0 . (4.174)

Èñïîëüçóÿ óñëîâèÿ ñøèâàíèÿ, îñòàâøèåñÿ êîýôôèöèåíòû B1 è A3 ìîæíî âûðàçèòü
÷åðåç A1. Îíè îïðåäåëÿþò ïëîòíîñòü ïîòîêà îòðàæ¼ííûõ è ïðîøåäøèõ ÷àñòèö

jr =
~k
m
|B1|2 , (4.175)

jt =
~k
m
|A3|2 . (4.176)

Â ÷àñòíîñòè

|A3|2 =
1

1 + p
|A1|2 , (4.177)

|B1|2 =
p

1 + p
|A1|2 , (4.178)

p =
V 2

0 sin2 2κa
4E(E + V0)

. (4.179)

Ââåä¼ì êîýôôèöèåíò îòðàæåíèÿ

R =
jr
ji

=
|B1|2

|A1|2
=

p

1 + p
(4.180)

è êîýôôèöèåíò ïðîõîæäåíèÿ

T =
jt
ji

=
|A3|2

|A1|2
=

1

1 + p
. (4.181)
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Âèäíî, ÷òî

R + T = 1 . (4.182)

Ðàññìîòðèì êàê ýòè êîýôôèöèåíòû âåäóò ñåáÿ â ïðåäåëå áîëüøèõ è ìàëûõ ýíåðãèé:

E → 0 , p → ∞ , R → 1 , T → 0 (4.183)

E → ∞ , p → 0 , R → 0 , T → 1 . (4.184)

Â ÷àñòíîñòè, åñëè E = En

En = V0

(
−1 +

1

Q

(π
2

)2

n2

)
, (4.185)

òî 2κa = nπ è p = 0. ßìà ïðè ýòèõ ýíåðãèÿõ ïîëíîñòüþ ïðîçðà÷íà. Òàêèå óðîâíè ýíåðãèè
íàçûâàþò ðåçîíàíñíûìè.

Òàê êàê E > 0, ìû èìååì óñëîâèå

n >
2
√
Q

π
. (4.186)

Ñðàâíåíèå äâèæåíèÿ êëàññè÷åñêîé è êâàíòîâîé ÷àñòèöû.
1. Ïðè ïîëîæèòåëüíûõ ýíåðãèÿõ âñå êëàññè÷åñêèå ÷àñòèöû ïðîõîäÿò ÷åðåç ÿìó, à

êâàíòîâûå ÷àñòèöû, â îáùåì ñëó÷àå, ÷àñòè÷íî îòðàæàþòñÿ îò ÿìû. Ïîâåäåíèå êëàññè÷å-
ñêîé è êâàíòîâîé ÷àñòèöû ñèëüíî îòëè÷àþòñÿ ïðè ìàëûõ ýíåðãèÿõ è î÷åíü ïîõîæè ïðè
áîëüøèõ ýíåðãèÿõ.

2. Ïðè ðåçîíàíñíûõ ýíåðãèÿõ

κa = 2l
π

2
, (4.187)

κa = (2l + 1)
π

2
(4.188)

äëÿ ÷¼òíûõ è íå÷¼òíûõ ðåøåíèÿõ ÿìà ñòàíîâèòñÿ ïîëíîñòüþ ïðîçðà÷íîé äëÿ êâàíòîâîé
÷àñòèöû (R = 0), à êâàäðàò àìïëèòóäû âíóòðè ÿìû äîñòèãàåò ìàêñèìóìà.
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4.7 Ïðÿìîóãîëüíûé ïîòåíöèàëüíûé áàðüåð

26.10.2021

Ìû ðàññìàòðèâàåì äâèæåíèå êâàíòîâîé ÷àñòèöû â ñëåäóþùåì ïîòåíöèàëå

V (x) =


0 , x < −a
V0 , −a ≤ x ≤ a
0 , x > a

, (4.189)

ãäå V0 > 0.

Ðèñ. 4.5:

Ãàìèëüòîíèàí ñèñòåìû èìååò âèä

Ĥ =
p̂2

2m
+ V (x) = − ~2

2m

d2

dx2
+ V (x) . (4.190)

Â òàêîì ïîòåíöèàëå ó ÷àñòèöû íåò äèñêðåòíîãî ñïåêòðà. Âåñü ñïåêòð íåïðåðûâíûé:
E > 0.

Çàäà÷ó ìîæíî ðåøàòü òàê, êàê ýòî áûëî ñäåëàíî äëÿ ïðÿìîóãîëüíîé ïîòåíöèàëüíîé
ÿìû (ñëó÷àé E > 0), çàìåíèâ V0 íà −V0.

Îïÿòü ðàçäåëèì âåùåñòâåííóþ îñü íà òðè ÷àñòè: I, II è III.
Ðåøåíèå äëÿ îáëàñòåé I, II, III

ψ1(x) = A1e
ikx +B1e

−ikx , (4.191)

ψ2(x) = A2e
iκx +B2e

−iκx , (4.192)

ψ3(x) = A3e
ikx +B3e

−ikx . (4.193)

Çäåñü

k =

√
2m

~2
E , (4.194)

κ =

√
2m

~2
(−V0 + E) . (4.195)
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Ïóñòü ÷àñòèöà íàëåòàåò íà ïîòåíöèàëüíûé áàðüåð ñëåâà, |A1|2. Ïîòîê ÷àñòèö, íà-
ëåòàþùèõ ñëåâà, îïðåäåëÿåòñÿ êîýôôèöèåíòîì A1. Ïîòîê ÷àñòèö, íàëåòàþùèõ ñïðàâà,
îïðåäåëÿåòñÿ êîýôôèöèåíòîì B3, ïóñòü îí íóëåâîé

ji =
~k
m
|A1|2 , (4.196)

B3 = 0 . (4.197)

Ýíåðãèÿ íèæå áàðüåðà: 0 < E < V0.
Ðåøåíèå äëÿ îáëàñòåé I, II, III

ψ1(x) = A1e
ikx +B1e

−ikx , (4.198)

ψ2(x) = A2e
iκx +B2e

−iκx , (4.199)

ψ3(x) = A3e
ikx +B3e

−ikx . (4.200)

Çäåñü

k =

√
2m

~2
E , (4.201)

κ =

√
2m

~2
(−V0 + E) = −iα . (4.202)

Çàìåíÿÿ V0 íà −V0 â ôîðìóëàõ (4.201), (4.202), (4.180), (4.181), ïîëó÷àåì âûðàæåíèÿ
äëÿ êîýôôèöèåíòîâ ïðîõîæäåíèÿ è îòðàæåíèÿ:

R =
p

1 + p
, (4.203)

T =
1

1 + p
, (4.204)

p =
V 2

0 sin2(2κa)

4E(E − V0)
=

V 2
0 (−i sh(2αa))2

4E(E − V0)
(4.205)

=
V 2

0

4E(V0 − E)
sh2(2αa) (4.206)

α = iκ =

√
2m

~2
(V0 − E) (4.207)

Ïðè ýíåðãèÿõ 0 < E < V0 âåëè÷èíà p 6= 0 è ïðè óâåëè÷åíèè ýíåðãèè ìîíîòîííî
óáûâàåò, à ïðè E → 0 ïàðàìåòð p→∞. Èìååì,

E → 0 , p → ∞ , R → 1 , T → 0 , (4.208)

E → V0 , p → Q , R → Q

1 +Q
, T → 1

1 +Q
. (4.209)
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p =
V 2

0

4E(V0 − E)
sh2(2αa) =

V 2
0

4E(V0 − E)

[
(2αa)2 + O(α3)

]
(4.210)

=
V 2

0

4E(V0 − E)

[
4a2 2m

~2
(V0 − E) + O((V0 − E)3/2)

]
(4.211)

=
2ma2

E~2
V 2

0 + O((V0 − E)1/2) (4.212)

Q =
2ma2

E~2
V 2

0 . (4.213)

Ðèñ. 4.6: Âîëíîâàÿ ôóíêöèÿ ψ(x) êàê ôóíêöèÿ êîîðäèíàòû. Òîíêàÿ ñïëîøíàÿ
ëèíèÿ � Reψ, òî÷å÷íàÿ ëèíèÿ �Imψ, æèðíàÿ ñïëîøíàÿ ëèíèÿ � |ψ|.
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Ýíåðãèÿ âûøå áàðüåðà: E > V0. Çàìåíÿÿ V0 íà −V0 â ôîðìóëàõ (4.171), (4.172),
(4.179)

p =
V 2

0 sin2(2κa)

4E(E − V0)
=

(κ2 − k2)2 sin2(2κa)

(2κk)2
(4.214)

Êîýôôèöèåíòû îòðàæåíèÿ è ïðîõîæäåíèÿ èìåþò âèä

R =
p

1 + p
, (4.215)

T =
1

1 + p
. (4.216)

Ðèñ. 4.7:

Ñðàâíåíèå äâèæåíèÿ êëàññè÷åñêîé è óâàíòîâîé ÷àñòèö. 1. Ïðè E < V0êëàññè÷åñêèå
÷àñòèöû íå ìîãóò ïðîéòè ñêâîçü áàðüåð è îòðàæàþòñÿ (R = 1, T = 0). Êâàíòîâûå ÷àñòèöû
ìîãóò ïðîéòè ñêâîçü áàðüåð íåñìîòðÿ íà òî, ÷òî èõ ýíåðãèÿ ìåíüøå, ÷åì âûñîòà áàðüåðà.
Ýòî � òóííåëüíûé ýôôåêò.

2. Ïîâåäåíèå êâàíòîâûõ ÷àñòèö ïî÷òè íå ìåíÿåòñÿ, ïðè èçìåíåíèè ýíåðãèè îêîëî çíà-
÷åíèÿ E = V0. Êëàññè÷åñêèå ÷àñòèöû ïîëíîñòüþ îòðàæàþòñÿ ïðè E = V0 − 0 è ïîëíîñòü
îòðàæàþòñÿ ïðè E = V0 + 0.
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3. Ïðè E > V0 êëàññè÷åñêèå ÷àñòèöû ïîëíîñòüþ ïðîõîäÿò íàä áàðüåðîì. Áàðüåð âëè-
ÿåò òîëüêî íà ñêîðîñòü êëàññè÷åñêèõ ÷àñòèö. Êâàíòîâûå ÷àñòèöû ÷àñòè÷íî ïðîõîäÿò íàä
áàðüåðîì, ÷àñòè÷íî îòðàæàþòñÿ. Ýòî � íàäáàðüåðíîå îòðàæåíèå. Ëèøü ïðè íåêîòîðûõ,
ðåçîíàíñíûõ, ýíåðãèÿõ êâàíòîâûå ÷àñòèöû ïîëíîñòüþ ïðîõîäÿò ñêâîçü áàðüåð.

Ã.À. Ãàìîâ, ÓÔÍ 10, âûï.4, ñòð.531 (1930) �Î÷åðê ðàçâèòèÿ ó÷åíèÿ î ñòðîåíèè àòîì-
íîãî ÿäðà. Òåîðèÿ ðàäèîàêòèâíîãî ðàñïàäà�

https://doi.org/10.3367/UFNr.0010.193004d.0531
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4.8 Ãàðìîíè÷åñêèé îñöèëëÿòîð

Ìû ðàññìàòðèâàåì ÷àñòèöó, äâèãàþùóþñÿ â ïîòåíöèàëå

V (x) =
1

2
mω2x2 , (4.217)

ãäå m � ìàññà ÷àñòèöû, ω � ïàðàìåòð ïîòåíöèàëà.
Ìû áóäåì èçó÷àòü ñòàöèîíàðíûå ñîñòîÿíèÿ ýòîé ñèñòåìû

Ψ(x, t) = e−
i
~EtΨ(x) . (4.218)

Ñòàöèîíàðíîå óðàâíåíèå Øð¼äèíãåðà èìååò âèä(
p2

2m
+ V (x)

)
Ψ(x) = EΨ(x) , (4.219)(

− ~2

2m

d2

dx2
+

1

2
mω2x2

)
Ψ(x) = EΨ(x) . (4.220)

Ãàìèëüòîíèàí ñèñòåìû èìååò âèä

Ĥ(x) = − ~2

2m

d2

dx2
+

1

2
mω2x2 . (4.221)

Ñäåëàåì çàìåíó ïåðåìåííûõ

x = αξ . (4.222)

Ãàìèëüòîíèàí â íîâûõ ïåðåìåííûõ èìååò âèä

Ĥ(x) = − ~2

2mα2

d2

dξ2
+

1

2
mω2α2ξ2 . (4.223)

Âûáåðåì ïàðàìåòð α òàê, ÷òîáû

~2

2mα2
=

1

2
mω2α2 , (4.224)

α =

√
~
mω

. (4.225)

Âåëè÷èíà α èìååò ðàçìåðíîñòü äëèíû, ñîîòâåòñòâåííî, ïåðåìåííàÿ ξ áåçðàçìåðíàÿ.
Ïðè òàêîì âûáîðå α ìû ïîëó÷àåì

~2

2mα2
=

1

2
mω2α2 =

1

2
~ω . (4.226)
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Ãàìèëüòîíèàí â íîâûõ ïåðåìåííûõ çàïèñûâàåòñÿ êàê

Ĥ(ξ) =
1

2
~ω
(
− d2

dξ2
+ ξ2

)
. (4.227)

Ââåä¼ì îïåðàòîð

â =
1√
2

(
ξ +

d

dξ

)
. (4.228)

Îïåðàòîð â íå ýðìèòîâñêèé, òàê êàê îïåðàòîð d
dξ
íå ýðìèòîâñêèé. Çàìåòèì, ÷òî îïåðàòîð

èìïóëüñà p̂ = −i~ d
dξ
ÿâëÿåòñÿ ýðìèòîâñêèì.

Ýðìèòîâñêè ñîïðÿæ¼ííûé îïåðàòîð èìååò âèä

â+ =
1√
2

(
ξ − d

dξ

)
. (4.229)

Ðàññìîòðèì ïðîèçâåäåíèå îïåðàòîðîâ

ââ+ =
1

2

(
ξ +

d

dξ

)(
ξ − d

dξ

)
=

1

2

(
ξ2 − d2

dξ2
− ξ d

dξ
+

d

dξ
ξ

)
(4.230)

=
1

2

(
ξ2 − d2

dξ2
− ξ d

dξ
+ 1 + ξ

d

dξ

)
(4.231)

=
1

2

(
ξ2 − d2

dξ2
+ 1

)
(4.232)

â+â =
1

2

(
ξ − d

dξ

)(
ξ +

d

dξ

)
=

1

2

(
ξ2 − d2

dξ2
+ ξ

d

dξ
− d

dξ
ξ

)
(4.233)

=
1

2

(
ξ2 − d2

dξ2
+ ξ

d

dξ
− 1− ξ d

dξ

)
(4.234)

=
1

2

(
ξ2 − d2

dξ2
− 1

)
(4.235)

Ñîîòâåòñòâåííî, ìû ïîëó÷àåì

[â, â+] = ââ+ − â+â = 1 . (4.236)

Ãàìèëüòîíèàí ìîæíî çàïèñàòü êàê

Ĥ(ξ) = ~ω
(
â+â+

1

2

)
. (4.237)

Ãàìèëüòîíèàí ìîæåò áûòü îïðåäåë¼í ÷åðåç îïåðàòîð

N̂ = â+â . (4.238)
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Èññëåäóåì îïåðàòîð N̂ .
Èññëåäóåì ñïåêòð îïåðàòîðà

N̂ = â+â (4.239)

N̂ ϕ(ξ) = λϕ(ξ) (4.240)

〈ϕ|ϕ〉 = 1 . (4.241)

1. Ñîáñòâåííûå çíà÷åíèÿ íåîòðèöàòåëüíûå: λ ≥ 0.

λ = 〈ϕ|N̂ |ϕ〉 = 〈ϕ|â+â|ϕ〉 = 〈âϕ|âϕ〉 ≥ 0 . (4.242)

2. Åñëè ϕ � ñîáñòâåííàÿ ôóíêöèÿ îïåðàòîðà N̂ ñ ñîáñòâåííûì ÷èñëîì λ, òîãäà f = âϕ
ÿâëÿåòñÿ èëè íóë¼ì, èëè òàêæå ñîáñòâåííîé ôóíêöèåé ñ ñîáñòâåííûì çíà÷åíèåì λ− 1.

N̂f = â+ââϕ = (ââ+ − 1)âϕ = ââ+âϕ− âϕ (4.243)

= âN̂ϕ− âϕ = âλϕ− âϕ = (λ− 1)âϕ = (λ− 1)f . (4.244)

Çäåñü ìû èñïîëüçîâàëè, ÷òî [â, â+] = ââ+ − â+â = 1.
3. Îáîçíà÷èì ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå îïåðàòîðà N̂ êàê λ0 è ñîîòâåñòâóþ-

ùóþ ñîáñòâåííóþ ôóíêöèþ êàê ϕ0. Ïîêàæåì, ÷òî λ0 = 0.

âϕ0 = 0 (4.245)

λ0 = 〈ϕ0|â+â|ϕ0〉 = 〈âϕ0|âϕ0〉 = 0 . (4.246)

4. Âñå ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà N̂ öåëûå.

N̂ϕλ = λϕλ , ϕλ−m = âmϕλ 6= 0 , âϕλ−m = 0 . (4.247)

λ−m = 〈ϕλ−m|â+â|ϕλ−m〉 = 〈âϕλ−m|âϕλ−m〉 = 0 . (4.248)

Òàêèì îáðàçîì, ñîáñòâåííîå çíà÷åíèå λ öåëîå: λ = 0, 1, 2, . . .
5. Åñëè ϕ � ñîáñòâåííàÿ ôóíêöèÿ N̂ ñ ñîáñòâåííûì çíà÷åíèåì λ, òîãäà f = â+ϕ

ÿâëÿåòñÿ èëè íóë¼ì, èëè òàêæå ñîáñòâåííîé ôóíêöèåé ñ ñîáñòâåííûì çíà÷åíèåì λ+ 1.

N̂f = â+ââ+ϕ = â+(â+â+ 1)ϕ = â+N̂ϕ+ â+ϕ (4.249)

= â+λϕ+ â+ϕ = (λ+ 1)â+ϕ = (λ− 1)f . (4.250)

Ìû èñïîëüçîâàëè, ÷òî [â, â+] = ââ+ − â+â = 1.
Îïåðàòîðû â è â+ íàçûâàþòñÿ îïåðàòîðàìè ðîæäåíèÿ è óíè÷òîæåíèÿ, ñîîòâåò-

ñòâåííî.
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Òàêèì îáðàçîì, ìû ïîëó÷àåì

N̂ψn(ξ) = nψn(ξ) (4.251)

Ĥψn(ξ) = Enψn(ξ) , En = ~ω
(
n+

1

2

)
(4.252)

En+1 − En = ~ω . (4.253)

Óðîâíè ýíåðãèè ãàðìîíè÷åñêîãî îñöèëÿòîð ýêâèäèñòàíòíû.
Ïîëó÷èì ñîáñòâåííûå ôóíêöèè ãàìèëüòîíèàíà.
Áóäåì ïðåäïîëàãàòü, ÷òî ñîáñòâåííûå ôóíêöèè íîðìèðîâàííû êàê

〈ψn|ψn′〉 = δnn′ . (4.254)

Ðàññìîòðèì äåéñòâèå îïåðàòîðà â

âψn = cnψn−1 . (4.255)

〈âψn|âψn〉 = |cn|2〈ψn−1|ψn−1〉 = |cn|2 . (4.256)

Ðàññìîòðèì

〈âψn|âψn〉 = 〈ψn|â+â|ψn〉 = 〈ψn|N̂ |ψn〉 = n . (4.257)

Ìû ïîëó÷àåì

cn =
√
n (4.258)

âψn =
√
nψn−1 . (4.259)

Ìû ìîæåì çàïèñàòü

âψn =
√
nψn−1 (4.260)

âψn+1 =
√
n+ 1ψn (4.261)

â+âψn+1 =
√
n+ 1â+ψn . (4.262)

Ìû òàêæå ìîæåì çàïèñàòü

â+âψn+1 = N̂ψn+1 = (n+ 1)ψn+1 =
√
n+ 1â+ψn . (4.263)

Òàêèì îáðàçîì, ìû ïîëó÷àåì

â+ψn =
√
n+ 1ψn+1 . (4.264)
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Îáîçíà÷èì âîëíîâóþ ôóíêöèþ îñíîâíîãî ñîñòîÿíèÿ êàê ϕ0:

Ĥϕ0 = E0ϕ0 , E0 = ~ω
1

2
. (4.265)

Ðàññìîòðèì äåéñòâèå îïåðàòîðà â íà âîëíîâóþ ôóíêöèþ ϕ0

âϕ0(ξ) = 0 (4.266)

1√
2

(
ξ +

d

dξ

)
ϕ0(ξ) = 0 . (4.267)

Ðåøåíèå óðàâíåíèÿ èìååò âèä

ϕ0(ξ) =
1

π1/4
e−

1
2
ξ2 , (4.268)

〈ϕ0|ϕ0〉 =
1

π1/2

∞∫
−∞

dx e−ξ
2

= 1 . (4.269)

Âîëíîâàÿ ôóíêöèÿ îñíîâíîãî ñîñòîÿíèÿ èìååò âèä

ϕ0(ξ) =
1

π1/4
e−

1
2
ξ2 , 〈ϕ0|ϕ0〉 = 1 . (4.270)

Âîëíîâàÿ ôóíêöèÿ n-îãî ñîñòîÿíèÿ ìîæåò áûòü ïîëó÷åíà èç âîëíîâîé ôóíêöèè (n− 1)-
îãî ñîñòîÿíèÿ êàê

ψn =
1√
n
â+ψn−1 . (4.271)

Äàëåå ìû çàïèøåì

ψn =
1√

n(n− 1)
â+â+ψn−2 = . . . =

1√
n!

(â+)nϕ0 . (4.272)

Ìû ïîëó÷àåì

ψn(ξ) =
1√
n!

(â+)nϕ0(ξ) =
1

π1/4

1√
n!

(â+)ne−
1
2
ξ2 . (4.273)

Âîëíîâàÿ ôóíêöèÿ n-îãî ñîñòîÿíèÿ èìååò âèä

ψn(ξ) =
1

π1/4

1√
n!

(â+)ne−
1
2
ξ2 (4.274)

â+ =
1√
2

(
ξ − d

dξ

)
. (4.275)
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Ðàññìîòðèì ñëåäóþùåå îïåðàòîðíîå ðàâåíñòâî

e−
1
2
ξ2 â+e

1
2
ξ2 = e−

1
2
ξ2 1√

2

(
ξ − d

dξ

)
e

1
2
ξ2 (4.276)

=
1√
2
ξ − e−

1
2
ξ2 1√

2

([
d

dξ
e

1
2
ξ2
]

+ e
1
2
ξ2 d

dξ

)
(4.277)

= − 1√
2

d

dξ
. (4.278)

Âîëíîâóþ ôóíêöèþ n-îãî ñîñòîÿíèÿ ìîæíî çàïèñàòü êàê

ψn(ξ) =
1√
n!

(â+)nϕ0 (4.279)

=
1√
n!
â+ · â+ · . . . · â+︸ ︷︷ ︸

n

ϕ0 (4.280)

=
1√
n!
Ê â+Ê · â+Ê · . . . · â+Ê︸ ︷︷ ︸

n

ϕ0 (4.281)

=
1√
n!
e

1
2
ξ2e−

1
2
ξ2 (4.282)

× â+e
1
2
ξ2e−

1
2
ξ2 · â+e

1
2
ξ2e−

1
2
ξ2 · . . . · â+e

1
2
ξ2e−

1
2
ξ2︸ ︷︷ ︸

n

ϕ0 , (4.283)

ãäå

Ê = e
1
2
ξ2e−

1
2
ξ2 . (4.284)

ψn(ξ) =
1√
n!
e

1
2
ξ2 (4.285)

×
(
e−

1
2
ξ2 â+e

1
2
ξ2
)
· . . . ·

(
e−

1
2
ξ2 â+e

1
2
ξ2
)

︸ ︷︷ ︸
n

e−
1
2
ξ2ϕ0 (4.286)

=
1√
n!
e

1
2
ξ2
(
− 1√

2

d

dξ

)n
e−

1
2
ξ2ϕ0 , (4.287)

ψn(ξ) =
1

π1/4

(−1)n√
n!2n

e
1
2
ξ2 d

n

dξn
e−ξ

2

. (4.288)

Âîëíîâàÿ ôóíêöèÿ n-îãî ñîñòîÿíèÿ ìîæíî ïðåäñòàâèòü êàê

ψn(ξ) =
(−1)n√
n!2n

ψ0(ξ)Hn(ξ) , (4.289)
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ãäå

ψ0(ξ) =
1

π1/4
e−

1
2
ξ2 (4.290)

è Hn � ïîëèíîìû Ýðìèòà

Hn(ξ) = (−1)neξ
2 dn

dξn
e−ξ

2

. (4.291)

Òàêèì îáðàçîì, ñîáñòâåííûå ôóíêöèè ãàìèëüòîíèàíà åñòü

Ψn(x) =
1√
α
ψn

(x
α

)
(4.292)

〈Ψn|Ψn′〉 =

∞∫
−∞

dxΨ∗n(x)Ψn′(x) = δn,n′ . (4.293)

Ìû ïîëó÷àåì ñëåäóþùåå âûðàæåíèå äëÿ âîëíîâîé ôóíêöèè ψn(ξ)

âψn =
√
nψn−1 (4.294)

â+ψn =
√
n+ 1ψn+1 (4.295)

Ìû ìîæåì íàïèñàòü

1√
2

(
ξ +

d

dξ

)
ψn =

√
nψn−1 (4.296)

1√
2

(
ξ − d

dξ

)
ψn =

√
n+ 1ψn+1 . (4.297)

Îáðàùàÿ ýòî ðàâåíñòâî, ìû ïîëó÷àåì

ξψn =

√
n

2
ψn−1 +

√
n+ 1

2
ψn+1 (4.298)

d

dξ
ψn =

√
n

2
ψn−1 −

√
n+ 1

2
ψn+1 . (4.299)

Èñïîëüçóÿ ýòè ðàâåíñòâà ìû ïîëó÷àåì

ξ = 〈ψn|ξ̂|ψn〉 =

√
n

2
〈ψn|ψn−1〉+

√
n+ 1

2
〈ψn|ψn+1〉 = 0 (4.300)

d

dξ
= 〈ψn

∣∣∣∣ ddξ
∣∣∣∣ψn〉 =

√
n

2
〈ψn|ψn−1〉 −

√
n+ 1

2
〈ψn|ψn+1〉 = 0 . (4.301)
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xΨn =

√
~
mω

(√
n

2
Ψn−1 +

√
n+ 1

2
Ψn+1

)
(4.302)

d

dx
Ψn =

√
mω

~

(√
n

2
Ψn−1 −

√
n+ 1

2
Ψn+1

)
. (4.303)

Ñîîòâåòñòâåííî, ìû ïîëó÷àåì

x = 〈Ψn |x|Ψn〉 = α〈ψn |ξ|ψn〉 = 0 , (4.304)

p = 〈Ψn

∣∣∣∣−i~ ddx
∣∣∣∣Ψn〉 = −i~ 1

α
〈ψn

∣∣∣∣ ddξ
∣∣∣∣ψn〉 = 0 . (4.305)

x2 = (∆x)2 = 〈n|x2|n〉 (4.306)

=
∑
n′

〈n|x|n′〉〈n′|x|n〉 (4.307)

= [〈n|x|n+ 1〉〈n+ 1|x|n〉+ 〈n|x|n− 1〉〈n− 1|x|n〉] (4.308)

=

(√ ~
mω

√
n+ 1

2

)2

+

(√
~
mω

√
n

2

)2
 (4.309)

=
~
mω

(
n+

1

2

)
. (4.310)

Çäåñü ìû èñïîëüçîâàëè Óð. (4.302).

p2 = (∆p)2 = 〈n|p̂2|n〉 (4.311)

=
∑
n′

〈n|p̂|n′〉〈n′|p̂|n〉 = −~2
∑
n′

〈n| d
dx
|n′〉〈n′| d

dx
|n〉 (4.312)

= −~2[〈n| d
dx
|n+ 1〉〈n+ 1| d

dx
|n〉+ 〈n| d

dx
|n− 1〉〈n− 1| d

dx
|n〉] (4.313)

= −~2

−(√mω

~

√
n+ 1

2

)2

−
(√

mω

~

√
n

2

)2
 (4.314)

= mω~
(
n+

1

2

)
. (4.315)

Çäåñü ìû èñïîëüçîâàëè Óð. (4.303).
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Ñðàâíåíèå êëàññè÷åñêîãî è êâàíòîâîãî ãàðìîíè÷åñêîãî îñöèëëÿòîðà
1. Ïîëíàÿ ýíåðãèÿ êëàññè÷åñêîãî îñöèëÿòîðà ìîæåò ïðèíèìàòü ëþáûå ïîëîæèòåëü-

íûå çíà÷åíèÿ, íà÷èíàÿ ñ íóëÿ. Ïðè E = 0 ÷àñòèöà ïîêîèòñÿ â íà÷àëå êîîðäèíàò.
Äëÿ êâàíòîâîãî îñöèëëÿòîðà ìèíèìàëüíàÿ ýíåðãèÿ

E0 =
1

2
~ω . (4.316)

Óðîâíè ýíåðãèè êâàíòîâîãî îñöèëëÿòîðà ýêâèäèñòàíòíû

En = ~ω
(
n+

1

2

)
(4.317)

En+1 − En = ~ω . (4.318)

2. Ñðåäíèå çíà÷åíè êîîðäèíàòû è èìïóëüñà ðàâíû íóëþ

x̄ = 0 , (4.319)

p̄ = 0 . (4.320)

3. Ñâÿçü ýíåðãèè è ñðåäíåêâàäðàòè÷íîãî îòêëîíåíèÿ (äèñïåðñèè êîîðäèíàòû) îäèíà-
êîâà äëÿ êëàññè÷åñêîãî è êâàíòîâîãî ãàðìîíè÷åñêîãî îñöèëëÿòîðà

En = mω2(∆x)2 = mω2〈n|x2|n〉 (4.321)

= mω2 ~
mω

(
n+

1

2

)
(4.322)

= ~ω
(
n+

1

2

)
. (4.323)

Çäåñü ìû èñïîëüçîâàëè Óð. (4.310).
4. Òåîðåìà âèðèàëà âûïîëíÿåòñÿ äëÿ êâàíòîâîãî è êëàññè÷åñêîãî îñöèëÿòîðà

Ēn = V (x) , (4.324)

〈n|V (x)|n〉 = 〈n| p̂
2

2m
|n〉 (4.325)

Äåéñòâèòåëüíî, èñïîëüçóÿ Óð. (4.310) è (4.315), ìû ïîëó÷àåì

V (x) = 〈n|V (x)|n〉 =
mω2

2
〈n|x2|n〉 (4.326)

=
mω2

2

~
mω

(
n+

1

2

)
=

ω~
2

(
n+

1

2

)
, (4.327)
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〈n| p̂
2

2m
|n〉 =

1

2m
mω~

(
n+

1

2

)
=

ω~
2

(
n+

1

2

)
. (4.328)

5. Äèñïåðñèè êîîðäèíàòû è èìïóëüñà èìåþò âèä

(∆x)2 = (x− x̄)2 = x̄2 =
~
mω

(
n+

1

2

)
(4.329)

(∆p)2 = (p− p̄)2 = p̄2 = mω~
(
n+

1

2

)
(4.330)

(∆p)2(∆x)2 = ~2

(
n+

1

2

)2

. (4.331)

Äëÿ ñëó÷àÿ îñíîâíîãî ñîñòîÿíèÿ (n = 0)

(∆p)(∆x) =
~
2
. (4.332)

Ñîîòíîøåíèå íåîïðåäåë¼ííîñòè Ãåéçåíáåðãà èìååò âèä ðàâåíñòà.

Ðèñ. 4.8:
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Ðèñ. 4.9:
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4.9 Êîãåðåíòíûå ñîñòîÿíèÿ ãàðìîíè÷åñêîãî îñöèëëÿòî-

ðà

30.10.2021

Êîãåðåíòíûå ñîñòîÿíèÿ � ýòî ñîñòîÿíèÿ, äëÿ êîòîðûõ

∆x∆px =
~
2

(4.333)

âûïîëíåíî â êàæäûé ìîìåíò âðåìåíè. Ðàññìîòðèì òàêèå ñîñòîÿíèÿ â ïîòåíöèàëå ãàðìî-
íè÷åñêîãî îñöèëëÿòîðà Óð. (4.217).

Çàìå÷àíèå: êîãåðåíòíûå ñîñòîÿíèÿ ìîæíî îïðåäåëèòü äëÿ ëþáîé ïàðû íåêîììóòèðó-
þùèõ îïåðàòîðîâ. Ìû ðàññìàòðèâàåì òîëüêî ñîñòîÿíèÿ êîãåðåíòíûå äëÿ îïåðàòîðîâ x̂ è
p̂.

Âàæíûì ñâîéñòâîì ñïåêòðà ãàðìîíè÷åñêîãî îñöèëëÿòîðà ÿâëÿåòñÿ òî, ÷òî óðîâíè
ýíåðãèè ýêâèäèñòàíòíûå

En = ~ω
(
n+

1

2

)
, (4.334)

En+1 − En = ~ω , ∀n . (4.335)

Ìû ââîäèëè îïåðàòîð óíè÷òîæåíèÿ êàê

â =
1√
2

(
ξ +

d

dξ

)
, (4.336)

òîãäà ãàìèëüòîíèàí ñèñòåìû ìîæíî áûëî ïðåäñòàâèòü êàê

Ĥ = ω~
(
â+â+

1

2

)
. (4.337)

Ðàññìîòðèì, êàê âûãëÿäèò îïåðàòîð óíè÷òîæåíèÿ (â) â ïðåäñòàâëåíèè Ãåéçåíáåðãà.
Ñîáñòâåííàÿ ôóíêöèÿ Ãàìèëüòîíèàíà â ïðåäñòàâëåíèèØð¼äèíãåðà ìîæåò áûòü çàïèñàíà
â âèäå (ñì. Óð. (3.427))

|ψn,S(t)〉 = e−
i
~Ent|ψn,S(0)〉 . (4.338)

Ðàññìîòðèì ìàòðè÷íûå ýëåìåíòû îïåðàòîðà óíè÷òîæåíèÿ (â). Ðàññìîòðèì âñå íåíóëå-
âûå ìàòðè÷íûå ýëåìåíòû. Òàê êàê ñêàëÿðíîå ïðîèçâåäåíèå íå çàâèñèò îò ïðåäñòàâëåíèÿ,
ìû ìîæåì çàïèñàòü

〈ψn−1,H|âH(t)|ψn,H〉 = 〈ψn−1,S(t)|âS|ψn,S(t)〉 (4.339)

= e−
i
~ (En−En−1)t〈ψn−1,S(0)|âS|ψn,S(0)〉 (4.340)

= e−iωt〈ψn−1,S(0)|âS|ψn,S(0)〉 (4.341)

= 〈ψn−1,H|e−iωtâS|ψn,H〉 . (4.342)
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|ψn,H〉 = |ψn,S(0)〉 . (4.343)

Ìû ïîëó÷àåì, ÷òî äëÿ âñåõ íåíóëåâûõ ìàòðè÷íûõ ýëåìåíòîâ îïåðàòîðà óíè÷òîæåíèÿ
èìååò ìåñòî ðàâåíñòâî

〈ψn−1,H|âH(t)|ψn,H〉 = 〈ψn−1,H|e−iωtâS|ψn,H〉 . (4.344)

Òàêèì îáðàçîì, ìû ïîëó÷àåì

âH(t) = e−iωtâS (4.345)

Îïåðàòîð óíè÷òîæåíèÿ ÿâëÿåòñÿ íåýðìèòîâûì îïåðàòîðîì. Ðàññìîòðèì åãî ñîáñòâåí-
íûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè

â|ψz〉 = z|ψz〉 . (4.346)

Çàìåòèì, ÷òî îïåðàòîð â ìîæíî ïðåäñòàâèòü â âèäå

â =
1√
2

(
ξ +

d

dξ

)
=

1√
2

(ξ̂ + ip̂ξ) , (4.347)

p̂ξ = −i d
dξ
. (4.348)

Ïðåäñòàâèì ñîáñòâåííîå ÷èñëî z òàêèì æå îáðàçîì

z =
1√
2

(ξ0 + ipξ,0) , ξ0, pξ,0 ∈ R . (4.349)

Ðàññìîòðèì ñîáñòâåííóþ ôóíêöèþ îïåðàòîðà â ñ ñîáñòâåííûì ÷èñëîì z

â|ψz〉 = z|ψz〉 (4.350)
1√
2

(ξ̂ + ip̂ξ)|ψz〉 =
1√
2

(ξ0 + ipξ,0)|ψz〉 (4.351)[
(ξ̂ − ξ0) + i(p̂ξ − pξ,0)

]
|ψz〉 = 0 . (4.352)

Òàêîå äèôôåðåíöèàëüíîå óðàâíåíèå ìû óæå ðàññìàòðèâàëè (ñì. Óð. (3.543))

ψz(ξ) =
1

π1/4
exp

{
ipξ,0ξ −

(ξ − ξ0)2

2

}
(4.353)

ψz(ξ, 0) = ψz(ξ) . (4.354)
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|ψz(t)〉 = Ŝ(t, 0)|ψz(0)〉 , (4.355)

â|ψz(0)〉 = z|ψz(0)〉 , (4.356)

Ŝ(t, 0)â|ψz(0)〉 = Ŝ(t, 0)z|ψz(0)〉 = z|ψz(t)〉 . (4.357)

âH(t) = Ŝ−1(t, 0)âŜ(t, 0) = e−iωtâ (4.358)

âH(−t) = Ŝ−1(−t, 0)âŜ(−t, 0) = Ŝ(t, 0)âŜ−1(t, 0) = eiωtâ (4.359)

Ŝ(t, 0)â|ψz(0)〉 = Ŝ(t, 0)âŜ−1(t, 0) · Ŝ(t, 0)|ψz(0)〉 (4.360)

= âH(−t)|ψz(t)〉 = eiωtâ|ψz(t)〉 = z|ψz(t)〉 . (4.361)

eiωtâ|ψz(t)〉 = z|ψz(t)〉 , (4.362)

â|ψz(t)〉 = e−iωtz|ψz(t)〉 . (4.363)

Ìû ïîêàçàëè, ÷òî |ψz(t)〉, êàê è ôóíêöèÿ |ψz(0)〉, ÿâëÿåòñÿ ñîáñòâåííîé ôóíêöèåé
îïåðàòîðà â, íî ñ äðóãèì ñîáñòâåííûì ÷èñëîì e−iωtz.

z(0) =
1√
2

(ξ0 + ipξ,0) , (4.364)

z(t) = e−iωt
1√
2

(ξ0 + ipξ,0) (4.365)

=
1√
2

(ξ0 cos(ωt) + pξ,0 sin(ωt) + ipξ,0 cos(ωt)− iξ0 sin(ωt)) (4.366)

=
1√
2

(ξ(t) + ipξ(t)) , (4.367)

ξ(t) = ξ0 cos(ωt) + pξ,0 sin(ωt) , (4.368)

pξ(t) = pξ,0 cos(ωt)− ξ0 sin(ωt) . (4.369)

ψz(ξ, t) =
1

π1/4
exp

{
ipξ(t)ξ −

(ξ − ξ(t))2

2

}
. (4.370)

Ñîãëàñíî Óð. (8.63), (4.292) ïåðåõîä îò ôóíêöèè ψz(ξ, t) èìååò âèä

Ψz(x, t) =
1√
α
ψz

(x
α
, t
)
, α =

√
~
mω

. (4.371)
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Ψz(x, t) =
1√
α

1

π1/4
exp

{
ipξ(t)

x

α
−

( x
α
− ξ(t))2

2

}
(4.372)

=
1

(α2π)1/4
exp

{
ipx(t)x

~
− (x− x(t))2

2α2

}
, (4.373)

ãäå

x(t) = αξ(t) , (4.374)

px(t) =
~
α
pξ(t) =

√
m~ω pξ(t) , (4.375)

x(t) = x0 cos(ωt) +
px,0
mω

sin(ωt) , (4.376)

px(t) = px,0 cos(ωt)− x0mω sin(ωt) . (4.377)

Ýòè óðàâíåíèÿ íàäî ñðàâíèòü ñ Óð (3.483), (3.484).
Äåéñòâèòåëüíî, ñâÿçü áåçðàçìåðíûõ ξ è áåçðàçìåðíûõ pξ ñ èçíà÷àëüíûìè êîîðäèíà-

òàìè è èìïóëüñàìè èìååò âèä

x = αξ =

√
~
mω

ξ , (4.378)

px =
~
α
pξ =

√
m~ω pξ . (4.379)

Ìû ìîæåì çàïèñàòü
~
α
pξ(t) =

~
α
pξ,0 cos(ωt)− ~

α
ξ0 sin(ωt) , (4.380)

px(t) = px,0 cos(ωt)− ~
α

x0

α
sin(ωt) (4.381)

= px,0 cos(ωt)− x0mω sin(ωt) . (4.382)

αξ(t) = αξ0 cos(ωt) + αpξ,0 sin(ωt) , (4.383)

x(t) = x0 cos(ωt) + αpξ,0 sin(ωt) (4.384)

= x0 cos(ωt) + α
α

~
px,0 sin(ωt) (4.385)

= x0 cos(ωt) +
px,0
mω

sin(ωt) . (4.386)

Âîëíîâàÿ ôóíêöèÿ (4.373) îïèñûâàåò êîãåðåíòíîå ñîñòîÿíèå, äëÿ êîòîðîãî

∆x∆px =
~
2

(4.387)

â ëþáîé ìîìåíò âðåìåíè. Êîãåðåíòíûå ñîñòîÿíèÿ â îòëè÷èå îò äðóãèõ ñîñòîÿíèé íå ðàñ-
ïëûâàþòñÿ ñî âðåìåíåì. Òàêèå ñîñòîÿíèÿ ñóùåñòâóþò â ïîòåíöèàëå ãàðìîíè÷åñêîãî îñöè-
ëÿòîðà Óð. (4.217). Â êîãåðåíòíûõ ñîñòîÿíèÿõ ýíåðãèÿ íå èìååò îïðåäåë¼ííîãî çíà÷åíèÿ.
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4.10 Èìïóëüñíîå ïðåäñòàâëåíèå óðàâíåíèÿ Øð¼äèíãå-

ðà

Ĥψ(x) = Eψ(x) , (4.388)

p̂2

2m
ψ(x) + V (x)ψ(x) = Eψ(x) . (4.389)

Âñïîìíèì, ÷òî åñòü èìïóëüñíîå ïðåäñòàâëåíèå.
Ðàññìîòðèì ñîáñòâåííûå ôóíêöèè îïåðàòîðà èìïóëüñà â êîîðäèíàòíîì ïðåäñòàâëå-

íèè

p̂φp(x) = −i~ d
dx
φp(x) = pφp(x) , (4.390)

φp(x) = (2π~)−1/2e
i
~px , (4.391)

〈φp|φp′〉 = δ(p− p′) . (4.392)

Ôóíêöèÿ ψ â èìïóëüñíîì ïðåäñòàâëåíèè èìååò âèä

ψ̃(p) = 〈φp|ψ〉 = (2π~)−1/2

∞∫
−∞

dx φ∗p(x)ψ(x) (4.393)

= (2π~)−1/2

∞∫
−∞

dx e−
i
~pxψ(x) . (4.394)

Ðàññìîòðèì îïåðàòîðû êîîðäèíàòû è èìïóëüñà â èìïóëüñíîì ïðåäñòàâëåíèè (ñì. 2.13)

ˆ̃pψ̃(p) = pψ̃(p) , (4.395)

ˆ̃xψ̃(p) = i~
d

dp
ψ̃(p) . (4.396)

Ñîáñòâåííûå ôóíêöèè îïåðàòîðà êîîðäèíàòû â èìïóëüñíîì ïðåäñòàâëåíèè

ˆ̃xϕ̃x(p) = i~
d

dp
ϕ̃x(p) = xϕ̃x(p) , (4.397)

ϕ̃x(p) = (2π~)−1/2e−
i
~px . (4.398)

〈ϕ̃x|ϕ̃x′〉 = δ(x− x′) . (4.399)

Ôóíêöèþ ψ â êîîðäèíàòíîì ïðåäñòàâëåíèè ìîæíî ïðåäñòàâèòü â âèäå

ψ(x) = 〈ϕ̃x|ψ̃〉 = (2π~)−1/2

∞∫
−∞

dp ϕ̃∗x(p)ψ̃(p) (4.400)

= (2π~)−1/2

∞∫
−∞

dp e
i
~pxψ̃(p) . (4.401)
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V (x) =

∞∫
−∞

dp′′ e
i
~p
′′xV ′(p′′) , (4.402)

V ′(p) = (2π~)−1

∞∫
−∞

dx e−
i
~pxV (x) . (4.403)

p̂2

2m
ψ(x) + V (x)ψ(x) = Eψ(x) , (4.404)

(2π~)−1/2

∞∫
−∞

dp
p̂2

2m
e
i
~pxψ̃(p) + (2π~)−1/2

∞∫
−∞

dp′
∞∫

−∞

dp′′ e
i
~p
′′xV ′(p′′)e

i
~p
′xψ̃(p′) = (4.405)

= E(2π~)−1/2

∞∫
−∞

dp e
i
~pxψ̃(p) , (4.406)

∞∫
−∞

dp
p2

2m
e
i
~pxψ̃(p) +

∞∫
−∞

dp′
∞∫

−∞

dp′′ e
i
~ (p′+p′′)xV ′(p′′)ψ̃(p′) = (4.407)

= E

∞∫
−∞

dp e
i
~pxψ̃(p) , (4.408)

Ñäåëàåì çàìåíó ïåðåìåííûõ èíòåãðèðîâàíèÿ

p = p′ + p′′ , p′′ = p− p′ . (4.409)

Óðàâíåíèå Øð¼äèíãåðà ïðèíèìàåò âèä

∞∫
−∞

dp
p2

2m
e
i
~pxψ̃(p) +

∞∫
−∞

dp

∞∫
−∞

dp′ e
i
~ (p)xV ′(p− p′)ψ̃(p′) = (4.410)

= E

∞∫
−∞

dp e
i
~pxψ̃(p) , (4.411)

∞∫
−∞

dp e
i
~px

 p2

2m
ψ̃(p) +

∞∫
−∞

dp′ V ′(p− p′)ψ̃(p′)− Eψ̃(p)

 = 0 (4.412)
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p2

2m
ψ̃(p) +

∞∫
−∞

dp′ V ′(p− p′)ψ̃(p′) = Eψ̃(p) . (4.413)

Ýòî óðàâíåíèå ñ ó÷¼òîì îïðåäåëåíèÿ (4.403) åñòü óðàâíåíèå Øð¼äèíãåðà â èìïóëüñíîì
ïðåäñòàâëåíèè.

Ðàññìîòðèì ïîòåíöèàë

V (x) = −αδ(x) , α > 0 . (4.414)

V ′(p) = (2π~)−1

∞∫
−∞

dx e−
i
~px(−α)δ(x) = − α

2π~
. (4.415)

Óðàâíåíèå Øð¼äèíãåðà â èìïóëüñíîì ïðåäñòàâëåíèè ïðèìåò âèä

p2

2m
ψ̃(p)− α

2π~

∞∫
−∞

dp′ ψ̃(p′) = Eψ̃(p) , (4.416)

p2

2m
ψ̃(p)− c α

2π~
= Eψ̃(p) , (4.417)

ãäå

c =

∞∫
−∞

dp′ ψ̃(p′) . (4.418)

ψ̃(p) =
cα

2π~
1

( p
2

2m
− E)

=
mα

π~
c

(p2 − 2mE)
. (4.419)

Ïîäñòàâèì ôóíêöèþ ψ̃(p) â òàêîì âèäå â Óð. (4.418)

c =

∞∫
−∞

dp
mα

π~
c

(p2 − 2mE)
. (4.420)
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Ïîëó÷àåì óñëîâèå íà ýíåðãåòè÷åñêèé ñïåêòð (E < 0)

1 =

∞∫
−∞

dp
mα

π~
1

(p2 − 2mE)
=

mα

π~

∞∫
−∞

dp
1

(p2 + 2m|E|)
(4.421)

=
mα

π~

∞∫
−∞

dp
1

(p+ i
√

2m|E|)(p− i
√

2m|E|)
=

mα

π~
(2πi)

1

2i
√

2m|E|
(4.422)

=
α

~

√
m

2(−E)
. (4.423)

E = −mα
2

2~2
. (4.424)

Ïîëó÷àåì, ÷òî ñóùåñòâóåò åäèíñòâåííûé äèñêðåòíûé óðîâåíü ýíåðãèè (ñì. Óð. (4.143)).
Îòâå÷àþùàÿ åìó âîëíîâàÿ ôóíêöèÿ â èìïóëüñíîì ïðåäñòàâëåíèè èìååò âèä Óð. (4.419).

Íîðìèðóÿ ôóíêöèþ ψ̃(p) íà åäèíèöó, ïîëó÷àåì, ÷òî

c =

√
2πmα

~
. (4.425)

Äåéñòâèòåëüíî, ðàññìîòðèì íîðìèðîâêó ôóíêöèè ψ̃(p)

1 =

∞∫
−∞

dp |ψ̃(p)|2 =

∞∫
−∞

dp
(mα
π~

)2 |c|2

(p2 − 2mE)2
(4.426)

=
(mα
π~

)2

|c|2
∞∫

−∞

dp
1

(p+ i
√

2m|E|)2(p− i
√

2m|E|)2
(4.427)

=
(mα
π~

)2

|c|2(2πi)
d

dp

1

(p+ i
√

2m|E|)2

∣∣∣∣∣
p=i
√

2m|E|

(4.428)

=
(mα
π~

)2

|c|2(2πi)
(−2)

(2i
√

2m|E|)3
(4.429)

=
m1/2α2

π~225/2|E|3/2
|c|2 (4.430)

=
~

2πmα
|c|2 . (4.431)

Òàêèì îáðàçîì, íîðìèðîâàííàÿ íà åäèíèöó ôóíêöèÿ ψ̃(p) èìååò âèä

ψ̃(p) =

√
2m3α3

π~3

1

(p2 − 2mE)
, E = −mα

2

2~2
. (4.432)
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Íàéä¼ì, êàê ýòà ôóíêöèÿ âûãëÿäèò â êîîðäèíàòíîì ïðåäñòàâëåíèè

ψ(x) = (2π~)−1/2

√
2m3α3

π~3

∞∫
−∞

dp e
i
~px

1

(p2 − 2mE)
(4.433)

=

√
m3α3

π2~4

∞∫
−∞

dp e
i
~px

1

(p+ i
√

2m|E|)(p− i
√

2m|E|)
(4.434)

=

√
m3α3

π2~4

(
θ(x)

(2πi)

(2i
√

2m|E|)
e
i
~xi
√

2m|E| (4.435)

+ θ(−x)
(−2πi)

(−2i
√

2m|E|)
e
i
~x(−i
√

2m|E|)

)
(4.436)

=
√
κ e−κ|x| , (4.437)

ãäå

κ =
αm

~2
. (4.438)

Òàêèì îáðàçîì, íîðìèðîâàííàÿ íà åäèíèöó ôóíêöèÿ ψ(x) èìååò âèä

ψ(x) =
√
κ e−κ|x| . (4.439)

Ýòî íàäî ñðàâíèòü ñ Óð. (4.144).
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Ãëàâà 5

Äèæåíèå â öåíòðàëüíîì ïîëå

5.1 Îïåðàòîð îðáèòàëüíîãî ìîìåíòà

Îïåðàòîð èìïóëüñà èìååò âèä

p̂ = −i~∇ . (5.1)

Ôèçè÷åñêîé âåëè÷èíå, îðáèòàëüíîìó ìîìåíòó, îòâå÷àåò îïåðàòîð

[r̂ × p̂] = ~l̂ , (5.2)

ãäå ìû ââåëè áåçðàçìåðíûé îïåðàòîð l̂. Îïåðàòîð l̂ áóäåì íàçûâàòü îïåðàòîðîì îðáè-
òàëüíîãî ìîìåíòà.

Êîìïîíåíòû îïåðàòîðà îðáèòàëüíîãî ìîìåíòà, ñîîòâåòñòâåííî, ðàâíû

~l̂x = r̂yp̂z − r̂zp̂y , (5.3)

~l̂y = r̂zp̂x − r̂xp̂z , (5.4)

~l̂z = r̂xp̂y − r̂yp̂x (5.5)

èëè

l̂x = −i
(
y
∂

∂z
− z ∂

∂y

)
, (5.6)

l̂y = −i
(
z
∂

∂x
− x ∂

∂z

)
, (5.7)

l̂z = −i
(
x
∂

∂y
− y ∂

∂x

)
. (5.8)

Óäîáíî ââåñòè ñîîòâåòñòâèå

(x, y, z) = (rx, ry, rz) = (r1, r2, r3) , (5.9)

(x, y, z) = (1, 2, 3) , (5.10)
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òîãäà êîìïîíåíòû îïåðàòîðà îðáèòàëüíîãî ìîìåíòà çàïèñûâàþòñÿ êàê

~l̂i =
3∑

j,k=1

εijkr̂j p̂k , (5.11)

ãäå εijk � åäèíè÷íûé àíòèñèììåòðè÷íûé òåíçîð (ñèìâîë Ëåâè-×èâèòà)

ε123 = ε231 = ε312 = 1 , (5.12)

ε213 = ε321 = ε132 = −1 (5.13)

εiij = 0 . (5.14)

Ðàññìîòðèì ðàçëè÷íûå êîììóòàòîðû

[r̂i, r̂j] = 0 , [p̂i, p̂j] = 0 , [p̂i, r̂j] = −i~δij . (5.15)

Ïîêàæåì, ÷òî ñëåäóþùèå êîììóòàòîðû èìåþò òàêîé âèä

[r̂i, l̂j] = i
3∑

k=1

εijkr̂k , (5.16)

[p̂i, l̂j] = i
3∑

k=1

εijkp̂k , (5.17)

[l̂i, l̂j] = i
3∑

k=1

εijk l̂k . (5.18)

[r̂i, l̂j] =
1

~

3∑
k,l=1

εjkl[r̂i, r̂kp̂l] =
1

~

3∑
k,l=1

εjkl(r̂ir̂kp̂l − r̂kp̂lr̂i) =
1

~

3∑
k,l=1

εjklr̂k[r̂i, p̂l] (5.19)

=
1

~

3∑
k,l=1

εjklr̂ki~δil = i
3∑

k=1

εjkir̂k = i
3∑

k=1

εijkr̂k . (5.20)

[p̂i, l̂j] =
1

~

3∑
k,l=1

εjkl[p̂i, r̂kp̂l] =
1

~

3∑
k,l=1

εjkl(p̂ir̂kp̂l − r̂kp̂lp̂i) =
1

~

3∑
k,l=1

εjkl[p̂i, r̂k]p̂l (5.21)

=
1

~

3∑
k,l=1

εjkl(−i~)δikp̂l = −i
3∑
l=1

εjilp̂l = i

3∑
l=1

εijlp̂l . (5.22)
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Ïðåäñòàâëÿÿ ïåðâûé îïåðàòîð îðáèòàëüíîãî ìîìåíòà â âèäå (5.11), çàïèøåì

[l̂i, l̂j] =
1

~

3∑
k,l=1

εikl[r̂kp̂l, l̂j] =
1

~

3∑
k,l=1

εikl(r̂kp̂l l̂j − l̂j r̂kp̂l) (5.23)

=
1

~

3∑
k,l=1

εikl

r̂k l̂j p̂l + i

3∑
m=1

εljmr̂kp̂m − l̂j r̂kp̂l

 (5.24)

=
1

~

3∑
k,l=1

εikl

(
[r̂k, l̂j]p̂l + i

3∑
m=1

εljmr̂kp̂m

)
(5.25)

=
1

~

3∑
k,l=1

εikl

(
i

3∑
m=1

εkjmr̂mp̂l + i

3∑
m=1

εljmr̂kp̂m

)
(5.26)

=
1

~
i

3∑
k,l,m=1

(εiklεkjmr̂mp̂l + εiklεljmr̂kp̂m) .

Â ïåðâîì ÷ëåíå ìû ñäåëàåì çàìåíó (k, l,m) → (k′, j′, i′), âî âòîðîì ÷ëåíå ìû çàìåíåì
(k, l,m)→ (i′, k′, j′)

[l̂i, l̂j] =
1

~
i

3∑
k′,i′,j′=1

(εik′j′εk′ji′ + εii′k′εk′jj′)r̂i′ p̂j′ (5.27)

=
1

~
i

3∑
k′,i′,j′=1

(εij′k′εi′jk′ + εii′k′εjj′k′)r̂i′ p̂j′ (5.28)

=
1

~
i

3∑
i′,j′=1

(δii′δj′j −����δijδj′i′ +����δijδi′j′ − δij′δi′j)r̂i′ p̂j′ (5.29)

=
1

~
i

3∑
i′,j′=1

(δii′δj′j − δij′δi′j)r̂i′ p̂j′ (5.30)

=
1

~
i

3∑
k,i′,j′=1

εijkεi′j′kr̂i′ p̂j′ (5.31)

= i

3∑
k=1

εijk l̂k . (5.32)

Çäåñü èñïîëüçîâàëîñü òîæäåñòâî

3∑
k=1

εijkεi′j′k = δii′δjj′ − δij′δji′ . (5.33)
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Ñîãëàñíî Óð. (5.18) ðàçëè÷íûå ïðîåêöèè îïåðàòîðà óãëîâîãî ìîìåíòà íå êîììóòèðóþò,
ñëåäîâàòåëüíî, íå ìîãóò áûòü èçìåðåíû îäíîâðåìåííî.

~2[l̂x, l̂y] = ~2(l̂xl̂y − l̂y l̂x) (5.34)

= (r̂yp̂z − r̂zp̂y)(r̂zp̂x − r̂xp̂z)− (r̂zp̂x − r̂xp̂z)(r̂yp̂z − r̂zp̂y) (5.35)

= r̂yp̂z r̂zp̂x −����
�r̂yp̂z r̂xp̂z −XXXXXr̂zp̂yr̂zp̂x + r̂zp̂yr̂xp̂z (5.36)

−r̂zp̂xr̂yp̂z +XXXXXr̂zp̂xr̂zp̂y +���
��r̂xp̂z r̂yp̂z − r̂xp̂z r̂zp̂y (5.37)

= r̂yp̂z r̂zp̂x − r̂zp̂xr̂yp̂z + r̂zp̂yr̂xp̂z − r̂xp̂z r̂zp̂y (5.38)

= r̂y(−i~ +��
�r̂zp̂z )p̂x −����

�r̂zp̂xr̂yp̂z +XXXXXr̂zp̂yr̂xp̂z − r̂x(−i~ +HHHr̂zp̂z )p̂y (5.39)

= i~(r̂xp̂y − r̂yp̂x) = i~2l̂z . (5.40)

[l̂x, l̂y] = il̂z , (5.41)

[l̂y, l̂z] = il̂x , (5.42)

[l̂z, l̂x] = il̂y . (5.43)

5.1.1 Îïåðàòîðû ñäâèãà è ïîâîðîòà

Ðàññìîòðèì îïåðàòîð ñäâèãà

ψ(r) → ψ(r + δa) , (5.44)

ãäå δa � ìàëîå èçìåíåíèå âåêòîðà r. Ñ òî÷íîñòüþ äî ÷ëåíîâ ïîðÿäêà δa2 ôóíêöèÿ
ψ(r + δa) ìîæåò áûòü çàïèñíà êàê

ψ(r + δa) = ψ(r) + δa ·∇ψ(r) + O(δa2) = ψ(r) +
i

~
δa · p̂ψ(r) + O(δa2) . (5.45)

Çäåñü ãðàäèåíò âûðàæåí ÷åðåç îïåðàòîð èìïóëüñà. Äëÿ êîíå÷íîãî ñäâèãà (a) íåîáõîäèìî
ó÷èòûâàòü âñå ÷ëåíû ðÿäà Òåéëîðà, ÷òî äà¼ò

ψ(r + a) = ψ(r) +
∞∑
n=1

(a∇)n

n!
ψ(r) = exp(a∇)ψ(r) = exp

(
i

~
ap̂

)
ψ(r) . (5.46)

Ðàâåíñòâî (5.46) óñòàíàâëèâàåò ñâÿçü îïåðàòîðà ñäâèãà èëè òðàíñëÿöèè (T̂a) è îïåðàòîðà
èìïóëüñà

T̂aψ(r) = ψ(r + a) = exp

(
i

~
ap̂

)
ψ(r) . (5.47)
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Ðàññìîòðèì ïîâîðîò íà áåñêîíå÷íî ìàëûé óãîë δα (ïîâîðîò íà óãîë δα âîêðóã îñè,
çàäàâàåìîé âåêòîðîì δα). [Â èçíà÷àëüíîé âåðèè êîíñïåêòà óãîë ïîâîðîòà îáîçíà÷àëñÿ
êàê δϕ è çàòåì ϕ.] Ýòî ñîîòâåòñòâóåò èçìåíåíèþ âåêòîðà r íà âåëè÷èíó

δa = [δα× r] + O(δα2) . (5.48)

Èñïîëüçóÿ Óð. (5.45), ìîæåì çàïèñàòü

ψ(r + δa) = ψ(r) +
i

~
δa · p̂ψ(r) = ψ(r) +

i

~
[δα× r]p̂ψ(r) + O(δα2)

= ψ(r) +
i

~
δα · [r × p̂]ψ(r) + O(δα2) (5.49)

= ψ(r) + iδα · l̂ψ(r) + O(δα2) . (5.50)

Áåç äîêàçàòåëüñòâà: îïåðàòîð ïîâîðîòà íà êîíå÷íûé óãîë α âîêðóã îñè, çàäàâàåìîé âåê-
òîðîì α, (r → r′) èìååò âèä

R̂αψ(r) = ψ′(r) = exp(iαl̂)ψ(r) . (5.51)

Åñëè ãàìèëüòîíèàí êîììóòèðóåò ñ îïåðàòîðàìè p̂ èëè l̂:

[Ĥ, p̂] = 0 , [Ĥ, l̂] = 0 , (5.52)

òî ôóíêöèè ψ(r) è ψ̃(r) = T̂aψ(r) èëè ψ(r) è ψ̃(r) = R̂αψ(r), ñîîòâåòñòâåííî, îïèñû-
âàþò îäíî è òî æå ñîñòîÿíèå ñèñòåìû è óäîâëåòâîðÿþò îäíîìó è òîìó æå óðàâíåíèþ
Øð¼äèíãåðà

Ĥψ(r) = Eψ(r) , Ĥψ̃(r) = Eψ̃(r) . (5.53)

Äåéñòâèòåëüíî, ðàññìîòðèì

Ĥψ̃(r) = ĤT̂aψ(r) = T̂aĤψ(r) = ET̂aψ(r) = Eψ̃(r) , (5.54)

Ĥψ̃(r) = ĤR̂αψ(r) = R̂αĤψ(r) = ER̂αψ(r) = Eψ̃(r) . (5.55)

Ñëåäîâàòåëüíî, èíâàðèàíòíîñòü ñèñòåìû îòíîñèòåëüíî ñäâèãà èëè ïîâîðîòà îïðåäå-
ëÿåòñÿ òåì, êîììóòèðóåò ëè ñîîòâåòñòâóþùèé îïåðàòîð ñ ãàìèëüòîíèàíîì. Èñïîëüçóÿ
èçâåñòíîå âûðàæåíèå äëÿ ïðîèçâîäíîé îïåðàòîðà (ñì. Óð. (3.249))

d

dt
Â =

∂

∂t
Â+

i

~
[Ĥ, Â] , (5.56)

ìîæíî óòâåðæäàòü, ÷òî ñîõðàíåíèå ïðîåêöèè èìïóëüñà (èëè ïðîåêöèè ìîìåíòà èìïóëüñà)
íà çàäàííóþ îñü îïðåäåëÿåòñÿ èíâàðèàíòíîñòüþ ñèñòåìû ê ñäâèãó (èëè âðàùåíèþ âîêðóã
ýòîé îñè), ñîîòâåòñòâåííî. Ýòîò ðåçóëüòàò ïîëó÷àëñÿ è â êëàññè÷åñêîé ìåõàíèêå.
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5.1.2 Èíâåðñèÿ

Ðàññìîòðèì îïåðàòîð èíâåðñèè

P̂ψ(r) = ψ(−r) . (5.57)

Â ñôåðè÷åñêèõ êîîðäèíàòàõ èíâåðñèÿ âûãëÿäèò êàê

P̂ψ(r, θ, ϕ) = ψ(r, π − θ, π + ϕ) . (5.58)

Äëÿ ïðîèçâîëüíîé ôóíêöèè ψ(r) ìîæíî çàïèñàòü

p̂P̂ψ(r) = p̂ψ(−r) = −
(
−i~ ∂

∂(−r)
ψ(−r)

)
= −P̂ p̂ψ(r) . (5.59)

Ñëåäîâàòåëüíî, îïåðàòîð èìïóëüñà åñòü ïîëÿðíûé âåêòîð.
Òàêæå äëÿ ïðîèçâîëüíîé ôóíêöèè ψ(r) ìîæíî çàïèñàòü

l̂P̂ψ(r) = [r̂ × p̂]ψ(−r) = [(−r̂)× (−p̂)]ψ(−r) = P̂ l̂ψ(r) . (5.60)

Ñëåäîâàòåëüíî, îïåðàòîð îðáèòàëüíîãî ìîìåíòà åñòü àêñèàëüíûé âåêòîð èëè ïñåâäîâåê-
òîð.

5.2 Îïåðàòîð îðáèòàëüíîãî ìîìåíòà â ñôåðè÷åñêèõ êî-

îðäèíàòàõ

Ñôåðè÷åñêèå êîîðäèíàòû ñâÿçàíû ñ äåêàðòîâûìè êîîðäèíàòàìè ñîîòíîøåíèÿìè

x = r sin θ cosϕ , (5.61)

y = r sin θ sinϕ , (5.62)

z = r cos θ . (5.63)

Ðàññìîòðèì îïåðàòîð

−i ∂
∂ϕ

= −i
(
∂x

∂ϕ

∂

∂x
+
∂y

∂ϕ

∂

∂y
+
∂z

∂ϕ

∂

∂z

)
= −i

(
−r sin θ sinϕ

∂

∂x
+ r sin θ cosϕ

∂

∂y

)
(5.64)

= −i
(
−y ∂

∂x
+ x

∂

∂y

)
= l̂3 = l̂z . (5.65)

Â ïîñëåäíåì ðàâåíñòâå èñïîëüçîâàëîñü Óð. (5.8).
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Òàêèì îáðàçîì, îïåðàòîð l̂3 â ñôåðè÷åñêèõ êîîðäèíàòàõ èìååò âèä

l̂z = −i ∂
∂ϕ

. (5.66)

Íàéä¼ì ñïåêòð ýòîãî îïåðàòîðà

−i ∂
∂ϕ

ψm(ϕ) = mψm(ϕ) (5.67)

ψm(ϕ) = (2π)−1/2eimϕ . (5.68)

Èç óñëîâèÿ

ψm(ϕ) = ψm(ϕ+ 2π) (5.69)

eimϕ = eimϕ+im2π , ∀ϕ (5.70)

ïîëó÷àåòñÿ, ÷òî ñîáñòâåííûå ÷èñëà m äîëæíû áûòü öåëûìè ÷èñëàìè (m ∈ Z). Ñïåêòð
îïåðàòîðà l̂z ÷èñòî äèñêðåòíûé. Ñîáñòâåííûå âåêòîðà îáðàçóþò îðòîíîðìèðîâàííóþ ñè-
ñòåìó

2π∫
0

dϕψ∗m′(ϕ)ψm(ϕ) = (2π)−1

2π∫
0

dϕ ei(m−m
′)ϕ = δmm′ . (5.71)

Çäåñü ïåðåìåííàÿ ϕ ìåíÿåòñÿ îò 0 äî 2π.
Èòàê, ñïåêòð îïåðàòîðà l̂z � âñå öåëûå ÷èñëà (îò ìèíóñ áåñêîíå÷íîñòè äî ïëþñ áåñêî-

íå÷íîñòè), ñîáñòâåííàÿ ôóíêöèÿ èìååò âèä Óð. (5.68).

Îïåðàòîð êâàäðàòà îðáèòàëüíîãî ìîìåíòà èìååò âèä (ñì. Óð. (3.409))

l̂2 = l̂2 = l̂2x + l̂2y + l̂2z (5.72)

= −
(

1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin2 θ

∂2

∂ϕ2

)
. (5.73)

Îïåðàòîð Ëàïëàñà ñâÿçàí ñ îïåðàòîðîì êâàäðàòà îðáèòàëüíîãî ìîìåíòà êàê

∆ =
1

r2

∂

∂r
r2 ∂

∂r
− 1

r2
l̂2 . (5.74)

Çàìåòèì, ÷òî îïåðàòîðû l̂2 è l̂z êîììóòèðóþò

[l̂2, l̂z] = 0 . (5.75)
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Ýòî çíà÷èò, ÷òî ó íèõ åñòü îáùèé áàçèñ (ñì. ïàðàãðàô 2.15).
Ñîáñòâåííûìè ôóíêöèÿìè îïåðàòîðîâ l̂2 è l̂3 ÿâëÿþòñÿ ñôåðè÷åñêèå ôóíêöèè Ylm(θ, ϕ)

(spherical harmonics )

l̂2Ylm(θ, ϕ) = l(l + 1)Ylm(θ, ϕ) , l = 0, 1, 2, . . . (5.76)

l̂3Ylm(θ, ϕ) = mYlm(θ, ϕ) , m = −l, . . . , l . (5.77)

Ñôåðè÷åñêèå ôóíêöèè îáðàçóþò îðòîíîðìèðîâàííóþ ñèñòåìó

2π∫
0

dϕ

π∫
0

dθ sin θ Y ∗lm(θ, ϕ)Yl′m′(θ, ϕ) = δll′δmm′ . (5.78)

Ïîëó÷èì ÿâíûé âèä ñôåðè÷åñêèõ ôóíêöèé. Ñîáñòâåííûå ôóíêöèè îïåðàòîðà l̂z èìåþò
âèä Óð. (5.68). Ñîîòâåòñòâåííî, ôóíêöèè Ylm áóäåì èñêàòü â âèäå

Ylm(θ, ϕ) = Θlm(θ)Φm(ϕ) , (5.79)

ãäå

Φm(ϕ) = eimϕ , 0 ≤ ϕ ≤ 2π , (5.80)

0 ≤ θ ≤ π , (5.81)

òîãäà

l̂zYlm(θ, ϕ) = Θlm(θ)l̂zΦm(ϕ) = mΘlm(θ)Φm(ϕ) = mYlm(θ, ϕ) . (5.82)

Ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà l̂2 áóäåì èñêàòü â âèäå l(l + 1):

l̂2Ylm(θ, ϕ) = l(l + 1)Ylm(θ, ϕ) (5.83)

−
(

1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin2 θ

∂2

∂ϕ2

)
Θlm(θ)Φm(ϕ) = l(l + 1)Θlm(θ)Φm(ϕ) , (5.84)

−
(

1

sin θ

∂

∂θ
sin θ

∂

∂θ
− 1

sin2 θ
m2

)
Θlm(θ) = l(l + 1)Θlm(θ) . (5.85)

Çàïèøåì ýòî óðàâíåíèå â òàêîì âèäå(
1

sin θ

∂

∂θ
sin θ

∂

∂θ
+ l(l + 1)− m2

sin2 θ

)
Θlm(θ) = 0 . (5.86)

Ñäåëàåì çàìåíó ïåðåìåííûõ

x = cos θ , dx =
dx

dθ
dθ = − sin θ dθ , −1 ≤ x ≤ 1 , (5.87)

Pm
l (x) = Θ(θ(x)) , (5.88)
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òîãäà ìû ïîëó÷àåì ñëåäóþùåå óðàâíåíèå(
d

dx
sin2 θ

d

dx
+ l(l + 1)− m2

sin2 θ

)
Pm
l (x) = 0 , (5.89)(

d

dx
(1− x2)

d

dx
+ l(l + 1)− m2

1− x2

)
Pm
l (x) = 0 . (5.90)

Ýòî óðàâíåíèå èìååò íåíóëåâûå ðåøåíèÿ, íåîñîáûå íà −1 ≤ x ≤ 1, òîëüêî åñëè l è m
� öåëûå ÷èñëà ñ 0 ≤ m ≤ l èëè ñ òðèâèàëüíî ýêâèâàëåíòíûìè îòðèöàòåëüíûìè çíà÷å-
íèÿìè m. Íåñèíãóëÿðíûìè ðåøåíèÿìè ÿâëÿþòñÿ ïðèñîåäèí¼ííûå ïîëèíîìû Ëåæàíäðà
(associated Legendre polynomials)

Pm
l (x) =

(−1)m

2ll!
(1− x2)m/2

dl+m

dxl+m
(x2 − 1)l , m ≥ 0 , (5.91)

P−ml (x) = (−1)m
(l −m)!

(l +m)!
Pm
l (x) , m ≥ 0 . (5.92)

Çàìåòèì, ÷òî

Pm
l (x) = 0 , åñëè |m| > l , (5.93)

Pm
l (−x) = (−1)l+mPm

l (x) . (5.94)

Òàêèì îáðàçîì, ÷¼òíîñòü ïðèñîåäèí¼ííîãî ïîëèíîìà Ëåæàíäðà Pm
l (x) îïðåäåëÿåòñÿ l+m.

Îïðåäåë¼ííûå òàêèì îáðàçîì ïðèñîåäèí¼ííûå ïîëèíîìû Ëåæàíäðà íîðìèðóþòñÿ êàê

1∫
−1

dxPm
l′ (x)Pm

l (x) = δll′
2(l +m)!

(2l + 1)(l −m)!
. (5.95)

Òàêèì îáðàçîì, ñôåðè÷åñêèå ôóíêöèè ìîæíî ïðåäñòàâèòü â âèäå (ñì. [2] ñòð. 118,
� 5.2, Óð. (1), (3))

Ylm(θ, ϕ) = (2π)−1/2eimϕ

√
(2l + 1)(l −m)!

2(l +m)!
Pm
l (cos θ) , m = −l, . . . , l . (5.96)

Òàê îïðåäåë¼ííûå ñôåðè÷åñêèå ôóíêöèè íîðìèðîâàíû óñëîâèåì (5.78).
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P 0
0 (x) = 1 , (5.97)

P 1
1 (x) = −(1− x2)1/2 (5.98)

P 0
1 (x) = x , (5.99)

P−1
1 (x) =

1

2
(1− x2)1/2 , (5.100)

P 2
2 (x) = 3(1− x2) , (5.101)

P 1
2 (x) = −3x(1− x2)1/2 , (5.102)

P 0
2 (x) =

1

2
(3x2 − 1) , (5.103)

P−1
2 (x) =

1

2
x(1− x2)1/2 (5.104)

P−2
2 (x) =

1

8
(1− x2) . (5.105)

Y0,0(θ, ϕ) =

√
1

4π
, (5.106)

Y1,1(θ, ϕ) = −
√

3

8π
sin θeiϕ , (5.107)

Y1,0(θ, ϕ) =

√
3

4π
cos θ , (5.108)

Y1,−1(θ, ϕ) =

√
3

8π
sin θe−iϕ , (5.109)

Y2,2(θ, ϕ) =

√
15

32π
sin2 θe2iϕ , (5.110)

Y2,1(θ, ϕ) = −
√

15

8π
cos θ sin θeiϕ , (5.111)

Y2,0(θ, ϕ) =

√
5

16π
(3 cos2 θ − 1) , (5.112)

Y2,−1(θ, ϕ) =

√
15

8π
cos θ sin θe−iϕ , (5.113)

Y2,−2(θ, ϕ) =

√
15

32π
sin2 θe−2iϕ . (5.114)

Ýòî îïðåäåëåíèå øàðîâûõ ôóíêöèé ñîâïàäàåò ñ îïðåäåëåíèåì â [2] (ñì. ñòð. 135, � 5.13,
Óð. (1-3)).
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Ðèñ. 5.1:

Ñ ó÷¼òîì Óð. (5.92) è (5.96) ìû ïîëó÷àåì

Y ∗lm(θ, ϕ) = (−1)mYl,−m(θ, ϕ) . (5.115)

Ñ ó÷¼òîì Óð. (5.94) è (5.96) ìû ïîëó÷àåì

P̂ Ylm(θ, ϕ) = Ylm(π − θ, π + ϕ) = (−1)lYlm(θ, ϕ) . (5.116)

Òàêèì îáðàçîì, ÷¼òíîñòü ñôåðè÷åñêîé ôóíêöèè Ylm(θ, ϕ) îïðåäåëÿåòñÿ l.

Ñôåðè÷åñêèå ôóíêöèè îáðàçóþò ïîëíóþ ñèñòåìó ôóíêöèé, çàâèñÿùèõ îò θ è ϕ:
0 ≤ θ ≤ π è 0 ≤ ϕ ≤ 2π. Ôóíêöèè Ylm(θ, ϕ) îáðàçóþò îáùèé áàçèñ äëÿ îïåðàòîðîâ l̂2 è l̂z:

l̂2Ylm(θ, ϕ) = l(l + 1)Ylm(θ, ϕ) , l = 0, 1, 2, . . . , (5.117)

l̂zYlm(θ, ϕ) = mYlm(θ, ϕ) , m = −l, . . . , l , (5.118)
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ãäå l, m � öåëûå ÷èñëà. Ñïåêòðû îïåðàòîðîâ l̂2 è l̂z ÷èñòî äèñêðåòíûå. Âåëè÷èíó l èëè ~l
íàçûâàþò îðáèòàëüíûì ìîìåíòîì (ýòî ñêàëÿð), êàæäîå çíà÷åíèå l îêàçûâàåòñÿ (2l + 1)-
êðàòíî âûðîæäåííûì. Âåëè÷èíó m èëè ~m íàçûâàþò ïðîåêöèåé îðáèòàëüíîãî ìîìåíòà
íà îñü z èëè ìàãíèòíûì êâàíòîâûì ÷èñëîì.

×¼òíîñòü ôóíêöèé Ylm(θ, ϕ) îïðåäåëÿåòñÿ âåëè÷èíîé l (ñì. Óð. (5.116)).
Óãëîâóþ çàâèñèìîñòü ïðîèçâîëüíóþ ôóíêöèè ψ(r) ìîæíî ïðåäñòàâèòü â âèäå ðàçëî-

æåíèÿ ïî ïîëíîìó íàáîðó ñôåðè÷åñêèõ ôóíêöèé

ψ(r) =
∞∑
l=0

l∑
m=−l

clm(r)Ylm(θ, ϕ) . (5.119)

Çàìå÷àíèå: ðàçìåðíîé ôèçè÷åñêîé âåëè÷èíå � îðáèòàëüíîìó ìîìåíòó � îòâå÷àåò îïå-
ðàòîð ~l̂. Ñîîòâåòñòâåííî, êîãäà ìû ãîâîðèì, ÷òî îðáèòàëüíûé ìîìåíò ðàâåí l, ìû èìååì
â âèäó l~.

5.3 Îïåðàòîð ìîìåíòà

09.11.2021

Îïåðàòîð ĵ íàçûâàþò îïåðàòîðîì ìîìåíòà èëè ìîìåíòîì, åñëè îí èìååò òðè êîìïî-
íåíòû

ĵ =

 ĵ1
ĵ2
ĵ3

 ,

êàæäàÿ èç êîòîðûõ ÿâëÿåòñÿ íåíóëåâûì ýðìèòîâñêèì îïåðàòîðîì

ĵ+
i = ĵi , i = 1, 2, 3 ,

è äëÿ íèõ âûïîëíåíû ñîîòíîøåíèÿ

[ĵi, ĵj] = i
3∑

k=1

εijkĵk , i, j, k = 1, 2, 3 . (5.120)

Ðàâåíñòâà Óð. (5.120) ìîæíî çàïèñàòü â âåêòîðíîé ôîðìå

[ĵ × ĵ] = i ĵ . (5.121)

Îòìåòèì, ÷òî, ñîãëàñíî Óð. (5.18), îïåðàòîð îðáèòàëüíîãî ìîìåíòà l̂ ÿâëÿåòñÿ îïåðàòîðîì
ìîìåíòà.
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Ââåä¼ì îïåðàòîð êâàäðàòà ìîìåíòà

ĵ2 = ĵ2
1 + ĵ2

2 + ĵ2
3 . (5.122)

Ðàññìîòðèì êîììóòàòîð

[ĵ2, ĵi] =
∑
j

[ĵ2
j , ĵi] =

∑
j

(ĵj ĵj ĵi − ĵj ĵiĵj + ĵj ĵiĵj − ĵiĵj ĵj)

=
∑
j

(ĵj[ĵj, ĵi] + [ĵj ĵi]ĵj) = i
∑
jk

εjik(ĵj ĵk + ĵkĵj) = 0 . (5.123)

Èç Óð. (5.123) ñëåäóåò, ÷òî êâàäðàò ìîìåíòà ìîæåò áûòü èçìåðåí îäíîâðåìåííî ñ ëþáîé
ïðîåêöèåé ìîìåíòà.

Ââåä¼ì ïîâûøàþùèé (ĵ+) è ïîíèæàþùèé (ĵ−) îïåðàòîðû

ĵ+ = ĵ1 + i ĵ2 , (5.124)

ĵ− = ĵ1 − i ĵ2 . (5.125)

Ðàññìîòðèì êîììóòàòîðû

[ĵ3, ĵ+] = [ĵ3, ĵ1] + i [ĵ3, ĵ2] = i ĵ2 + ĵ1 = ĵ+ , (5.126)

[ĵ3, ĵ−] = [ĵ3, ĵ1]− i [ĵ3, ĵ2] = i ĵ2 − ĵ1 = −ĵ− , (5.127)

[ĵ3, ĵ±] = ±ĵ± . (5.128)

è âûðàæåíèÿ

ĵ+ĵ− = (ĵ1 + i ĵ2)(ĵ1 − i ĵ2) = ĵ2
1 + ĵ2

2 + i ĵ2ĵ1 − iĵ1ĵ2 (5.129)

= ĵ2
1 + ĵ2

2 − i [ĵ1, ĵ2] = ĵ2 − ĵ2
3 + ĵ3 , (5.130)

ĵ−ĵ+ = (ĵ1 − i ĵ2)(ĵ1 + i ĵ2) = ĵ2
1 + ĵ2

2 − i ĵ2ĵ1 + iĵ1ĵ2 (5.131)

= ĵ2
1 + ĵ2

2 + i [ĵ1, ĵ2] = ĵ2 − ĵ2
3 − ĵ3 . (5.132)

Èññëåäóåì ñïåêòð îïåðàòîðà ìîìåíòà. Ââåä¼ì ñîáñòâåííûå ôóíêöèè îïåðàòîðîâ ĵ2 è
ĵ3

ĵ2|λ〉 = λ|λ〉 (5.133)

ĵ3|µ〉 = µ|µ〉 . (5.134)

Äåéñòâèÿ ïîíèæàþùåãî è ïîâûøàþùåãî îïåðàòîðà íà ñîáñòâåííûé âåêòîð |µ〉 ìîæíî
ïðåäñòàâèòü â âèäå

ĵ3ĵ+|µ〉 = ĵ+ĵ3|µ〉+ ĵ+|µ〉 = (µ+ 1)ĵ+|µ〉 , (5.135)

ĵ3ĵ−|µ〉 = ĵ−ĵ3|µ〉 − ĵ−|µ〉 = (µ− 1)ĵ−|µ〉 , (5.136)

ĵ3ĵ±|µ〉 = (µ± 1)ĵ±|µ〉 . (5.137)
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Òàêèì îáðàçîì, åñëè ĵ±|µ〉 6= 0, òîãäà ĵ±|µ〉 ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì îïåðàòîðà ĵ3

ñ ñîáñòâåííûì çíà÷åíèåì (µ± 1), ñîîòâåòñòâåííî.
Îïåðàòîðû l̂x, l̂y, l̂z, ĵ± êîììóòèðóþò ñ îïåðàòîðîì ĵ2 (ñì. Óð. (5.123)) , ñëåäîâàòåëü-

íî, ýòè îïåðàòîðû íå ìåíÿþò ñîáñòâåííîå ÷èñëî λ. Â ÷àñòíîñòè, íåíóëåâîé âåêòîð ĵ±|λ〉
ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì äëÿ îïåðàòîðà ĵ2 ñ ñîáñòâåííûì çíà÷åíèåì λ

ĵ2 ĵ±|λ〉 = ĵ±ĵ
2|λ〉 = λĵ±|λ〉 . (5.138)

Ðàññìîòðèì âåêòîðà |λ, µ〉, êîòîðûå ÿâëÿþòñÿ îäíîâðåìåííî ñîáñòâåííûìè âåêòîðàìè
äëÿ îïåðàòîðîâ ĵ2 è ĵ3.

ĵ2|λ, µ〉 = λ|λ, µ〉 (5.139)

ĵ3|λ, µ〉 = µ|λ, µ〉 . (5.140)

Áóäåì âåçäå ïðåäïîëàãàòü, ÷òî

〈λ, µ|λ, µ〉 = 1 . (5.141)

Ðàññìîòðèì îïåðàòîð

ĵ2 − ĵ2
3 = ĵ2

1 + ĵ2
2 . (5.142)

Ýòî ïîëîæèòåëüíî îïðåäåë¼ííûé îïåðàòîð, ñëåäîâàòåëüíî,

〈λ, µ|ĵ2
1 + ĵ2

2 |λ, µ〉 = 〈λ, µ|ĵ2 − ĵ2
3 |λ, µ〉 = λ− µ2 ≥ 0 , ∀λ, µ . (5.143)

Ýòî óñòàíàâëèâàåò îãðàíè÷åíèå íà âîçìîæíûå çíà÷åíèÿ µ ïðè ôèêñèðîâàííîì λ

µ2 ≤ λ . (5.144)

Ïóñòü äëÿ ôèêñèðîâàííîãî λ ìèíèìàëüíîå è ìàêñèìàëüíîå çíà÷åíèÿ µ åñòü µ1 è µ2,
ñîîòâåòñòâåííî. Òîãäà

0 = 〈λ, µ1|ĵ+ĵ−|λ, µ1〉 = 〈λ, µ1|(ĵ2 − ĵ2
3 + ĵ3)|λ, µ1〉 = λ− µ2

1 + µ1 , (5.145)

0 = 〈λ, µ2|ĵ−ĵ+|λ, µ2〉 = 〈λ, µ2|(ĵ2 − ĵ2
3 − ĵ3)|λ, µ2〉 = λ− µ2

2 − µ2 . (5.146)

Âîçüì¼ì ðàçíîñòü Óð. (5.145) è Óð. (5.146)

0 = µ2
2 − µ2

1 + µ2 + µ1 = (µ2 + µ1)(µ2 − µ1 + 1) . (5.147)

Òàê êàê µ2 ≥ µ1, òî

µ2 − µ1 + 1 ≥ 1 , µ2 + µ1 = 0 . (5.148)
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Îáîçíà÷èì ìàêñèìàëüíîå è ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå îïåðàòîðà ĵ3 ïðè ôèê-
ñèðîâàííîì λ êàê

µ2 = j , µ1 = −j . (5.149)

Òîãäà, ñîãëàñíî Óð. (5.145) èëè Óð. (5.146), ñîáñòâåííîå çíà÷åíèå îïåðàòîðà ĵ2 ðàâíÿåòñÿ

λ = j(j + 1) . (5.150)

Ðàññìîòðèì ìíîãîêðàòíîå äåéñòâèå îïåðàòîðîâ ĵ± íà âåêòîð |λ, µ〉. Ïîäåéñòâóåì ïî-
âûøàþùèì îïåðàòîðîì (ĵ+) k ðàç, òàê ÷òîáû

ĵk+|λ, µ〉 = C|λ,m2〉 6= 0 , m2 = µ+ k , ĵk+1
+ |λ, µ〉 = Cĵ+|λ,m2〉 = 0 . (5.151)

Ñëåäóþùèé ìàòðè÷íûé ýëåìåíò äîëæåí ðàâíÿòüñÿ íóëþ

0 = 〈λ,m2|ĵ−ĵ+|λ,m2〉 = 〈λ,m2|(ĵ2 − ĵ2
3 − ĵ3)|λ,m2〉 = j(j + 1)−m2

2 −m2 .(5.152)

Èç Óð. (5.152) ñëåäóåò äâà âîçìîæíûõ çíà÷åíèÿ m2:

m2 = j , (5.153)

m2 = −j − 1 . (5.154)

Çíà÷åíèå m2 = −j − 1 ïðîòèâîðå÷èò Óð. (5.149) è äîëæíî áûòü îòáðîøåíî.
Ïîäåéñòâóåì ïîíèæàþùèì îïåðàòîðîì (ĵ−) l ðàç, òàê ÷òîáû

ĵl−|λ, µ〉 = C|λ,m1〉 6= 0 , m1 = µ− l , ĵl+1
− |λ, µ〉 = Cĵ−|λ,m1〉 = 0 (5.155)

Ñëåäóþùèé ìàòðè÷íûé ýëåìåíò äîëæåí ðàâíÿòüñÿ íóëþ

0 = 〈λ,m1|ĵ+ĵ−|λ,m1〉 = 〈λ,m1|(ĵ2 − ĵ2
3 + ĵ3)|λ,m1〉 = j(j + 1)−m2

1 +m1(5.156)

Èç Óð. (5.156) ñëåäóåò äâà âîçìîæíûõ çíà÷åíèÿ m1:

m1 = −j (5.157)

m1 = j + 1 (5.158)

Çíà÷åíèå m1 = j + 1 ïðîòèâîðå÷èò Óð. (5.149) è äîëæíî áûòü îòáðîøåíî.
Ðàññìîòðèì ðàçíîñòü âîçìîæíûõ çíà÷åíèé m2 è m1

m2 −m1 = k + l = 2j . (5.159)

Òàêèì îáðàçîì j è µ � öåëûå èëè ïîëóöåëûå ÷èñëà. Ïîëîæèì λ = j(j + 1), µ = m, òîãäà
Óð. (5.139), (5.140) ïðèìóò âèä

|λ, µ〉 = |j(j + 1),m〉 → |jm〉 (5.160)

ĵ2|jm〉 = j(j + 1)|jm〉 (5.161)

ĵ3|jm〉 = m|jm〉 , m = −j, −j + 1, . . . , j − 1, j . (5.162)
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Ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà ĵ2 n-êðàòíî âûðîæäåíû, ãäå

n = 2j + 1 . (5.163)

Ðàññìîòðèì ìàòðè÷íûé ýëåìåíò

〈j,m|ĵ−ĵ+|j,m〉 = 〈j,m|ĵ−Êĵ+|j,m〉 (5.164)

=
∑
j′

j′∑
m′=−j′

〈j,m|ĵ−|j′,m′〉〈j′,m′|ĵ+|j,m〉 (5.165)

=

j∑
m′=−j

〈j,m|ĵ−|j,m′〉〈j,m′|ĵ+|j,m〉 (5.166)

= 〈j,m|ĵ−|j,m+ 1〉〈j,m+ 1|ĵ+|j,m〉 (5.167)

= |〈j,m+ 1|ĵ+|j,m〉|2 = |〈j,m|ĵ−|j,m+ 1〉|2 (5.168)

= 〈j,m|(ĵ2 − ĵ2
3 − ĵ3)|j,m〉 = j(j + 1)−m2 −m. (5.169)

Ýòî îïðåäåëÿåò äåéñòâèå îïåðàòîðîâ ĵ± íà ôóíêöèþ |j,m〉. Âûáîð ôàçîâîãî ìíîæèòåëÿ
íå îïðåäåë¼í, îäíàêî îáû÷íî åãî ôèêñèðóþò, íàêëàäûâàÿ ñîîòâåòñòâóþùèå óñëîâèÿ íà
ôóíêöèè |j,m〉 ( [2]: Âàðøàëîâè÷ �5.1 (2), ñòð. 115)

ĵ+|j,m〉 =
√
j(j + 1)−m2 −m |j,m+ 1〉 , (5.170)

ĵ−|j,m〉 =
√
j(j + 1)−m2 +m |j,m− 1〉 , (5.171)

ĵ±|j,m〉 =
√
j(j + 1)−m2 ∓m |j,m± 1〉 . (5.172)

Ñîîòâåòñòâåííî, íåíóëåâûå ìàòðè÷íûå ýëåìåíòû îïåðàòîðîâ ĵ+, ĵ−, ĵ3 èìåþò âèä

〈j,m+ 1|ĵ+|j,m〉 =
√
j(j + 1)−m2 −m, (5.173)

〈j,m− 1|ĵ−|j,m〉 =
√
j(j + 1)−m2 +m, (5.174)

〈j,m|ĵ3|j,m〉 = m, (5.175)

〈j,m|ĵ2|j,m〉 = j(j + 1) . (5.176)

5.4 Îðáèòàëüíûé ìîìåíò l = 1

Y1,1(θ, ϕ) = −
√

3

8π
sin θeiϕ =

√
3

8π

(−x− iy)

r
, (5.177)

Y1,0(θ, ϕ) =

√
3

4π
cos θ =

√
3

4π

z

r
, (5.178)

Y1,−1(θ, ϕ) =

√
3

8π
sin θe−iϕ =

√
3

8π

(x− iy)

r
, (5.179)
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〈Y1,m+1|l̂+|Y1,m〉 =
√

2 , m = 0,−1 , (5.180)

〈Y1,m−1|l̂−|Y1,m〉 =
√

2 , m = 0, 1 , (5.181)

〈Y1,m|l̂z|Y1,m〉 = m, m = 0,±1 (5.182)

〈Y1,m|l̂2|Y1,m′〉 = 2δm,m′ , m = 0,±1 . (5.183)

Y1,−1(θ, ϕ)− Y1,1(θ, ϕ) =

√
3

2π

x

r
, (5.184)

Y1,−1(θ, ϕ) + Y1,1(θ, ϕ) = −
√

3

2π

iy

r
. (5.185)

x =

√
2π

3
r(Y1,−1(θ, ϕ)− Y1,1(θ, ϕ)) , (5.186)

y = i

√
2π

3
r(Y1,−1(θ, ϕ) + Y1,1(θ, ϕ)) , (5.187)

z =

√
4π

3
rY1,0(θ, ϕ) . (5.188)

Ââåä¼ì öèêëè÷åñêèå êîâàðèàíòíûå îðòû

u1 =
1√
2

(−ex − iey) =
1√
2

 −1
−i
0

 , (5.189)

u0 = ez =

 0
0
1

 , (5.190)

u−1 =
1√
2

(ex − iey) =
1√
2

 1
−i
0

 . (5.191)

(uξ,uξ′) = δξ,ξ′ . (5.192)

ex =
1√
2

(u−1 − u1) , (5.193)

ey =
i√
2

(u−1 + u1) , (5.194)

ez = u0 . (5.195)
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r = rxex + ryey + rzez = −r−1u1 + r0u0 − r1u−1 =
1∑

ξ=−1

(−1)ξrξu−ξ , (5.196)

ãäå r−1, r0, r1 � êîâàðèàíòíûå öèêëè÷åñêèå êîîðäèíàòû.

r = rx
1√
2

(u−1 − u1) + ry
i√
2

(u−1 + u1) + rzu0 (5.197)

= − 1√
2

(−rx − iry)u−1 + rzu0 −
1√
2

(rx − iry)u1 . (5.198)

r1 =
1√
2

(−rx − iry) = r

√
4π

3
Y1,1(θ, ϕ) , (5.199)

r0 = rz = r

√
4π

3
Y1,0(θ, ϕ) , (5.200)

r−1 =
1√
2

(rx − iry) = r

√
4π

3
Y1,−1(θ, ϕ) . (5.201)

rξ = r

√
4π

3
Y1,ξ(θ, ϕ) , (5.202)

r =
1∑

ξ=−1

(−1)ξrξu−ξ = r

√
4π

3

1∑
ξ=−1

(−1)ξY1,ξ(θ, ϕ)u−ξ . (5.203)

Çàìåòèì, ÷òî rξ ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè îïåðàòîðîâ l̂
2 è l̂z

l̂2rξ = 1(1 + 1)rξ = 2rξ , ξ = ±1, 0 , (5.204)

l̂zrξ = ξrξ , ξ = ±1, 0 , (5.205)

â òî âðåìÿ êàê ri (i = 1, 2, 3 = x, y, z) íå ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè îïåðàòîðà
l̂z

l̂2ri = 2ri . (5.206)

Óãëîâóþ çàâèñèìîñòü ïðîèçâîëüíóþ ôóíêöèè ψ(r) ìîæíî ïðåäñòàâèòü â âèäå ðàçëî-
æåíèÿ ïî ïîëíîìó íàáîðó ñôåðè÷åñêèõ ôóíêöèé

ψ(r) =
∞∑
l=0

l∑
m=−l

clm(r)Ylm(θ, ϕ) . (5.207)
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Ôóíêöèþ ñ îðáèòàëüíûì ìîìåíòîì l = 1 ìîæíî ïðåäñòàâèòü â âèäå

ψl=1(r) =
1∑

m=−1

c1m(r)Y1m(θ, ϕ) =
3∑
i=1

di(r)ri . (5.208)

Â îáùåì ñëó÷àå ñêàëÿðíàÿ ôóíêöèÿ ñ îðáèòàëüíûì ìîìåíòîì l = 1 ìîæíî ïðåäñòà-
âèòü â âèäå

ψl=1(r) = a(r)rx + b(r)ry + c(r)rz , (5.209)

l̂2ψl=1(r) = 2ψl=1(r) , (5.210)

ãäå a(r), b(r), c(r) � ôóíêöèè îò r.
Çàìå÷àíèå: óòâåðæäåíèå, ÷òî ëþáàÿ êâàäðàòè÷íàÿ ôîðìà

ψ(r) =
3∑

i,j=1

aijrirj (5.211)

èìååò ìîìåíò l = 2 íåâåðíî. Äåéñòâèòåëüíî, êâàäðàòè÷íàÿ ôîðìà

ψ(r) = r2
x + r2

y + r2
z = r2 (5.212)

íå çàâèñèò îò óãëîâûõ ïåðåìåííûõ è, ñîîòâåòñòâåíî, èìååò íóëåâîé îðáèòàëüíûé ìîìåíò
(l̂2ψ(r) = 0).

Çàìå÷àíèå: ðàçìåðíîé ôèçè÷åñêîé âåëè÷èíå � îðáèòàëüíîìó ìîìåíòó � îòâå÷àåò îïå-
ðàòîð ~l̂. Ñîîòâåòñòâåííî, êîãäà ìû ãîâîðèì, ÷òî îðáèòàëüíûé ìîìåíò ðàâåí l = 1, ìû
èìååì â âèäó l = 1 · ~.

5.5 Âåêòîðà. Ñïèí s = 1

13.11.2021

Âûøå (ñì. Óð. (5.51)) ìû ñêàçàëè, ÷òî ïðè ïîâîðîòå âåêòîðà r (àðãóìåíòà ôóíêöèè
ψ(r)) íà óãîë α âîëíîâàÿ ôóíêöèÿ ìåíÿåòñÿ ñîãëàñíî

ψ(r′) = R̂αψ(r) = eilαψ(r) , (5.213)

ãäå r′ � ýòî âåêòîð r, ïîâ¼ðíóòûé íà óãîë α. Ìû ïîêàçàëè ýòî äëÿ ñëó÷àÿ ïîâîðîòà
íà áåñêîíå÷íî ìàëûé óãîë δα. Äëÿ ïîâîðîòà íà êîíå÷íûé óãîë ìû ïðèíÿëè ýòî áåç
äîêàçàòåëüñòâà.

Óáåäèìñÿ, ÷òî ðàâåíñòâî (5.213) èìååò ìåñòî äëÿ ïîâîðîòà íà êîíå÷íûé óãîë âîêðóã
îñè z

α = αez (5.214)
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äëÿ ôóíêöèè ñ îðáèòàëüíûì ìîìåíòîì l = 1.
Åù¼ ìû áóäåì ðàññìàòðèâàòü íå ïîâîðîò àðãóìåíòà ôóíêöèè (âåêòîðà r) íà óãîë α,

à ïîâîðîò ñèñòåìû êîîðäèíàò íà ýòîò óãîë. Òî åñòü, ðàññìîòðèì êàê áóäåò âûãëÿäåòü
ôóíêöèÿ ψ(r) â ñèñòåìå êîîðäèíàò, ïîâ¼ðíóòîé íà óãîë α,

ψ(r′) = R̂′αψ(r) = R̂−αψ(r) , (5.215)

ãäå r′ � êîîðäèíàòû âåêòîðà r â ïîâ¼ðíóòîé ñèñòåìå êîîðäèíàò

r = rxex + ryey + rzez = r′xe
(α)
x + r′ye

(α)
y + r′ze

(α)
z . (5.216)

Ýòè äâà ïðåîáðàçîâàíèÿ ñîîòíîñÿòñÿ êàê ïðÿìîå è îáðàòíîå ïðåîáðàçîâàíèå.
Èòàê, ðàññìîòðèì ïåðåõîä ê ñèñòåìå êîîðäèíàò, ïîâåðíóòîé îòíîñèòåëüíî îñè z íà

óãîë α:

ψ(r′) = R̂′αψ(r) = e−iαl̂ψ(r) = e−iαl̂zψ(r) . (5.217)

Ôóíêöèÿ, èìåþùàÿ îðáèòàëüíûé ìîìåíò l = 1, ìîæåò áûòü ïðåäñòàâëåíà â âèäå (5.209)

ψl=1(r) = a(r)rx + b(r)ry + c(r)rz . (5.218)

Îïåðàòîð îðáèòàëüíîãî ìîìåíòà íå äåéñòâóåò íà ðàäèàëüíûå ïåðåìåííûå.
Èñïîëüçóÿ Óð. (5.186)-(5.188) è Óð. (5.177)-(5.179), ìû ìîæåì çàïèñàòü

r′x = e−iαl̂zrx = e−iαl̂z
√

2π

3
r(Y1,−1(θ, ϕ)− Y1,1(θ, ϕ)) (5.219)

=

√
2π

3
r(eiαY1,−1(θ, ϕ)− e−iαY1,1(θ, ϕ)) (5.220)

=

√
2π

3

√
3

8π
(eiα(rx − iry)− e−iα(−rx − iry)) (5.221)

=
1

2
(rx(e

iα + e−iα)− iry(eiα − e−iα)) (5.222)

= rx cosα + ry sinα . (5.223)

r′y = e−iαl̂zry = e−iαl̂z i

√
2π

3
r(Y1,−1(θ, ϕ) + Y1,1(θ, ϕ)) (5.224)

= i

√
2π

3
r(eiαY1,−1(θ, ϕ) + e−iαY1,1(θ, ϕ)) (5.225)

= i

√
2π

3

√
3

8π
(eiα(rx − iry) + e−iα(−rx − iry)) (5.226)

=
1

2
(rxi(e

iα − e−iα) + ry(e
iα + e−iα)) (5.227)

= −rx sinα + ry cosα . (5.228)
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Òåïåðü, èñõîäÿ èç íàøèõ ïðåäñòàâëåíèÿõ î òîì, êàê ìåíÿþòñÿ êîîðäèíàòû âåêòîðà
ïðè ïåðåõîäå ê ïîâ¼ðíóòîé ñèñòåìå êîîðäèíàò, ïîñìîòðèì, ÷òî ìû õîòåëè áû ïîëó÷èòü

Ðèñ. 5.2:

ex = cosαe(α)
x − sinαe(α)

y , (5.229)

ey = sinαe(α)
x + cosαe(α)

y , (5.230)

r = rxex + ryey (5.231)

= rx(cosαe(α)
x − sinαe(α)

y ) + ry(sinαe
(α)
x + cosαe(α)

y ) (5.232)

= (rx cosα + ry sinα)e(α)
x + (−rx sinα + ry cosα)e(α)

y (5.233)

= e−iαl̂zrxe
(α)
x + e−iαl̂zrye

(α)
y . (5.234)

Äåéñòâèòåëüíî, ïîëó÷àåòñÿ, ÷òî Óð. (5.213) îïèñûâàåò èìåííî õîðîøî íàì çíàêîìûå ïðå-
îáðàçîâàíèÿ âåêòîðà ïðè ïåðåõîäå ê ïîâ¼ðíóòîé ñèñòåìå êîîðäèíàò.

Îïÿòü, áåç äîêàçàòåëüñòâà, ïðèìåì, ÷òî ýòî ñïðàâåäëèâî ïðè ïîâîðîòå âîêðóã ïðîèç-
âîëüíîé îñè

r = e−iαl̂rxe
(α)
x + e−iαl̂rye

(α)
y + e−iαl̂rze

(α)
z . (5.235)

Ðàññìîòðèì, êàê ýòî ïðåîáðàçîâàíèå âûãëÿäèò â öèêëè÷åñêèõ êîîðäèíàòàõ. Ïðåäñòà-
âèì âåêòîð r â öèêëè÷åñêèõ êîîðäèíàòàõ. Èñïîëüçóÿ Óð. (5.205), äëÿ α = αez ìû ìîæåì
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çàïèñàòü

r = −r−1u1 + r0u0 − r1u−1 (5.236)

= −e−iαl̂zr−1u
(α)
1 + e−iαl̂zr0u

(α)
0 − e−iαl̂zr1u

(α)
−1 (5.237)

= −eiαr−1u
(α)
1 + r0u

(α)
0 − e−iαr1u

(α)
−1 (5.238)

è, ñîîòâåòñòâåííî,

r = −e−iαl̂r−1u
(α)
1 + e−iαl̂r0u

(α)
0 − e−iαl̂r1u

(α)
−1 . (5.239)

Îáû÷íî ìû íàçûâàåì âåêòîðîì ñëåäóþùèé îáúåêò. Ýòî òðè ÷èñëà, ïðèâÿçàííûå ê
äåêàðòîâîé ñèñòåìå êîîðäèíàò

r =

 rx
ry
rz

 = rxex + ryey + rzez , (5.240)

êîòîðûå ïðè ïåðåõîäå ê ïîâ¼ðíóòîé ñèñòåìå êîîðäèíàò ïðåîáðàçóþòñÿ ïî èçâåñòíîìó
çàêîíó. Äëÿ ñëó÷àÿ âðàùåíèÿ âîêðóã îñè z îí îïðåäåëÿåòñÿ Óð. (5.229)-(5.233).

Òàêæå ââîäèòñÿ ïîíÿòèå âåêòîðà â öèêëè÷åñêîì áàçèñå

r =

 r−1

r0

r1

 = −r−1u1 + r0u0 − r1u−1 , (5.241)

ãäå çàêîí ïðåîáðàçîâàíèÿ çàäà¼òñÿ Óð. (5.238).

Ââåä¼ì íîâîå ïîíÿòèå âåêòîðà. Âåêòîðîì áóäåì íàçûâàòü îáúåêò èç òð¼õ ýëåìåíòîâ
àáñòðàêòíîãî Ãèëüáåðòîâà ïðîñòðàíñòâà

ψ(ξ) , ξ = ±1, 0 , (5.242)

Ψ =

 ψ(1)
ψ(0)
ψ(−1)

 , (5.243)

êîòîðûå ïðè ïîâîðîòå íà óãîë α îòíîñèòåëüíî çàäàííîé äåêàðòîâîé ñèñòåìû êîîðäèíàò
ïðåîáðàçóþòñÿ ïî çàêîíó

Ψ′ = e−iŝαΨ . (5.244)

Óãîë α ïðèâÿçàí ê ýòîé äåêàðòîâîé ñèñòåìå êîîðäèíàò. Îïåðàòîð ŝ äåéñòâóåò â òð¼õ-
ìåðíîì ïðîñòðàíñòâå ψ(ξ) (ξ = ±1, 0) è îïðåäåëÿåòñÿ ìàòðè÷íûìè ýëåìåíòàìè (ñì.
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Óð. (5.173)-(5.176) äëÿ j = 1, m = ξ)

〈ξ + 1|ŝ+|ξ〉 =
√

2 , ξ = 0,−1 , (5.245)

〈ξ − 1|ŝ−|ξ〉 =
√

2 , ξ = 1, 0 , (5.246)

〈ξ|ŝ3|ξ〉 = ξ , ξ = ±1, 0 , (5.247)

〈ξ|ŝ2|ξ〉 = 2 , ξ = ±1, 0 , (5.248)

âñå îñòàëüíûå ìàòðè÷íûå ýëåìåíòû ðàâíû íóëþ. Îïåðàòîðû ŝx, ŝy, ŝz è ŝ
2 îïðåäåëÿþòñÿ

ñëåäóþùèìè ðàâåíñòâàìè

ŝ+ = ŝx + iŝy , (5.249)

ŝ− = ŝx − iŝy , (5.250)

ŝz = ŝ3 , (5.251)

ŝ2 = ŝ2
x + ŝ2

y + ŝ2
z . (5.252)

Äåéñòâèå îïåðàòîðîâ ŝi ïðåäñòàâëÿåòñÿ â ìàòðè÷íîé ôîðìå

ŝiψ(ξ) =
∑

ξ′=±1,0

ψ(ξ′)〈ξ′|ŝi|ξ〉 . (5.253)

Òîãäà ìû ìîæåì çàïèñàòü

ψ′(ξ) = R̂′αψ(ξ) = e−iŝαψ(ξ) . (5.254)

Ðàññìîòðèì ÷àñòíûé ñëó÷àé

ψ(ξ) =
1

r
rξ =

√
4π

3
Y1,ξ(θ, ϕ) (5.255)

ŝzψ(ξ) =
∑

ξ′=±1,0

ψ(ξ′)〈ξ′|ŝz|ξ〉 =
∑

ξ′=±1,0

ψ(ξ′)ξδξ,ξ′ = ξψ(ξ) (5.256)

ŝ+ψ(ξ) =
∑

ξ′=±1,0

ψ(ξ′)〈ξ′|ŝ+|ξ〉 (5.257)

= ψ(ξ + 1)〈ξ + 1|ŝ+|ξ〉 =
√

2ψ(ξ + 1) , ξ = 0,−1 (5.258)

ŝ+ψ(1) = 0 (5.259)

ŝ−ψ(ξ) =
∑

ξ′=±1,0

ψ(ξ′)〈ξ′|ŝ−|ξ〉 (5.260)

= ψ(ξ − 1)〈ξ − 1|ŝ−|ξ〉 =
√

2ψ(ξ − 1) , ξ = 1, 0 (5.261)

ŝ−ψ(−1) = 0 . (5.262)
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Òàêèå æå âûðàæåíèÿ ïîëó÷àþòñÿ ïðè äåéñòâèè îïåðàòîðà l̂z, l̂+, l̂− íà rξ (ñì. Óð. (5.170),
(5.171) ïðè l = 1, m = ξ è Óð. (5.205)).

Òàêèì îáðàçîì, ìû ïîëó÷àåì, ÷òî â ñëó÷àå Óð. (5.255) ìû èìååì ïðèâû÷íûé íàì
âåêòîð, çàäàííûé â öèêëè÷åñêèõ êîîðäèíàòàõ. Ïðè ïåðåõîäå ê ïîâ¼ðíóòîé ñèñòåìå êîîð-
äèíàò êîìïîíåíòû ôóíêöèè Ψ (ψ(ξ), ξ = ±1, 0) ïðåîáðàçóþòñÿ òàê æå, êàê öèêëè÷åñêèå
êîìïîíåíòû âåêòîðà rξ.

Îïåðàòîð (ñì. Óð. (5.245)-(5.248))

ŝ = ŝxex + ŝyey + ŝzez (5.263)

íàçûâàþò îïåðàòîðîì ñïèíîâîãî ìîìåíòà, îòâå÷àþùåãî ñïèíó s = 1

ŝ2ψ(ξ) = s(s+ 1)ψ(ξ) = 2ψ(ξ) . (5.264)

Îïåðàòîð ŝ, êàê è îïåðàòîð l̂, áåçðàçìåðíûé. Ðàçìåðíîìó ñïèíó îòâå÷àåò îïåðàòîð ~ŝ.
Âîëíîâàÿ ôóíêöèÿ ÷àñòèöû ñî ñïèíîì s = 1 â êîîðäèíàòíîì ïðåäñòàâëåíèè èìååò

âèä

ψ = ψ(r, ξ) =

 ψ(r, 1)
ψ(r, 0)
ψ(r,−1)

 . (5.265)

Â ïîâ¼ðíóòîé ñèñòåìå êîîðäèíàò ýòà ôóíêöèÿ ïðåîáðàçóåòñÿ êàê

R̂′αψ(r, ξ) = e−iα(l̂+ŝ)ψ(r, ξ) . (5.266)

Íîðìèðîâêà âîëíîâîé ôóíêöèè ñù ñïèíîì s = 1

〈ψ|ψ〉 =

∫
d3r

(
|ψ(r, 1)|2 + |ψ(r, 0)|2 + |ψ(r,−1)|2

)
. (5.267)

Ñêàëÿðíîå ïðîèçâåäåíèå èìååò âèä

〈ψ|ψ′〉 =
∑

σ=±1,0

∫
d3r ψ(r, σ)∗ψ′(r, σ) (5.268)

=

∫
d3r [ψ(r, 1)∗ψ′(r, 1) + ψ(r, 0)∗ψ′(r, 0) + ψ(r,−1)∗ψ′(r,−1)] . (5.269)

Ïðèìåð ÷àñòèöû ñî ñïèíîì s = 1 (ñòðîãî ãîâîðÿ, ñî ñïèíîì s = 1 · ~) � ôîòîíû
[âîëíîâàÿ ôóíêöèÿ ïîïåðå÷íûõ ôîòîíîâ èìååò âèä Aµ(r) = (0,A(r))].
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5.6 ßâíûé âèä îïåðàòîðà ñïèíà (s = 1)

Ðàññìîòðèì êàê âûãëÿäÿò ìàòðèöû îïåðàòîðà ñïèíà â ÿâíîì âèäå, â áàçèñå |ξ〉.
Ââåä¼ì ìàòðèöû 3× 3

â =

 a11 a10 a1−1

a01 a00 a0−1

a−11 a−10 a−1−1

 . (5.270)

Ìàòðèöû, îòâå÷àþùèå îïåðàòîðàì ŝ± è ŝz â áàçèñå |ξ〉 çàïèñûâàþòñÿ êàê (ñì. Óð. (5.245)-
(5.248) è (5.249)-(5.252))

ŝ+ =

 0
√

2 0

0 0
√

2
0 0 0

 , ŝ− =

 0 0 0√
2 0 0

0
√

2 0

 , ŝz =

 1 0 0
0 0 0
0 0 −1

 (5.271)

è, ñîîòâåòñòâåííî,

ŝx =
1

2
(ŝ+ + ŝ−) =

1

2

 0
√

2 0√
2 0

√
2

0
√

2 0

 , (5.272)

ŝy =
1

2i
(ŝ+ − ŝ−) =

1

2i

 0
√

2 0

−
√

2 0
√

2

0 −
√

2 0

 =
1

2

 0 −i
√

2 0

i
√

2 0 −i
√

2

0 i
√

2 0

 (5.273)
è

ŝ2
x + ŝ2

y + ŝ2
z =

 2 0 0
0 2 0
0 0 2

 . (5.274)

Âîëíîâûå ôóíêöèè ψ(r), îïèñûâàþùèå ÷àñòèöó ñî ñïèíîì s = 1 è îïðåäåë¼ííîé
ïðîåêöèåé ñïèíà íà îñü z â áàçèñå |ξ〉, èìåþò âèä

ŝzψξ(r) = ξψξ(r) , ξ = ±1, 0 , (5.275)

ψ1(r) =

 φ(r)
0
0

 , ψ0(r) =

 0
φ(r)

0

 , ψ−1(r) =

 0
0

φ(r)

 , (5.276)

ãäå φ(r) � ñêàëÿðíàÿ ôóíêöèÿ.
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Ïîëó÷èì, êàê âûãëÿäÿò îïåðàòîðû ñïèíîâîãî ìîìåíòà (äëÿ s = 1) ŝx,y,z â áàçèñå |i〉
(i = 1, 2, 3 = x, y, z)

〈i|ŝk|j〉 =
∑

ξ,ξ′=±1,0

〈i|ξ〉 · 〈ξ|ŝk|ξ′〉 · 〈ξ′|j〉 . (5.277)

Îáðàòèâ ðàâåíñòâà (5.199)-(5.201) èëè èñïîëüçóÿ ðàâåíñòâà (5.186)-(5.188), ìû ìîæåì
çàïèñàòü

|x〉 =
1√
2

(| − 1〉 − |1〉) , (5.278)

|y〉 =
i√
2

(| − 1〉+ |1〉) , (5.279)

|z〉 = |0〉 . (5.280)

Ñîîòâåòñòâåííî, äëÿ íåíóëåâûõ ìàòðè÷íûõ ýëåìåíòîâ ìû èìååì

〈1|x〉 = − 1√
2

= 〈x|1〉∗ , (5.281)

〈−1|x〉 =
1√
2

= 〈x| − 1〉∗ , (5.282)

〈1|y〉 =
i√
2

= 〈y|1〉∗ , (5.283)

〈−1|y〉 =
i√
2

= 〈y| − 1〉∗ (5.284)

〈0|z〉 = 1 . (5.285)

Âû÷èñëèì ìàòðè÷íûå ýëåìåíòû îïåðàòîðîâ ñïèíîâîãî ìîìåíòà (äëÿ s = 1) ŝx,y,z,
êðîìå î÷åâèäíî íóëåâûõ,

〈x|ŝx|z〉 =
∑

ξ,ξ′=±1,0

〈x|ξ〉 · 〈ξ|ŝx|ξ′〉 · 〈ξ′|z〉 (5.286)

= 〈x|1〉 · 〈1|ŝx|0〉 · 〈0|z〉+ 〈x| − 1〉 · 〈−1|ŝx|0〉 · 〈0|z〉 (5.287)

= − 1√
2
· 1

2

√
2 · 1 +

1√
2
· 1

2

√
2 · 1 = 0 = 〈z|ŝx|x〉∗ (5.288)

〈y|ŝx|z〉 =
∑

ξ,ξ′=±1,0

〈y|ξ〉 · 〈ξ|ŝx|ξ′〉 · 〈ξ′|z〉 (5.289)

= 〈y|1〉 · 〈1|ŝx|0〉 · 〈0|z〉+ 〈y| − 1〉 · 〈−1|ŝx|0〉 · 〈0|z〉 (5.290)

=
i∗√
2
· 1

2

√
2 · 1 +

i∗√
2
· 1

2

√
2 · 1 = −i = 〈z|ŝx|y〉∗ , (5.291)
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〈x|ŝy|z〉 =
∑

ξ,ξ′=±1,0

〈x|ξ〉 · 〈ξ|ŝy|ξ′〉 · 〈ξ′|z〉 (5.292)

= 〈x|1〉 · 〈1|ŝy|0〉 · 〈0|z〉+ 〈x| − 1〉 · 〈−1|ŝy|0〉 · 〈0|z〉 (5.293)

= − 1√
2
· 1

2
(−i)
√

2 · 1 +
1√
2
· 1

2
i
√

2 · 1 = i = 〈z|ŝy|x〉∗ (5.294)

〈y|ŝy|z〉 =
∑

ξ,ξ′=±1,0

〈y|ξ〉 · 〈ξ|ŝx|ξ′〉 · 〈ξ′|z〉 (5.295)

= 〈y|1〉 · 〈1|ŝy|0〉 · 〈0|z〉+ 〈y| − 1〉 · 〈−1|ŝy|0〉 · 〈0|z〉 (5.296)

=
i∗√
2
· 1

2
(−i)
√

2 · 1 +
i∗√
2
· 1

2
i
√

2 · 1 = 0 = 〈z|ŝy|y〉∗ , (5.297)

〈x|ŝz|y〉 =
∑

ξ,ξ′=±1,0

〈x|ξ〉 · 〈ξ|ŝz|ξ′〉 · 〈ξ′|y〉 (5.298)

= 〈x|1〉 · 〈1|ŝz|1〉 · 〈1|y〉+ 〈x| − 1〉 · 〈−1|ŝz| − 1〉 · 〈−1|y〉 (5.299)

= − 1√
2
· 1 · i√

2
+

1√
2
· (−1) · i√

2
= −i = 〈y|ŝz|x〉∗ . (5.300)

â =

 axx axy axz
ayx ayy ayz
azx azy azz

 (5.301)

ŝx =

 0 0 0
0 0 −i
0 i 0

 , ŝy =

 0 0 i
0 0 0
−i 0 0

 , ŝz =

 0 −i 0
i 0 0
0 0 0

 . (5.302)

è

[ŝ, ŝ] = iŝ , (5.303)

ŝ2
x + ŝ2

y + ŝ2
z =

 2 0 0
0 2 0
0 0 2

 . (5.304)

Çàìåòèì, ÷òî

ŝzuξ = ξuξ , (5.305)

ãäå âåêòîðà uξ � öèêëè÷åñêèå êîâàðèàíòíûå îðòû, îïðåäåëÿåìûå Óð. (5.189)-(5.191).

u1 =
1√
2

 −1
−i
0

 , u0 =

 0
0
1

 , u−1 =
1√
2

 1
−i
0

 . (5.306)
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Òàèì îáðàçîì, âîëíîâûå ôóíêöèè ÷àñòèöû ñî ñïèíîì s = 1 è îïðåäåë¼ííîé ïðîåêöèåé
ñïèíà íà îñü z (ξ = ±1, 0) â áàçèñå ex,y,z (Óð. (5.278)-(5.280)) èìåþò âèä

ψξ=1(r) =
1√
2

 −1
−i
0

φ(r) , (5.307)

ψξ=0(r) =

 0
0

φ(r)

 , (5.308)

ψξ=−1(r) =
1√
2

 1
−i
0

φ(r) , (5.309)

ãäå φ(r) � ñêàëÿðíàÿ ôóíêöèÿ.
Çàìå÷àíèå: ôîòîíû � ýòî ÷àñòèöû ñî ñïèíîì s = 1. Â ïîïåðå÷íîé êàëèáðîâêå ôîòî-

íû îïèñûâàþòñÿ âîëíîâîé ôóíêöèåé âèäà (5.307)-(5.309). Íàïðàâèì îñü z ïî èìïóëüñó
ôîòîíà (p = k~ = (0, 0, ω~

c
)), òîãäà ôóíêöèè ψξ=±1 áóäóò ïåðïåíäèêóëÿðíû (ïîïåðå÷íûå)

èìïóëüñó ôîòîíà, à ψξ=0 êîëëèíåàðíà (ïðîäîëüíàÿ) åìó. Ïðîåêöèÿ ñïèíà ÷àñòèöû íà
íàïðàâëåíèå å¼ èìïóëüñà íàçûâàåòñÿ ñïèðàëüíîñòüþ. Äëÿ ïîïåðå÷íîãî ôîòîíà âîçìîæ-
íû äâå ñïèðàëüíîñòè ξ = ±1 � ïðàâàÿ è ëåâàÿ êðóãîâàÿ ïîëÿðèçàöèè, ñîîòâåòñòâåííî.
Ñïèðàëüíîñòü ξ = 0 ñîîòâåòñòâóåò ïðîäîëüíîé ïîëÿðèçàöèè ôîòîíà. Ñ òî÷íîñòüþ äî
íîðìèðîâêè ôóíêöèÿ φ èìååò âèä φ(r, t) = ei(kr−ωt), å¼ âèä îïðåäåëÿåòñÿ óðàâíåíèÿìè
Ìàêñâåëëà. Ýòî áóäóò òî÷íûå ôóíêöèè ôîòîíà ñ îïðåäåë¼ííîé ïîëÿðèçàöèåé â êîîðäè-
íàòíîì ïðåäñòàâëåíèè â ïîïåðå÷íîé êàëèáðîâêå.

Çàìå÷àíèå: ðàçìåðíîé ôèçè÷åñêîé âåëè÷èíå � ñïèíó � îòâå÷àåò îïåðàòîð ~ŝ. Ñîîò-
âåòñòâåííî, êîãäà ìû ãîâîðèì, ÷òî ñïèí ðàâåí s = 1, ìû èìååì â âèäó s = 1 · ~.

5.7 Ñïèíîðû. Ìàòðèöû Ïàóëè. Ñïèí s = 1
2

16.11.2021

Ïóñòü â ãèëüáåðòîâîì ïðîñòðàíñòâå îïðåäåë¼í îïåðàòîð ìîìåíòà ñî ñïåêòðîì, ïðè-
íèìàþùèì ïîëóöåëûå çíà÷åíèÿ. Ðàññìîòðèì äâóìåðíîå ïîäïðîñòðàíñòâî, îáðàçîâàííîå
ñîáñòâåííûìè ôóíêöèÿìè îïåðàòîðîâ ĵ2 è ĵz: |j,m〉, ãäå j = 1

2
, m = ±1

2
.

Ââåä¼ì äîëåå êîðîòêèå îáîçíà÷åíèÿ

|j,m〉 =

∣∣∣∣12 ,m
〉
→ |m〉 . (5.310)
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Ïîëó÷è ìàòðè÷íûå ýëåìåíòû îïåðàòîðîâ ĵ±

ĵ+ |m〉 =

√
3

4
−m2 −m |m+ 1〉 , (5.311)

ĵ− |m〉 =

√
3

4
−m2 +m |m− 1〉 . (5.312)

ĵ+

∣∣∣∣+1

2

〉
=

√
3

4
− 1

4
− 1

2

∣∣∣∣12 + 1

〉
= 0 , (5.313)

ĵ−

∣∣∣∣+1

2

〉
=

∣∣∣∣−1

2

〉
. (5.314)

ĵ+

∣∣∣∣−1

2

〉
=

√
3

4
− 1

4
+

1

2

∣∣∣∣−1

2
+ 1

〉
=

∣∣∣∣+1

2

〉
, (5.315)

ĵ−

∣∣∣∣−1

2

〉
=

√
3

4
− 1

4
− 1

2

∣∣∣∣−1

2
− 1

〉
= 0 . (5.316)

Åäèíñòâåííûå íåíóëåâûå ìàòðè÷íûå ýëåìåíòû îïåðàòîðîâ ĵ+ è ĵ−〈
+

1

2

∣∣∣ĵ+

∣∣∣− 1

2

〉
= 1 , (5.317)〈

−1

2

∣∣∣ĵ−∣∣∣+
1

2

〉
= 1 . (5.318)

Ââåä¼ì áàçèñíûå âåêòîðà:

ε1 =

(
1
0

)
=

∣∣∣∣+1

2

〉
, ε−1 =

(
0
1

)
=

∣∣∣∣−1

2

〉
. (5.319)

Ìàòðè÷íûå ýëåìåíòû îïåðàòîðîâ ĵ± è ĵz áóäóò èìåòü âèä

(ĵ±)ij = 〈εi|ĵ±|εj〉 , (ĵz)ij = 〈εi|ĵz|εj〉 , i, j = ±1 . (5.320)

Ââåä¼ì ìàòðèöû 2× 2

â =

(
a11 a1−1

a−11 a−1−1

)
. (5.321)

Ìàòðèöû, îòâå÷àþùèå îïåðàòîðàì ĵ± è ĵz çàïèñûâàþòñÿ êàê

ĵ+ =

(
0 1
0 0

)
, ĵ− =

(
0 0
1 0

)
, ĵz =

1

2

(
1 0
0 −1

)
=

1

2
σz (5.322)
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è, ñîîòâåòñòâåííî,

ĵx =
1

2
(ĵ+ + ĵ−) =

1

2

(
0 1
1 0

)
=

1

2
σx , (5.323)

ĵy =
1

2i
(ĵ+ − ĵ−) =

1

2i

(
0 1
−1 0

)
=

1

2

(
0 −i
i 0

)
=

1

2
σy , (5.324)

ãäå ìû ââåëè ìàòðèöû Ïàóëè (Pauli matrices)

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (5.325)

Òàêèì îáðàçîì, îïåðàòîð ìîìåíòà (äëÿ j = 1
2
) îïèñûâàåòñÿ ìàòðèöàìè Ïàóëè

ĵ =
1

2
(σxex + σyey + σzez) =

1

2
σ . (5.326)

Ñïèíîðîì íàçûâàþò äâóõêîìïîíåíòíûé îáúåêò

χ =

(
χ(1)
χ(−1)

)
= χ(1)ε1 + χ(−1)ε−1 , (5.327)

ó êîòîðîãî ïðè ïîâîðîòå ñèñòåìû êîîðäèíàò íà óãîë α êîìïîíåíòû ïðåîáðàçóþòñÿ êàê

R̂′αχ = e−iαŝχ , (5.328)

ãäå

ŝ =
1

2
σ . (5.329)

Êîìïîíåíòû ñïèíîðà χ îáîçíà÷àþò êàê χ(σ): σ = 1 äëÿ âåðõíåé êîìïîíåíòû è σ = −1
äëÿ íèæíåé êîìïîíåíòû ∣∣∣∣12

〉
→ |1〉 , (5.330)∣∣∣∣−1

2

〉
→ |−1〉 . (5.331)

Ñîîòâåòñòâåííî, ìàòðè÷íûå ýëåìåíòû Óð. (5.317), (5.318), ïðèìóò âèä

〈1 |ŝ+| − 1〉 = 1 , (5.332)

〈−1 |ŝ−| 1〉 = 1 . (5.333)
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Ðàññìîòðèì áîëåå ïîäðîáíî ìàòðèöû Ïàóëè

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (5.334)

Òàêæå ÷àñòî èñïîëüçóþò îáîçíà÷åíèÿ:

σ1 = σx , σ2 = σy , σ3 = σz , (5.335)

σ = σxex + σyey + σzez . (5.336)

Âìåñòå ñ åäèíè÷íîé ìàòðèöåé

I =

(
1 0
0 1

)
(5.337)

ìàòðèöû Ïàóëè îáðàçóþò áàçèñ â ïðîñòðàíñòâå êîìïëåêñíûõ ìàòðèö 2×2. Ïðîèçâîëüíàÿ
êîìïëåêñíàÿ ìàòðèöà Â (ðàçìåðíîñòè 2× 2) ìîæåò áûòü ðàçëîæåíà ïî ýòèì ìàòðèöàì

Â = a0I + axσx + ayσy + azσz = a0I + aσ . (5.338)

Ìàòðèöû Ïàóëè îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè

σiσj = δijI + i
3∑

k=1

εijkσk , i, j = 1, 2, 3 , (5.339)

[σi, σj] = σiσj − σjσi = 2i
3∑

k=1

εijkσk , i, j = 1, 2, 3 , (5.340)

{σi, σj} = σiσj + σjσi = 2δijI , i, j = 1, 2, 3 . (5.341)

Äåéñòâèòåëüíî, ðàññìîòðèì

σxσx =

(
0 1
1 0

)(
0 1
1 0

)
=

(
1 0
0 1

)
= I = 1 , (5.342)

σyσy =

(
0 −i
i 0

)(
0 −i
i 0

)
=

(
1 0
0 1

)
= I (5.343)

σzσz =

(
1 0
0 −1

)(
1 0
0 −1

)
=

(
1 0
0 1

)
= I . (5.344)

σxσy =

(
0 1
1 0

)(
0 −i
i 0

)
=

(
i 0
0 −i

)
= iσz , (5.345)

σyσz =

(
0 −i
i 0

)(
1 0
0 −1

)
=

(
0 i
i 0

)
= iσx , (5.346)

σzσx =

(
1 0
0 −1

)(
0 1
1 0

)
=

(
0 1
−1 0

)
=

(
0 i(−i)
ii 0

)
= iσy . (5.347)
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σxσy = iσz , σxσxσy = iσxσz , σy = iσxσz , σxσz = −iσy , (5.348)

σyσz = iσx , σyσyσz = iσyσx , σz = iσyσx , σyσx = −iσz , (5.349)

σzσx = iσy , σzσzσx = iσzσy , σx = iσzσy , σzσy = −iσx . (5.350)

Ìû äîêàçàëè Óð. (5.339).
Äîêàæåì Óð. (5.340) è Óð. (5.340)

[σi, σj] = σiσj − σjσi = δijI + i

3∑
k=1

εijkσk − δijI − i
3∑

k=1

εjikσk (5.351)

= 2i
3∑

k=1

εijkσk , (5.352)

{σi, σj} = σiσj + σjσi = δijI + i
3∑

k=1

εijkσk + δijI + i
3∑

k=1

εjikσk (5.353)

= 2δijI . (5.354)

[σi, σj] = 2i
3∑

k=1

εijkσk , (5.355)

[
1

2
σi,

1

2
σj

]
=

1

4
2i

3∑
k=1

εijkσk = i
3∑

k=1

εijk
1

2
σk . (5.356)

Ìû ââåëè îïåðàòîð ñïèíà

ŝ =
1

2
σ . (5.357)

Îïåðàòîð ñïèíà ÿâëÿåòñÿ ýðìèòîâñêèì îïåðàòîðîì, óäîâëåòâîðÿþùèì ñâîéñòâàì Óð. (5.120),
(5.121)

[ŝi, ŝj] = i
3∑

k=1

εijkŝk , [ŝ× ŝ] = iŝ . (5.358)

Ïîêàæåì, ÷òî ñïèíîðû Óð. (5.327) îïèñûâàþò ÷àñòèöó ñî ñïèíîì s = 1
2
. Äåéñòâèòåëü-

íî,

ŝ2 =
1

4
σ2
x +

1

4
σ2
y +

1

4
σ2
z =

3

4
I , (5.359)

ŝ2χ =
3

4
χ =

1

2

(
1

2
+ 1

)
χ . (5.360)
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Òàêèì îáðàçîì, â êîîðäèíàòíîì ïðåäñòàâëåíèè âîëíîâàÿ ôóíêöèÿ ÷àñòèöû ñî ñïèíîì
s = 1

2
èìååò âèä

ψ =

(
ψ(r, 1)
ψ(r,−1)

)
, (5.361)

ψ = ψ(r, σ) , σ = ±1 . (5.362)

Â ïîâ¼ðíóòîé ñèñòåìå êîîðäèíàò ýòà ôóíêöèÿ ïðåîáðàçóåòñÿ êàê

R̂′αψ(r) = e−iα(l̂+ŝ)ψ(r) , (5.363)

ãäå ψ(r) � ñïèíîð (5.361) èëè

R̂′αψ(r, σ) = e−iα(l̂+ŝ)ψ(r, σ) , (5.364)

ãäå

ŝiψ(σ) =
∑
σ=±1

ψ(σ′)〈σ′|ŝi|σ〉 . (5.365)

Ìàòðè÷íûå ýëåìåíòû 〈σ|ŝi|σ′〉 çàäàþòñÿ (5.332), (5.333).
Íîðìèðîâêà âîëíîâîé ôóíêöèè ñî ñïèíîì s = 1

2

〈ψ|ψ〉 =

∫
d3r

(
|ψ(r, 1)|2 + |ψ(r,−1)|2

)
. (5.366)

Ñêàëÿðíîå ïðîèçâåäåíèå èìååò âèä

〈ψ|ψ′〉 =
∑
σ=±1

∫
d3r ψ(r, σ)∗ψ′(r, σ) (5.367)

=

∫
d3r [ψ(r, 1)∗ψ′(r, 1) + ψ(r,−1)∗ψ′(r,−1)] . (5.368)

Ðàññìîòðèì ñîáñòâåííûå ôóíêöèè îïåðàòîðà ŝz

ŝzχµ = µχµ (5.369)

χ 1
2

=

(
1
0

)
, (5.370)

χ− 1
2

=

(
0
1

)
. (5.371)
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Ñîîòâåòñòâåííî, âîëíîâàÿ ôóíêöèÿ ÷àñòèöû, êîòîðàÿ èìååò ñïèí s = 1
2
è îïðåäåë¼ííóþ

ïðîåêöèþ ñïèíà íà îñü z ðàâíóþ µ = ±1
2
, èìååò âèä

ψ 1
2
(r) =

(
φ(r)

0

)
, (5.372)

ψ− 1
2
(r) =

(
0

φ(r)

)
, (5.373)

ãäå φ(r) � ïðîèçâîëüíàÿ (íåíóëåâàÿ) ñêàëÿðíàÿ ôóíêöèÿ.
Ðàññìîòðèì ïðåîáðàçîâàíèå ñïèíîðà ïðè âðàùåíèè âîêðóã îñè z: α = αez

R̂′α

(
χ(1)
χ(−1)

)
= e−iα

1
2
σz

(
χ(1)
χ(−1)

)
=

(
e−i

1
2
α 0

0 ei
1
2
α

)(
χ(1)
χ(−1)

)
(5.374)

=

(
e−i

1
2
αχ(1)

ei
1
2
αχ(−1)

)
. (5.375)

Ðàññìîòðèì íåñêîëüêî ÷àñòíûõ ñëó÷àåâ

1. α = π

R̂′α

(
χ(1)
χ(−1)

)
=

(
−iχ(1)
iχ(−1)

)
. (5.376)

2. α = 2π

R̂′α

(
χ(1)
χ(−1)

)
=

(
−χ(1)
−χ(−1)

)
. (5.377)

Íàéä¼ì ñîáñòâåííûå ôóíêöèè îïåðàòîðà ïðîåêöèè ñïèíà íà îñü

n =

 sin θ0 cosϕ0

sin θ0 sinϕ0

cos θ0

 , (5.378)

ò.å., ôóíêöèè ñîñòîÿíèé, êîòîðûå èìåþò îïðåäåë¼ííóþ ïðîåêöèþ ñïèíà íà îñü n,

ŝnv
(n)
µ = nŝv(n)

µ (5.379)

=
1

2
(sin θ0 cosϕ0σx + sin θ0 sinϕ0σy + cos θ0σz) v

(n)
µ (5.380)

=
1

2

(
cos θ0 e−iϕ0 sin θ0

eiϕ0 sin θ0 − cos θ0

)
v(n)
µ = µv(n)

µ , (5.381)

204



v
(n)
1
2

=

(
cos θ0

2

eiϕ0 sin θ0
2

)
, (5.382)

v
(n)

− 1
2

=

(
−e−iϕ0 sin θ0

2

cos θ0
2

)
. (5.383)

ŝnv
(n)
1
2

=
1

2

(
cos θ0 e−iϕ0 sin θ0

eiϕ0 sin θ0 − cos θ0

)(
cos θ0

2

eiϕ0 sin θ0
2

)
(5.384)

=
1

2

(
cos θ0 cos θ0

2
+ e−iϕ0 sin θ0e

iϕ0 sin θ0
2

eiϕ0 sin θ0 cos θ0
2
− cos θ0e

iϕ0 sin θ0
2

)
(5.385)

=
1

2

(
cos θ0 cos θ0

2
+ sin θ0 sin θ0

2

eiϕ0(sin θ0 cos θ0
2
− cos θ0 sin θ0

2
)

)
(5.386)

=
1

2

(
cos
(
θ0 − θ0

2

)
eiϕ0 sin

(
θ0 − θ0

2

) ) (5.387)

=
1

2

(
cos θ0

2

eiϕ0 sin θ0
2

)
=

1

2
v

(n)
1
2

. (5.388)

Çàìåòèì, ÷òî èìååò ìåñòî ðàâåíñòâî

v(ez)
µ = χµ . (5.389)

Åù¼ ðàç (ñì. Óð. (5.366), (5.368)) íîðìèðîâêó è ñêàëÿðíîå ïðîèçâåäåíèå ñïèíîðîâ

χ1 =

(
a1

b1

)
, (5.390)

χ2 =

(
a2

b2

)
, (5.391)

〈χ1|χ1〉 = |a1|2 + |b1|2 , (5.392)

〈χ2|χ2〉 = |a2|2 + |b2|2 , (5.393)

〈χ1|χ2〉 = a∗1a2 + b∗1b2 . (5.394)

Çàìå÷àíèå: ðàçìåðíîé ôèçè÷åñêîé âåëè÷èíå � ñïèíó � îòâå÷àåò îïåðàòîð ~ŝ. Ñîîò-
âåòñòâåííî, êîãäà ìû ãîâîðèì, ÷òî ñïèí ðàâåí s = 1

2
, ìû èìååì â âèäó s = 1

2
~.

5.8 Ñëîæåíèå ìîìåíòîâ (1
2 +

1
2)

Ðàññìîòðèì äâà äâóìåðíûõ ñïèíîðíûõ (s = 1
2
) ïîäïðîñòðàíñòâà. Â íèõ îïðåäåëåíû îïå-

ðàòîðû ñïèíà ŝ (ñì. Óð. (5.357))

ŝ(1) =
1

2
σ , ŝ(2) =

1

2
σ . (5.395)
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Ââåä¼ì áàçèñíûå ôóíêöèè, â êîòîðûõ ìàòðè÷íûìè ýëåìåíòàìè îïåðàòîðà ñïèíà èìåþò
âèä (ñì. Óð. (5.332), (5.333))〈

ϕ
(i)
1
2

∣∣∣ ŝ(i)
+

∣∣∣ϕ(i)

− 1
2

〉
= 1 , (5.396)〈

ϕ
(i)

− 1
2

∣∣∣ ŝ(i)
−

∣∣∣ϕ(i)
1
2

〉
= 1 , i = 1, 2 . (5.397)

Ïåðâîå ïîäïðîñòðàíñòâî V (1) èìååò áàçèñíûå ôóíêöèè

ϕ
(1)
1
2

=

(
1
0

)(1)

, ϕ
(1)

− 1
2

=

(
0
1

)(1)

. (5.398)

Ïåðâîå ïîäïðîñòðàíñòâî V (2) èìååò áàçèñíûå ôóíêöèè

ϕ
(2)
1
2

=

(
1
0

)(2)

, ϕ
(2)

− 1
2

=

(
0
1

)(2)

, (5.399)

Äåéñòâèòåëüíî,

ŝzϕµ =
1

2
σzϕµ =

1

2

(
1 0
0 −1

)
ϕµ = µϕµ , µ = ±1

2
, (5.400)

ŝzϕ 1
2

=
1

2

(
1 0
0 −1

)(
1
0

)
=

1

2

(
1
0

)
=

1

2
ϕ 1

2
, (5.401)

ŝzϕ− 1
2

=
1

2

(
1 0
0 −1

)(
0
1

)
= −1

2

(
0
1

)
= −1

2
ϕ− 1

2
. (5.402)

Ðàññìîòðèì ïðÿìîå ïðîèçâåäåíèå ýòèõ ïîäïðîñòðàíñòâ V = V (1) ⊗ V (2), ýòî áóäåò
÷åòûð¼õìåðíîå ïðîñòðàíñòâî ñ áàçèñíûìè ôóíêöèÿìè

Ψµ1,µ2 = ϕ(1)
µ1
⊗ ϕ(2)

µ2
, µ1, µ2 = ±1

2
. (5.403)

Â ïðîñòðàíñòâå V ââåä¼ì îïåðàòîð Ŝ è Ŝ2

Ŝi = ŝ
(1)
i ⊗ Î(2) + Î(1) ⊗ ŝ(2)

i , i = 1, 2, 3 = x, y, z , (5.404)

Ŝ2 = Ŝ2
x + Ŝ2

y + Ŝ2
z , (5.405)

ãäå Î(1), Î(2) � åäèíè÷íûå ìàòðèöû, äåéñòâóþùèå â ïðîñòðàíñòâàõ V (1) è V (2), ñîîòâåò-
ñòâåííî.

ŜiΨµ1,µ2 =
(
ŝ

(1)
i ⊗ Î(2) + Î(1) ⊗ ŝ(2)

i

)
ϕ(1)
µ1
⊗ ϕ(2)

µ2
(5.406)

=
(
ŝ

(1)
i ϕ(1)

µ1

)
⊗
(
Î(2)ϕ(2)

µ2

)
+
(
Î(1)ϕ(1)

µ1

)
⊗
(
ŝ

(2)
i ϕ(2)

µ2

)
(5.407)

=
(
ŝ

(1)
i ϕ(1)

µ1

)
⊗ ϕ(2)

µ2
+ ϕ(1)

µ1
⊗
(
ŝ

(2)
i ϕ(2)

µ2

)
, i = 1, 2, 3 = x, y, z . (5.408)
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Ïîêàæåì, ÷òî îïåðàòîð Ŝ ÿâëÿåòñÿ îïåðàòîðîì ìîìåíòà

[ŝi, ŝj] = i
3∑

k=1

εijkŝk , (5.409)

[Ŝi, Ŝj] =
(
ŝ

(1)
i ⊗ Î(2) + Î(1) ⊗ ŝ(2)

i

)(
ŝ

(1)
j ⊗ Î(2) + Î(1) ⊗ ŝ(2)

j

)
(5.410)

−
(
ŝ

(1)
j ⊗ Î(2) + Î(1) ⊗ ŝ(2)

j

)(
ŝ

(1)
i ⊗ Î(2) + Î(1) ⊗ ŝ(2)

i

)
(5.411)

=
(
ŝ

(1)
i ŝ

(1)
j ⊗ Î(2) + Î(1) ⊗ ŝ(2)

i ŝ
(2)
j

)
(5.412)

−
(
ŝ

(1)
j ŝ

(1)
i ⊗ Î(2) + Î(1) ⊗ ŝ(2)

j ŝ
(2)
i

)
(5.413)

= (ŝ
(1)
i ŝ

(1)
j − ŝ

(1)
j ŝ

(1)
i )⊗ Î(2) + Î(1) ⊗ (ŝ

(2)
i ŝ

(2)
j − ŝ

(2)
j ŝ

(2)
i ) (5.414)

= [ŝ
(1)
i , ŝ

(1)
j ]⊗ Î(2) + Î(1) ⊗ [ŝ

(2)
i , ŝ

(2)
j ] (5.415)

= i
3∑

k=1

(
εijkŝ

(1)
k ⊗ Î

(2) + Î(1) ⊗ εijkŝ(2)
k

)
= i

3∑
k=1

εijkŜk . (5.416)

Äëÿ îïåðàòîðà Ŝz ìû èìååì

ŜzΨµ1,µ2 =
(
ŝ(1)
z ϕ(1)

µ1

)
⊗ ϕ(2)

µ2
+ ϕ(1)

µ1
⊗
(
ŝ(2)
z ϕ(2)

µ2

)
(5.417)

=
(
µ1ϕ

(1)
µ1

)
⊗ ϕ(2)

µ2
+ ϕ(1)

µ1
⊗
(
µ2ϕ

(2)
µ2

)
(5.418)

= (µ1 + µ2)ϕ(1)
µ1
⊗ ϕ(2)

µ2
= (µ1 + µ2)Ψµ1,µ2 , (5.419)

Äàëåå ìû íå áóäåì ïèñàòü ñèìâîëû ïðÿìîãî ïðîèçâåäåíèÿ è åäèíè÷íûå îïåðàòîðû
Î(1), Î(2). Áóäåì ïðåäïîëàãàòü, ÷òî îïåðàòîðû ñ èíäåêñàìè (1) è (2) äåéñòâóþò òîëüêî íà
ôóíêöèè ñ ñîîòâåòñòâóþùèìè èíäåêñàìè. Òîãäà ìû ìîæåì çàïèñàòü

Ŝi = ŝ
(1)
i + ŝ

(2)
i , i = 1, 2, 3 = x, y, z , (5.420)

ŜiΨµ1,µ2 =
(
ŝ

(1)
i + ŝ

(2)
i

)
ϕ(1)
µ1
ϕ(2)
µ2

(5.421)

= ŝ
(1)
i ϕ(1)

µ1
ϕ(2)
µ2

+ ϕ(1)
µ1
ŝ

(2)
i ϕ(2)

µ2
, i = 1, 2, 3 = x, y, z . (5.422)

Äëÿ îïåðàòîðà Ŝz ìû èìååì

ŜzΨµ1,µ2 = ŝ(1)
z ϕ(1)

µ1
ϕ(2)
µ2

+ ϕ(1)
µ1
ŝ(2)
z ϕ(2)

µ2
(5.423)

= µ1ϕ
(1)
µ1
ϕ(2)
µ2

+ ϕ(1)
µ1
µ2ϕ

(2)
µ2

(5.424)

= (µ1 + µ2)ϕ(1)
µ1
ϕ(2)
µ2

= (µ1 + µ2)Ψµ1,µ2 = MΨµ1,µ2 , (5.425)
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Ìû ïîëó÷èëè, ÷òî ôóíêöèè Φµ1,µ2 � ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ŝz. Çàìåòèì,
÷òî ñîáñòâåííîå çíà÷åíèå M = 0 äâóêðàòíî âûðîæäåíî

M = 0 : Φ 1
2
,− 1

2
, Φ− 1

2
, 1
2
, (5.426)

M = 1 : Φ 1
2
, 1
2
, (5.427)

M = −1 : Φ− 1
2
,− 1

2
. (5.428)

ΨS=1,M=1 = ϕ
(1)
1
2

ϕ
(2)
1
2

, (5.429)

ΨS=1,M=−1 = ϕ
(1)

− 1
2

ϕ
(2)

− 1
2

. (5.430)

Çíà÷èò, ïîäïðîñòðàíñòâî V ìîæíî ðàçáèòü íà ïðÿìóþ ñóììó äâóõ ïîäïðîñòðàíñòâ: îä-
íîìåðíîãî {ΨS=0,M=0} è òð¼õìåðíîãî {ΨS=1,M}M=±1,0.

Îêàçûâàåòñÿ, ÷òî ìàòðèöà îïåðàòîðà Ŝ2 â áàçèñå Ψµ1,µ2 íå ÿâëÿåòñÿ äèàãîíàëüíîé
ìàòðèöåé. Òî åñòü, äëÿ ôóíêöèé Ψ 1

2
,− 1

2
è Ψ− 1

2
, 1
2
ïîëíûé ñïèí íåîïðåäåë¼í: S = 0, 1. Íàäî

ïåðåéòè ê áàçèñó, ãäå ýòî ìàòðèöà áóäåò äèàãîíàëüíîé. Ïîêàæåì ýòî
×òîáû ïîñòðîèòü ôóíêöèþ ΦS=1,M=0 ìîæíî ïîäåéñòâîâàòü îïåðàòîðîì Ŝ+ íà ôóíê-

öèþ ΦS=1,M=−1 èëè îïåðàòîðîì Ŝ− íà ôóíêöèþ ΦS=1,M=1. Ñäåëàåì ïîñëåäíåå. Ìàòðèöà

îïåðàòîðà Ŝ− èìååò âèä (ñì. Óð. (5.271))

Ŝ− = ŝ
(1)
− + ŝ

(2)
− . (5.431)

Ŝ−ΦS=1,M=1 = Ŝ−Ψ 1
2
, 1
2

=
(
ŝ

(1)
− + ŝ

(2)
−

)
Ψ 1

2
, 1
2

=
(
ŝ

(1)
− + ŝ

(2)
−

)
ϕ

(1)
1
2

ϕ
(2)
1
2

(5.432)

=
(
ϕ

(1)

− 1
2

ϕ
(2)
1
2

+ ϕ
(1)
1
2

ϕ
(2)

− 1
2

)
=
√

2ΦS=1,M=0 (5.433)

Çäåñü ìû èñïîëüçîâàëè Óð. (5.314), (5.315).

ŝ
(i)
− ϕ

(i)
1
2

= ϕ
(i)

− 1
2

, i = 1, 2 . (5.434)

Òàêèì îáðàçîì, ìû ïîëó÷àåì

ΦS=1,M=0 =
1√
2

(
ϕ

(1)

− 1
2

ϕ
(2)
1
2

+ ϕ
(1)
1
2

ϕ
(2)

− 1
2

)
. (5.435)

×òîáû ïîëó÷èòü ôóíêöèþ ΨS=0,M=0 íàì íàäî íàéòè îðòîãîíàëüíîå äîïîëíåíèå ê îä-
íîìåðíîìó ïîäïðîñòðàíñòâó {ΨS=1,M=0} äî äâóìåðíîãî ïîäïðîñòðàíñòâà {Φ 1

2
,− 1

2
,Φ− 1

2
, 1
2
}.
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Ëåãêî ïðîâåðèòü, ÷òî èñêîìîå îðòîãîíàëüíîå äîïîëíåíèå åñòü îäíîìåðíîå ïîäïðîñòðàí-
ñòâî, îïðåäåëÿåìîå ôóíêöèåé

ΦS=0,M=0 =
1√
2

(
ϕ

(1)

− 1
2

ϕ
(2)
1
2

− ϕ(1)
1
2

ϕ
(2)

− 1
2

)
. (5.436)

Äåéñòâèòåëüíî,

〈ΦS=0,M=0|ΦS=1,M=0〉 =
1

2

〈(
ϕ

(1)

− 1
2

ϕ
(2)
1
2

− ϕ(1)
1
2

ϕ
(2)

− 1
2

)∣∣∣ (ϕ(1)

− 1
2

ϕ
(2)
1
2

+ ϕ
(1)
1
2

ϕ
(2)

− 1
2

)〉
(5.437)

=
1

2

[〈
ϕ

(1)

− 1
2

ϕ
(2)
1
2

∣∣∣ ϕ(1)

− 1
2

ϕ
(2)
1
2

〉
+
〈
ϕ

(1)

− 1
2

ϕ
(2)
1
2

∣∣∣ ϕ(1)
1
2

ϕ
(2)

− 1
2

〉
(5.438)

−
〈
ϕ

(1)
1
2

ϕ
(2)

− 1
2

∣∣∣ ϕ(1)

− 1
2

ϕ
(2)
1
2

〉
−
〈
ϕ

(1)
1
2

ϕ
(2)

− 1
2

∣∣∣ ϕ(1)
1
2

ϕ
(2)

− 1
2

〉]
(5.439)

=
1

2

[〈
ϕ

(1)

− 1
2

ϕ
(2)
1
2

∣∣∣ ϕ(1)

− 1
2

ϕ
(2)
1
2

〉
−
〈
ϕ

(1)
1
2

ϕ
(2)

− 1
2

∣∣∣ ϕ(1)
1
2

ϕ
(2)

− 1
2

〉]
(5.440)

=
1

2
[1− 1] = 0 . (5.441)

Òàêèì îáðàçîì, â ÷åòûð¼õìåðíîì ïîäïðîñòðàíñòâå V = V (1)⊗V (2) ìû ïîñòðîèëè áàçèñ

ΦS=0,M=0 =
1√
2

(
ϕ

(1)

− 1
2

ϕ
(2)
1
2

− ϕ(1)
1
2

ϕ
(2)

− 1
2

)
, (5.442)

ΦS=1,M=1 = ϕ
(1)
1
2

ϕ
(2)
1
2

, (5.443)

ΦS=1,M=0 =
1√
2

(
ϕ

(1)

− 1
2

ϕ
(2)
1
2

+ ϕ
(1)
1
2

ϕ
(2)

− 1
2

)
, (5.444)

ΦS=1,M=−1 = ϕ
(1)

− 1
2

ϕ
(2)

− 1
2

. (5.445)

Ŝ2ΦS,M = S(S + 1)ΦS,M , (5.446)

ŜzΦS,M = MΦS,M . (5.447)

×àñòî ýòè ôóíêöèè ïðåäñòàâëÿþò â âèäå

ΦS=0,M=0 =
1√
2

((
0
1

)(1)(
1
0

)(2)

−
(

1
0

)(1)(
0
1

)(2)
)
, (5.448)

ΦS=1,M=1 =

(
1
0

)(1)(
1
0

)(2)

, (5.449)

ΦS=1,M=0 =
1√
2

((
0
1

)(1)(
1
0

)(2)

+

(
1
0

)(1)(
0
1

)(2)
)
, (5.450)

ΦS=1,M=−1 =

(
0
1

)(1)(
0
1

)(2)

. (5.451)
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Ïåðåõîä îò îðòîíîðìèðîâàííîãî áàçèñà Ψµ1,µ2 (µ1, µ2 = ±1
2
) ê îðòîíîðìèðîâàííîìó

áàçèñó ΦS,M (S = 0, M = 0; S = 1, M = −1, 0, 1) îïðåäåëÿåò óíèòàðíîå ïðåîáðàçîâàíèå

ΦS,M =
∑

µ1,µ2=± 1
2

CSM
1
2
µ1,

1
2
µ2
ϕ(1)
µ1
ϕ(2)
µ2
, (5.452)

ϕ(1)
µ1
ϕ(2)
µ2

=

1
2

+ 1
2

=1∑
J= 1

2
− 1

2
=0

S∑
M=−S

CSM
1
2
µ1,

1
2
µ2

ΦS,M . (5.453)

Êîýôôèöèåíòû CSM
1
2
µ1,

1
2
µ2

íàçûâàþòñÿ êîýôôèöèåíòàìè Êëåáøà-Ãîäàíà (Clebsch-Gordan

coe�cients).

5.9 Ñëîæåíèå ìîìåíòîâ (j1 + j2)

20.11.2021

Ðàçìåðíîñòü ïîäïðîñòðàíñòâ {ϕ(1)
j1,m1
} è {ϕ(2)

j2,m2
} åñòü n1 è n2, ñîîòâåòñòâåííî,

m1 = −j1, . . . j1 , n1 = 2j1 + 1 , (5.454)

m2 = −j2, . . . j2 , n2 = 2j2 + 1 . (5.455)

Ψm1m2 = ϕ
(1)
j1,m1

ϕ
(2)
j2,m2

, (5.456)

Ðàçìåðíîñòü ïîäïðîñòðàíñòâà {Ψm1m2} åñòü

n1 × n2 = (2j1 + 1)(2j2 + 1) = 4j1j2 + 2(j1 + j2) + 1 (5.457)

ĴzΨm1m2 = (ĵ(1)
z + ĵ(2)

z )ϕ(1)
µ1
ϕ(2)
µ2

= ĵ(1)
z ϕ

(1)
j1,m1

ϕ
(2)
j2,m2

+ ϕ
(1)
j1,m1

ĵ(2)
z ϕ

(2)
j2,m2

(5.458)

= m1ϕ
(1)
j1,m1

ϕ
(2)
j2,m2

+ ϕ
(1)
j1,m1

m2ϕ
(2)
j2,m2

= (m1 +m2)ϕ
(1)
j1,m1

ϕ
(2)
j2,m2

(5.459)

= (m1 +m2)Ψm1m2 = MΨm1m2 . (5.460)

Êîëè÷åñòâî ðàçëè÷íûõ çíà÷åíèé M åñòü

M = −(j1 + j2), . . . , j1 + j2 , N = 2(j1 + j2) + 1 . (5.461)

Çàìåòèì, ÷òî

n1 × n2 ≥ N , (5.462)

n1 × n2 = (2j1 + 1)(2j2 + 1) = 4j1j2 + 2(j1 + j2) + 1 ≥ 2(j1 + j2) + 1 . (5.463)
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Òàáëèöà 5.1: Ñîîòâåòñòâèå ìåæäó ñîáñòâåííûìè çíà÷åíèÿìèM îïåðàòîðà Jz è áàçèñíûìè
âåêòîðàìè Ψm,m′ . Ïðåäïîëàãàåòñÿ, ÷òî j1 ≤ j2. Â ïåðâîé êîëîíêå ïðèâåäåíû ñîáñòâåííûå
çíà÷åíèÿ îïåðàòîðà Jz. Âî âòîðîé êîëîíêå óêàçàíû âåêòîðà Ψm1,m2 , êîòîðûå îòâå÷àþò
ñîáñòâåííîìó çíà÷åíèþ M = m1 + m2. Â òðåòüåé êîëîíêå äàíî êîëè÷åñòâî âåêòîðîâ
Ψm1,m2 .
M = m1 +m2 Ψm1,m2 Êîëè÷åñòâî Ψm1,m2

j1 + j2 Ψj1,j2 1
j1 + j2 − 1 Ψj1−1,j2 , Ψj1,j2−1 2
· · · · · · · · ·
j2 − j1 + 1 Ψ−j1+1,j2 , Ψ−j1+2,j2−1, . . . , Ψj1,j2−2j1+1 2j1

j2 − j1 Ψ−j1,j2 , Ψ−j1+1,j2−1, . . . , Ψj1,j2−2j1 2j1 + 1
j2 − j1 − 1 Ψ−j1,j2−1, Ψ−j1+1,j2−2, . . . , Ψj1,j2−2j1−1 2j1 + 1
· · · · · · · · ·
−(j2 − j1) Ψ−j1,−j2+2j1 , Ψ−j1+1,−j2+2j1−1, . . . , Ψj1,−j2 2j1 + 1
−(j2 − j1)− 1 Ψ−j1,−j2+2j1−1, Ψ−j1+1,−j2+2j1−2, . . . , Ψj1,−j2−1 2j1

· · · · · · · · ·
−(j1 + j2) + 1 Ψ−j1,−j2+1, Ψ−j1+1,−j2 2
−(j1 + j2) Ψ−j1,−j2 1

Òîëüêî, åñëè j1 = 0 èëè j2 = 0, ìû ïîëó÷èì n1 × n2 = N . Òàêèì îáðàçîì, åñëè j1 = 0 è
j2 = 0 íåíóëåâûå, òî ñðåäè ñîáñòâåííûõ çíà÷åíèé M åñòü âûðîæäåííûå.

Ìû õîòèì ïîäïðîñòðàíñòâî {Ψm1,m2} ðàçáèòü íà ïîäïðîñòðàíñòâà ñ îïðåäåë¼ííûì
ìîìåíòîì J , ò.å., ïåðåéòè ê áàçèñó ΦJ,M

Ĵ2ΦJ,M = J(J + 1)ΦJ,M , (5.464)

ĴzΦJ,M = MΦJ,M . (5.465)

Ìû ïîëó÷àåì, ÷òî J ïðèíèìàåò çíà÷åíèÿ

|j1 − j2| ≤ J ≤ j1 + j2 . (5.466)

Êîëè÷åñòâî ôóíêöèé ΦJ,M è Ψm1,m2 îäèíàêîâî

j1+j2∑
J=j2−j1

J∑
M=−J

1 =

j1+j2∑
J=j2−j1

(2J + 1)

= 2
(j1 + j2) + (j2 − j1)

2
[(j1 + j2)− (j2 − j1) + 1]

+[(j1 + j2)− (j2 − j1) + 1]

= 2j2(2j1 + 1) + 2j1 + 1

= (2j1 + 1)(2j2 + 1) . (5.467)
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Ñîáñòâåííûå ôóíêöèè îïåðàòîðîâ Ĵ2 è Ĵz ìîæíî ðàçëîæèòü ïî ôóíêöèÿì Φm1,m2

ΦJ,M =

j1∑
m1=−j1

j2∑
m2=−j2

CJM
j1m1,j2m2

ϕ
(1)
j1,m1

ϕ
(2)
j2,m2

, (5.468)

ϕ
(1)
j1,m1

ϕ
(2)
j2,m2

=

j1+j2∑
J=|j1−j2|

J∑
M=−J

CJM
j1m1,j2m2

ΦJ,M . (5.469)

Êîýôôèöèåíòû CJM
j1m1,j2m2

íàçûâàþòñÿ êîýôôèöèåíòàìè Êëåáøà-Ãîðäàíà (Clebsch-Gordan
coe�cients). Çäåñü ïðåäïîëàãàåòñÿ, ÷òî âûïîëíåíî ñîãëàøåíèå íà ôàçû ôóíêöèé ΦJ,M ,
ò.å., âûïîëíåíû Óð. (5.170), (5.171). Ïðè âûïîëíåíèè ýòîãî ñîãëàøåíèÿ êîýôôèöèåíòàìè
Êëåáøà-Ãîðäàíà âåùåñòâåíû. Îíè èçâåñòíû [2].

×òîáû êîýôôèöèåíò Êëåáøà-Ãîðäàíà áûë íåíóëåâûì íåîáõîäèìî (íî íå äîñòàòî÷íî)
âûïîëíåíèå óñëîâèé

|j1 − j2| ≤ J ≤ j1 + j2 , (5.470)

M = m1 +m2 . (5.471)

Êîýôôèöèåíòû Êëåáøà-Ãîðäàíà îïðåäåëÿþò óíèòàðíîå ïðåîáðàçîâàíèå îò îäíîãî îð-
òîíîðìèðîâàííîãî áàçèñà ê äðóãîìó îðòîíîðìèðîâàííîìó áàçèñó∑

m1m2

CJM
j1m1,j2m2

CJ ′M ′

j1m1,j2m2
= δJJ ′δMM ′ , (5.472)∑

JM

CJM
j1m1,j2m2

CJM
j1m′1,j2m

′
2

= δm1m′1
δm2m′2

. (5.473)

Ìû ðàçáèëè ïîäïðîñòðàíñòâî ôóíêöèé {Ψm1,m2} íà ïîäïðîñòðàíñòâà ôóíêöèé ñ îïðå-
äåë¼ííûì ìîìåíòîì J

{Ψm1,m2} = {Φ|j1−j2|,M} ⊕ . . .⊕ {Φj1+j2,M} . (5.474)

Áëàãîäàðÿ ôèêñèðîâàíèþ ôàçîâûõ ìíîæèòåëåé Óð. (5.170), (5.171) ó ôóíêöèé ΦJ,M

êîýôôèöèåíòû Êëåáøà-Ãîðäàíà âåùåñòâåííû è îïðåäåëÿþòñÿ îäíîçíà÷íî ( [2]: Âàðøà-
ëîâè÷ �8.2 (3), ñòð. 203)

CJM
j1m1,j2m2

= (−1)−j1+j2−M
√

2J + 1

(
j1 j2 J
m1 m2 M

)
, (5.475)
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ãäå M ≡ −M , ïîñëåäíèé ìíîæèòåëü åñòü 3j-ñèìâîë(
j1 j2 j3

m1 m2 m3

)
= δm1+m2,−m3(−1)j1−j2−m3

×
[

(j1 + j2 − j3)!(j1 − j2 + j3)!(−j1 + j2 + j3)!

(j1 + j2 + j3 + 1)!

]1/2

×[(j1 +m1)!(j1 −m1)!(j2 +m2)!(j2 −m2)!(j3 +m3)!(j3 −m3)!]1/2

×
∞∑
z=0

{(−1)z[z!(j1 + j2 − j3 − z)!(j1 −m1 − z)!

×(j2 +m2 − z)!(j3 − j2 +m1 + z)!(j3 − j1 −m2 + z)!]−1
}
. (5.476)

Âûðàæåíèå (5.476) ïðèâîäèòñÿ áåç äîêàçàòåëüñòâà.

5.9.1 Øàðîâûå ñïèíîðû (spinor spherical harmonics)

Ðàññìîòðèì ñôåðè÷åñêèå ôóíêöèè

l̂2Ylml(θ, ϕ) = l(l + 1)Ylml(θ, ϕ) , (5.477)

l̂zYlml(θ, ϕ) = mlYlml(θ, ϕ) (5.478)

è ñïèíîðû

χ 1
2

=

(
1
0

)
, χ− 1

2
=

(
0
1

)
, (5.479)

ŝ2χms =
3

4
χms , (5.480)

ŝzχms = msχms , ms = ±1

2
. (5.481)

Ðàññìîòðèì ïðÿìîå ïðîèçâåäåíèå ïîäïðîñòðàíñòâ {Yl,ml(θ, ϕ)} è {χms}. Îïðåäåëèì â
ýòîì áîëüøîì ïîäïðîñòðàíñòâå îïåðàòîð ïîëíîãî ìîìåíòà

ĵ = l̂ + ŝ . (5.482)

Øàðîâûå ñïèíîðû îïðåäåëÿþòñÿ êàê

Ωjlm(θ, ϕ) =
l∑

ml=−l

∑
ms=± 1

2

Cjm

lml,
1
2
ms
Yl,ml(θ, ϕ)χms . (5.483)
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Øàðîâûå ñïèíîðû ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè äëÿ ñëåäóþùèõ îïåðàòîðîâ

ĵ2Ωjlm(θ, ϕ) = j(j + 1)Ωjlm(θ, ϕ) , (5.484)

ĵzΩjlm(θ, ϕ) = mΩjlm(θ, ϕ) , (5.485)

l̂2Ωjlm(θ, ϕ) = l(l + 1)Ωjlm(θ, ϕ) , (5.486)

ŝ2Ωjlm(θ, ϕ) =
3

4
Ωjlm(θ, ϕ) . (5.487)

〈Ωjlm|Ωj′l′m′〉 =
∑

mlmsm
′
lm
′
s

Cjm

lml,
1
2
ms
Cj′m′

l′m′l,
1
2
m′s

(5.488)

×
π∫

0

dθ

∫ 2π

0

dϕ sin θ Y ∗l,ml(θ, ϕ)Yl′,m′l(θ, ϕ)〈χms|χm′s〉 (5.489)

=
∑

mlmsm
′
lm
′
s

Cjm

lml,
1
2
ms
Cj′m′

l′m′l,
1
2
m′s
δll′δmlm′lδmsm′s (5.490)

= δll′
∑
mlms

Cjm

lml,
1
2
ms
Cj′m′

lml,
1
2
ms

(5.491)

= δjj′δmm′δll′ . (5.492)

Øàðîâûå ñïèíîðû èñïîëüçóþòñÿ äëÿ ïîñòðîåíèÿ ðåëÿòèâèñòñêèõ âîëíîâûõ ôóíêöèé
ýëåêòðîíîâ ñ îïðåäåë¼ííûìè j, l (÷¼òíîñòüþ (−1)l) è m.

5.9.2 Øàðîâûå âåêòîðû (vector spherical harmonics)

Ðàññìîòðèì ñôåðè÷åñêèå ôóíêöèè

l̂2Ylml(θ, ϕ) = l(l + 1)Ylml(θ, ϕ) , (5.493)

l̂zYlml(θ, ϕ) = mlYlml(θ, ϕ) (5.494)

è öèêëè÷åñêèé áàçèñ âåêòîðîâ (ñì. Óð. (5.189)-(5.191) è Óð. (5.304), (5.305))

u1 =
1√
2

(−ex − iey) =
1√
2

 −1
−i
0

 , (5.495)

u0 = ez =

 0
0
1

 , (5.496)

u−1 =
1√
2

(ex − iey) =
1√
2

 1
−i
0

 . (5.497)

214



ŝ2ums = 2ums , (5.498)

ŝzums = msums . (5.499)

Ðàññìîòðèì ïðÿìîå ïðîèçâåäåíèå ïîäïðîñòðàíñòâ {Yl,ml(θ, ϕ)} è {ums}. Îïðåäåëèì â
ýòîì áîëüøîì ïîäïðîñòðàíñòâå îïåðàòîð ïîëíîãî ìîìåíòà

ĵ = l̂ + ŝ . (5.500)

Øàðîâûå âåêòîðû îïðåäåëÿþòñÿ êàê

Yjlm(θ, ϕ) =
l∑

ml=−l

∑
ms=±1,0

Cjm
lml,1ms

Yl,ml(θ, ϕ)ums . (5.501)

Øàðîâûå âåêòîðû ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè äëÿ ñëåäóþùèõ îïåðàòîðîâ

ĵ2Yjlm(θ, ϕ) = j(j + 1)Yjlm(θ, ϕ) , (5.502)

ĵzYjlm(θ, ϕ) = mYjlm(θ, ϕ) , (5.503)

l̂2Yjlm(θ, ϕ) = l(l + 1)Yjlm(θ, ϕ) , (5.504)

ŝ2Yjlm(θ, ϕ) = 2Yjlm(θ, ϕ) . (5.505)

〈Yjlm|Yj′l′m′〉 =
∑

mlmsm
′
lm
′
s

Cjm
lml,1ms

Cj′m′

l′m′l,1m
′
s

(5.506)

×
π∫

0

dθ

∫ 2π

0

dϕ sin θ Y ∗l,ml(θ, ϕ)Yl′,m′l(θ, ϕ)〈ums|um′s〉 (5.507)

=
∑

mlmsm
′
lm
′
s

Cjm
lml,1ms

Cj′m′

l′m′l,1m
′
s
δll′δmlm′lδmsm′s (5.508)

= δll′
∑
mlms

Cjm
lml,1ms

Cj′m′

lml,1ms
(5.509)

= δjj′δmm′δll′ . (5.510)

Øàðîâûå âåêòîðû èñïîëüçóþòñÿ äëÿ ïîñòðîåíèÿ âîëíîâûõ ôóíêöèé ôîòîíîâ ñ îïðå-
äåë¼ííûìè j, l è m.

5.10 Äâèæåíèå â öåíòðàëüíîì ïîëå

Ñòàöèîíàðíîå óðàâíåíèå Øð¼äèíãåðà èìååò âèä(
p̂2

2me

+ V (r)

)
ψ(r) = Eψ(r) , (5.511)
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ãäå me � ìàññà ÷àñòèöû (ýëåêòðîíà), V (r) � ïîòåíöèàë. Ìû áóäåì èñïîëüçîâàòü àòîìíóþ
ñèñòåìó åäèíèö

me = 1 , ~ = 1 , |e| = 1 . (5.512)

Ðàññìîòðèì öåíòðàëüíîå ïîëå

V (r) = V (r) , r = |r| . (5.513)

Óðàâíåíèå Óð. (5.511) ïðèìåò âèä(
−1

2
∆ + V (r)

)
ψ(r) = Eψ(r) . (5.514)

Çàïèøåì ëàïëàñèàí â ñôåðè÷åñêèõ êîîðäèíàòàõ ÷åðåç îïåðàòîð óãëîâîãî ìîìåíòà (ñì.
Óð. (3.410), (5.74) )

∆ =
1

r2

∂

∂r
r2 ∂

∂r
− l̂

2

r2
(5.515)

l̂2 = −
[

1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin2 θ

∂2

∂ϕ2

]
, l̂z = −i ∂

∂ϕ
(5.516)

(
− 1

2r2

∂

∂r
r2 ∂

∂r
+
l̂2

2r2
+ V (r)

)
ψ(r) = Eψ(r) . (5.517)

Áóäåì èñêàòü ðåøåíèå â âèäå

ψ(r) =
1

r
P (r)Ylm(θ, ϕ) . (5.518)

Òàêèì îáðàçîì, ìû áóäåì èññëåäîâàòü ñîáñòâåííûå ôóíêöèè óðàâíåíèÿ Øð¼äèíãåðà ñ
îïðåäåë¼ííûì îðáèòàëüíûì ìîìåíòîì l è åãî ïðîåêöèåé íà îñü z (m).

Ïîëó÷èì íîðìèðîâêó ôóíêöèè P (r) (äèñêðåòíûé ñïåêòð)

∫
d3rψ∗(r)ψ =

∞∫
0

drP ∗(r)P (r)

π∫
0

dθ

2π∫
0

dϕ sin θY ∗lm(θ, ϕ)Ylm(θ, ϕ) (5.519)

=

∞∫
0

dr|P (r)|2 = 1 . (5.520)
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Çàìåòèì, ÷òî äëÿ ñõîäèìîñòè ýòîãî èíòåãðàëà íåîáõîäèìî, ÷òîáû

rP (r)2 → 0 , ïðè r → 0 . (5.521)

Ïîäñòàâèâ ýòî â óðàâíåíèå Óð. (5.517) ïîëó÷èì óðàâíåíèå äëÿ ôóíêöèè P (r) � ðàäè-
àëüíîå óðàâíåíèå Øð¼äèíãåðà(

− 1

2r2

∂

∂r
r2 ∂

∂r
+
l(l + 1)

2r2
+ V (r)

)
1

r
P (r) = E

1

r
P (r) . (5.522)

Äàâàéòå óïðîñòèì åãî.

∂

∂r

1

r
P = − 1

r2
P +

1

r
P ′ , P ′ =

∂

∂r
P , (5.523)

∂

∂r
r2 ∂

∂r

1

r
P =

∂

∂r
r2

(
− 1

r2
P +

1

r
P ′
)

=
∂

∂r
(−P + rP ′) , (5.524)

= −P ′ + P ′ + rP ′′ = rP ′′ , P ′′ =
∂2

∂r2
P . (5.525)

− 1

2r2
rP ′′(r) +

l(l + 1)

2r2

1

r
P (r) + V (r)

1

r
P (r) = E

1

r
P (r) , (5.526)

−1

2
P ′′(r) +

l(l + 1)

2r2
P (r) + V (r)P (r) = EP (r) , (5.527)(

−1

2

∂2

∂r2
+
l(l + 1)

2r2
+ V (r)

)
P (r) = EP (r) . (5.528)

Åñëè ìû ââåä¼ì îïåðàòîð èìïóëüñà, îòâå÷àþùèé ïåðåìåííîé r (ñì. Óð. (3.402))

p̂r = −i~ ∂
∂r

, ~ = 1 , (5.529)

ðàäèàëüíîå óðàâíåíèå Øð¼äèíãåðà çàïèøåòñÿ êàê(
p̂2
r

2
+
l(l + 1)

2r2
+ V (r)

)
P (r) = EP (r) , (5.530)(

p̂2
r

2me

+
~2l(l + 1)

2mer2
+ V (r)

)
P (r) = EP (r) . (5.531)

Ýòî íàäî ñðàâíèòü ñî ñëåäóþùèì óðàâíåíèåì êëàññè÷åñêîé ìåõàíèêè (çàêîí ñîõðàíåíèÿ
ýíåðãèè)

p2
r

2me

+
L2

2mer2
+ V (r) = E , pr = meṙ , L = [r × p] . (5.532)
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5.10.1 Àñèìïòîòèêà ïðè r → 0

Ðàññìîòðèì âèä ðàäèàëüíîãî óðàâíåíèÿØð¼äèíãåðà Óð. (5.528) ïðè r → 0. Îãðàíè÷èìñÿ
ñëó÷àåì, êîãäà ïîòåíöèàë rV (r) → const, ïðè r → 0. Êóëîíîâñêèé ïîòåíöèàë (V =
−e2Z/r) óäîâëåòâîðÿåò ýòîìó óñëîâèþ. Íàéä¼ì ñòåïåííóþ çàâèñèìîñòü ôóíêöèè P (r) â
íóëå. Ïîäñòàâèì ôóíêöèþ P (r) â âèäå

P (r) = crk , c 6= 0 . (5.533)

â Óð. (5.528) è óñòðåìèì r ê íóëþ

−1

2
ck(k − 1)rk−2 +

l(l + 1)

2r2
crk + V crk = Ecrk

∣∣∣∣× r−k+2 , r → 0 . (5.534)

Ïîëó÷àåì óðàâíåíèå íà k

−k(k − 1) + l(l + 1) = 0 . (5.535)

Ìû èìååì äâà âîçìîæíûõ çíà÷åíèÿ k:

k = l + 1 , (5.536)

k = −l . (5.537)

Çàìåòèì, ÷òî çíà÷åíèå k = −l îòâå÷àåò íåôèçè÷íûì ðåøåíèÿì ðàäèàëüíîãî óðàâíå-
íèÿ Øð¼äèíãåðà. Äåéñòâèòåëüíî, ðàññìîòðèì âîçìîæíûå çíà÷åíèÿ l

1. Ïðè l ≥ 1 ôóíêöèÿ P (r) â íóëå âåä¼ò ñåáÿ êàê

P (r) =
c

rl
. (5.538)

Â ýòîì ñëó÷å óñëîâèå íîðìèðîâêè Óð. (5.521) íå âûïîëíåíî.

2. Ïðè l = 0 ôóíêöèÿ P (r) â íóëå åñòü êîíñòàíòà

P (r) = c . (5.539)

Òîãäà ôóíêöèÿ ψ(r) âåä¼ò ñåáÿ êàê

ψ(r) =
1

r
cY00(θ, ϕ) , r → 0 , Y00(θ, ϕ) =

1√
4π

. (5.540)

Â âèäó óðàâíåíèÿ Ïóàññîíà

∆
1

r
= −4πδ(r) (5.541)

ôóíêöèÿ ψ(r) íå áóäåò ñîáñòâåííîé ôóíêöèåé óðàâíåíèÿ Øð¼äèíãåðà, åñëè ïîòåí-
öèàë V íå ñîäåðæèò äåëüòà-ôóíêöèè.
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Òàêèì îáðàçîì, ìû ïîëó÷àåì

P (r) = crl+1 , r → 0 . (5.542)

Ñîîòâåòñòâåííî,

ψ(r) = c′rl , r → 0 . (5.543)

Íàäî îáðàòèòü âíèìàíèå íà òî, ÷òî ïðè r → 0 ôóíêöèÿ ψ(r) ïðè l = 0 íå ðàâíà íóëþ,
à ïðè l ≥ 1 ôóíêöèÿ ψ(r) ñòðåìèòñÿ ê íóëþ. Ïðè÷¼ì, ÷åì áîëüøå l, òåì áûñòðåå ôóíêöèÿ
ψ(r) ñòðåìèòñÿ ê íóëþ ïðè r → 0.

5.10.2 Àñèìïòîòèêà ïðè r →∞
Ðàññìîòðèì àñèìïòîòèêó ðàäèàëüíîãî óðàâíåíèÿ Øð¼äèíãåðà (5.528) ïðè r →∞(

−1

2

∂2

∂r2
+
l(l + 1)

2r2
+ V (r)

)
P (r) = EP (r) . (5.544)

Ðàññìîòðèì ñëó÷àé êîðîòêîäåéñòâóþùèõ ïîòåíöèàëîâ rV → 0 ïðè r →∞. Êóëîíîâñêèé
ïîòåíöèàë (V = −e2Z/r) íå óäîâëåòâîðÿåò ýòîìó óñëîâèþ, îí äàëüíîäåéñòâóþùèé ïî-
òåíöèàë. Â ýòîì ñëó÷àåì ìû ìîæåì ïðåíåáðå÷ü öåíòðîáåæíûì ÷ëåíîì è ïîòåíöèàëîì
V

−1

2

∂2

∂r2
P (r) = EP (r) , r →∞ . (5.545)

Ðàññìîòðèì ñíà÷àëà äèñêðåòíûé ñïåêòð (E < 0)

P (r) = c1e
rκ + c2e

−rκ , (5.546)

κ =
√
−2E . (5.547)

Íàñ èíòåðåñóþò òîëüêî ôèçè÷íûå ðåøåíèÿ, êîòîðûå íîðìèðóþòñÿ íà åäèíèöó (èëè íà
äåëüòà-ôóíêöèþ, êàê â ñëó÷àå íåïðåðûâíîãî ñïåêòðà), ïîýòîìó ìû êëàä¼ì c1 = 0. Ïîëó-
÷àåì, ÷òî äëÿ äèñêðåòíîãî ñïåêòðà àñèìïòîòèêà ôóíêöèè P (r) èìååò âèä

P (r) = c2e
−rκ . (5.548)

Ñïåêòð ðàäèàëüíîãî óðàâíåíèÿ Øð¼äèíãåðà (5.544) íåâûðîæäåííûé: êàæäîìó óðîâíþ
ýíåðãèè E ïðè ôèêñèðîâàííîì l îòâå÷àåò îäíà ôóíêöèÿ P (r).

Ðàññìîòðèì òåïåðü íåïðåðûâíûé ñïåêòð (E > 0)

P (r) = c1e
ipr + c2e

−ipr , (5.549)

p =
√

2E . (5.550)
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Íå ñìîòðÿ íà íàëè÷èå äâóõ ëèíåéíî íåçàâèñèìûõ ðåøåíèé â àñèìïòîòèêå ïðè r → ∞,
ôèêñèðîâàííàÿ àñèìïòîòèêà ïðè r → 0 ïðèâåä¼ò ê òîìó, ÷òî ðàäèàëüíîå óðàâíåíèå Øð¼-
äèíãåðà (5.544) áóäåò èìåòü ïî îäíîìó ðåøåíèþ äëÿ êàæäîé ýíåðãèè E.

Çàìå÷àíèå: â ñëó÷àå êóëîíîâñêîãî ïîëÿ V = −e2Z/r àñèìïòîòèêà ïðè r → ∞ áóäåò
îòëè÷àòüñÿ îò Óð. (5.549), ñì. ñëåäóþùèå ïàðàãðàôû.

Çàìå÷àíèå: óðîâíè ýíåðãèè óðàâíåíèÿ Øð¼äèíãåðà (5.514) áóäóò âûðîæäåíû ïî ìàã-
íèòíîìó êâàíòîâîìó ÷èñëó m (åñëè l ≥ 1), ñì. Óð. (5.518). Â ñëó÷àå êóëîíîâñêîãî ïîëÿ
óðîâíè ýíåðãèè áóäóò òàêæå âûðîæäåíû ïî l. Îäíàêî, ó óðàâíåíèÿ (5.544) äëÿ êàæäîãî
ôèêñèðîâàííîãî l ñïåêòð íåâûðîæäåííûé.

5.11 Äâèæåíèå â êóëîíîâñêîì ïîëå. Äèñêðåòíûé ñïåêòð

27.11.2021

Ìû áóäåì ðàññìàòðèâàòü îäíîýëåêòðîííóþ ñèñòåìó � âîäîðîäîïîäîáíûå èîíû.
Ñòàöèîíàðíîå óðàâíåíèå Øð¼äèíãåðà èìååò âèä

Ĥψ(r) = Eψ(r) , Ĥ =
p̂2

2me

+ V (r) , (5.551)(
p̂2

2me

+ V (r)

)
ψ(r) = Eψ(r) , (5.552)

ãäå me � ìàññà ýëåêòðîíà, V (r) � ïîòåíöèàë öåíòðàëüíîãî ïîëÿ. Ìû èñïîëüçîâàòü àòîì-
íóþ ñèñòåìó åäèíèö

me = 1 , ~ = 1 , |e| = 1 , (5.553)

α =
e2

c~
≈ 1

137
� ïîñòîÿííàÿ òîíêîé ñòðóêòóðû . (5.554)

Ìû áóäåì ðàññìàòðèâàòü êóëîíîâñêèé ïîòåíöèàë

V (r) = −e
2Z

r
= −Z

r
, (5.555)

ãäå Z � àòîìíûé íîìåð (|e|Z � çàðÿä ÿäðà).
Ãàìèëüòîíèàí Óð. (5.551) êîììóòèðóåò ñ îïåðàòîðàìè l̂2 è l̂z

[Ĥ, l̂2] = 0 , (5.556)

[Ĥ, l̂z] = 0 . (5.557)
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Çíà÷èò, ýòè îïåðàòîðû èìåþò îáùèé íàáîð ôóíêöèé. Áóäåì èñêàòü ðåøåíèå â âèäå

ψ(r) =
1

r
P (r)Ylm(θ, ϕ) , (5.558)

òî åñòü ìû èùåì ñîñòîÿíèÿ ýëåêòðîíà ñ îïðåäåë¼ííîé ýíåðãèåé, îðáèòàëüíûì ìîìåíòîì
(l) è åãî ïðîåêöèåé íà îñü z (m).

Äëÿ ôóíêöèè P (r) ìû èìååì ñëåäóþùåå óðàâíåíèå (ñì. Óð. (5.527))

−1

2
P ′′(r) +

l(l + 1)

2r2
P (r) + V (r)P (r) = EP (r) . (5.559)

Ðàññìîòðèì äèñêðåòíûé ñïåêòð (E < 0).
Â ïðåäûäóùåì ïàðàãðàôå ïû ïîëó÷èëè, ÷òî ôóíêöèÿ P (r) èìååò ñëåäóþùóþ àñèìï-

òîòèêó (ñì. Óð. (5.542), (5.548))

P (r) ∼ rl+1 , r → 0 , (5.560)

P (r) ∼ e−κr , r →∞ , κ =
√
−2E . (5.561)

Ñ ó÷¼òîì ýòîé àñèìïòîòèêè áóäåì èñêàòü ðåøåíèå â âèäå

P (r) = rl+1e−κru(r) . (5.562)

P ′ = (l + 1)rle−κru− κrl+1e−κru+ rl+1e−κru′ . (5.563)

P ′′ = l(l + 1)rl−1e−κru− κ(l + 1)rle−κru+ (l + 1)rle−κru′

−κ(l + 1)rle−κru+ κ2rl+1e−κru− κrl+1e−κru′

+(l + 1)rle−κru′ − κrl+1e−κru′ + rl+1e−κru′′

=
{

[l(l + 1)r−2 − 2κ(l + 1)r−1 + κ2]u+ 2[(l + 1)r−1 − κ]u′ + u′′
}
rl+1e−κr.(5.564)

Ïåðåïèøåì Óð. (5.559) â âèäå

P ′′ − l(l + 1)r−2P − 2V (r)P − κ2P = 0 . (5.565)

è ïîäñòàâèì â íåãî Óð. (5.564). Ïîëó÷èì óðàâíåíèå äëÿ ôóíêöèè u(r)

[l(l + 1)r−2 − 2κ(l + 1)r−1 + κ2]u+ 2[(l + 1)r−1 − κ]u′ + u′′

+[−l(l + 1)r−2 − 2V (r)− κ2]u = 0 . (5.566)

Äîìíîæèì Óð. (5.566) íà r è çàïèøåì åãî â âèäå

ru′′ + [2(l + 1)− 2κr]u′ − [2κ(l + 1) + 2V r]u = 0 . (5.567)
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Ïîäñòàâèâ V (r) = −Z
r
, ïîëó÷èì

ru′′ + [2(l + 1)− 2κr]u′ − [2κ(l + 1)− 2Z]u = 0 . (5.568)

Ñäåëàåì çàìåíó ïåðåìåííûõ

r =
ρ

2κ
(5.569)

u(r) = v(2κr) = v(ρ) . (5.570)

Óðàâíåíèå Óð. (5.568) ïðèìåò âèä

ρv′′ + [2(l + 1)− ρ]v′ −
[
(l + 1)− Z

κ

]
v = 0 . (5.571)

Ðåøåíèåì ðåãóëÿðíûì â íóëå ÿâëÿåòñÿ âûðîæäåííàÿ ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ

v(ρ) = c F (l + 1− Z

κ
; 2l + 2; ρ) (5.572)

u(r) = c F (l + 1− Z

κ
; 2l + 2; 2κr) = cF (l + 1− Z√

−2E
; 2l + 2; 2

√
−2Er) , (5.573)

ãäå c îïðåäåëÿåòñÿ óñëîâèåì íîðìèðîâêè.
Âûðîæäåííàÿ ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ (con�uent hypergeometric function) èëè

ôóíêöèÿ Êóììåðà (Kummer's function) ÿâëÿåòñÿ ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ

zf ′′ + (c− z)f ′ − af = 0 , (5.574)

f(z) = F (a; c; z) , (5.575)

F (a; c; z) = 1 +
a

c

z

1!
+
a(a+ 1)

c(c+ 1)

z2

2!
+ · · ·+ a(a+ 1) · · · (a+ n− 1)zn

c(c+ 1) · · · (c+ n− 1)n!
+ . . . (5.576)

Óñëîâèå îáðûâàíèÿ ýòîãî ðÿäà: a � öåëîå îòðèöàòåëüíîå ÷èñëî èëè íóëü (a ≤ 0).
Áåç äîêàçàòåëüñòâà: âòîðîå ðåøåíèå óðàâíåíèÿ èìååò âèä

g(z) = z1−c F (a− c+ 1; 2− c; z) . (5.577)

Îíî íåôèçè÷íîå, òàê êàê íå óäîâëåòâîðÿåò óñëîâèþ íîðìèðîâêè Óð (5.521).
Ïîêàæåì, ÷òî ôóíêöèÿ Óð. (5.576) åñòü ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (5.574).

Ðàññìîòðèì n-ûé è (n+ 1)-ûé ÷ëåí ðÿäà (fn è fn+1) è èõ ïðîèçâîäíûå

fn =
a(a+ 1) · · · (a+ n− 1)zn

c(c+ 1) · · · (c+ n− 1)n!
, (5.578)

f ′n =
a(a+ 1) · · · (a+ n− 1)zn−1

c(c+ 1) · · · (c+ n− 1)(n− 1)!
, (5.579)

f ′′n =
a(a+ 1) · · · (a+ n− 1)zn−2

c(c+ 1) · · · (c+ n− 1)(n− 2)!
. (5.580)
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fn+1 =
a(a+ 1) · · · (a+ n)zn+1

c(c+ 1) · · · (c+ n)(n+ 1)!
, (5.581)

f ′n+1 =
a(a+ 1) · · · (a+ n)zn

c(c+ 1) · · · (c+ n)n!
, (5.582)

f ′′n+1 =
a(a+ 1) · · · (a+ n)zn−1

c(c+ 1) · · · (c+ n)(n− 1)!
. (5.583)

Ïîäñòàâèì ðÿä Óð. (5.576) â äèôôåðåíöèàëüíîå óðàâíåíèå (5.574), âûäåëèì ÷ëåíû ñ
zn è ïîêàæåì, ÷òî îíè âñå ñîêðàùàþòñÿ

zn : zf ′′n+1 + cf ′n+1 − zf ′n − afn (5.584)

= z
a(a+ 1) · · · (a+ n)zn−1

c(c+ 1) · · · (c+ n)(n− 1)!
+ c

a(a+ 1) · · · (a+ n)zn

c(c+ 1) · · · (c+ n)n!
(5.585)

−z a(a+ 1) · · · (a+ n− 1)zn−1

c(c+ 1) · · · (c+ n− 1)(n− 1)!
− aa(a+ 1) · · · (a+ n− 1)zn

c(c+ 1) · · · (c+ n− 1)n!
(5.586)

=
a(a+ 1) · · · (a+ n− 1)zn

c(c+ 1) · · · (c+ n− 1)(n− 1)!

[
(a+ n)

(c+ n)
+ c

(a+ n)

(c+ n)n
− 1

1
− a 1

n

]
(5.587)

=
a(a+ 1) · · · (a+ n− 1)zn

c(c+ 1) · · · (c+ n− 1)(n− 1)!

[
(a+ n)

n+ c

(c+ n)n
− 1− a

n

]
= 0 . (5.588)

Ýòè ñîêðàùåíèÿ èìåþò ìåñòî äëÿ êàæäîãî n. Òåì ñàìûì ìû äîêàçàëè, ÷òî ôóíêöèÿ
Óð. (5.576) åñòü ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (5.574).

Àñèìïòîòè÷åñêîå âûðàæåíèå äëÿ âûðîæäåííîé ãèïåðãåîìåòðè÷åñêîé ôóíêöèè èìååò
âèä (áåç äîêàçàòåëüñòâà)

F (a; c; z) ≈ Γ(c)

Γ(c− a)
(−z)−a +

Γ(c)

Γ(a)
ezza−c , |z| → ∞ . (5.589)

Äëÿ ïîëîæèòåëüíûõ z, êàê â íàøåì ñëó÷àå, ìîæíî ïðåíåáðå÷ü ïåðâûì ÷ëåíîì

F (a; c; z) ≈ Γ(c)

Γ(a)
ezza−c , z → +∞ . (5.590)

Òàêèì îáðàçîì, àñèìïòîòèêà ôóíêöèè P (r) áóäåò (ñì. Óð. (5.562), (5.573))

P (r) = rl+1e−κru(r) ≈ rl+1e−κr
Γ(2l + 2)

Γ(l + 1− Z
κ

)
e2κr(2κr)−l−1−Z

κ (5.591)

= c r−
Z
κ eκr . (5.592)

Ìû ïîëó÷àåì ýêñïîíåíöèàëüíûé ðîñò. Çíà÷èò, äëÿ ôèçè÷åñêèõ ðåøåíèé äîëæíî èìåòü
ìåñòî îáðûâàíèå ðÿäà Óð. (5.576).
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Óñëîâèå îáðûâàíèÿ ðÿäà Óð. (5.576)

a = l + 1− Z

κ
= −nr , nr ≥ 0 , (5.593)

Z√
−2E

= nr + l + 1 = n , n ≥ l + 1 , n ∈ Z . (5.594)

Òàêèì îáðàçîì ïîëó÷àåì âûðàæåíèÿ äëÿ âîçìîæíûõ ýíåðãèé

En = − Z
2

2n2
, n = 1, 2, . . . (5.595)

Âåëè÷èíó n íàçûâàþò ãëàâíûì êâàíòîâûì ÷èñëîì (principal quantum number). Ýòà ôîð-
ìóëà íàçûâàåòñÿ ôîðìóëîé Áîðà (Niels Bohr).

Âûðàæåíèå äëÿ ýíåðãèè (5.608) íàïèñàíî àòîìíûõ åäèíèöàõ. Çàïèøåì å¼ â òåðìèíàõ
mec

2

En = −mec
2 (αZ)2

2n2
, n = 1, 2, . . . , (5.596)

ãäå α = e2

~c ≈
1

137
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Ïðè ôèêñèðîâàííîì ãëàâíîì êâàíòîâîì ÷èñëå n îðáèòàëüíûé ìîìåíò ìîæåò ïðèíè-
ìàòü çíà÷åíèÿ (ñì. Óð. (5.594))

0 ≤ l ≤ n− 1 . (5.597)

Âûðîæäåíèå óðîâíåé ýíåðãèè (E < 0) ïî îðáèòàëüíîìó ìîìåíòó ÿâëÿåòñÿ ñëåäñòâèåì
ïîâûøåííîé ñèììåòðèè óðàâíåíèÿ Øð¼äèíãåðà ñ êóëîíîâñêèì ïîëåì. Ìîæíî ïîêàçàòü
(âïåðâûå ýòî ïîêàçàë Â.À. Ôîê), ÷òî ýòî óðàâíåíèå èíâàðèàíòíî îòíîñèòåëüíî âðàùåíèé
â ÷åòûð¼õìåðíîì ïðîñòðàíñòâå. Òàêæå ýòî âûðîæäåíèå ìîæíî îáúÿñíèòü ñóùåñòâîâàíè-
åì â êóëîíîâñêîì ïîëå äîïîëíèòåëüíîãî èíòåãðàëà äâèæåíèÿ (âåêòîð Ðóíãå-Ëåíöà)

A =
Zr

r
− [p× l] . (5.598)

Ñëåäñòâèåì ñóùåñòâîâàíèÿ ýòîãî èíòåãðàëà äâèæåíèÿ ÿâëÿåòñÿ çàìêíóòîñòü îðáèò (ïðè
E < 0) â êóëîíîâñêîì ïîëå.

Â êâàíòîâîé ìåõàíèêå âåêòîðó Ðóíãå-Ëåíöà ñîîòâåòñòâóåò îïåðàòîð

Â =
Zr

r
− 1

2
([p̂× l̂]− [l̂× p̂]) . (5.599)

Ìîæíî ïîêàçàòü, ÷òî ýòîò âåêòîð êîììóòèðóåò ñ ãàìèëüòîíèàíîì.

Ðàññìîòðèì ýíåðãåòè÷åñêèé ñïåêòð, îïðåäåëÿåìûé ôîðìóëîé Áîðà (5.608).
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Çàìåòèì, ÷òî óðîâíè ýíåðãèè âûðîæäåíû ïî îðáèòàëüíîìó ìîìåíòó (l) è ïî åãî ïðî-
åêöèè (m). Íàéä¼ì ñòåïåíü âûðîæäåíèÿ óðîâíÿ ýíåðãèè ñ ãëàâíûì êâàíòîâûì ÷èñëîì
n

Nn =
n−1∑
l=0

(2l + 1) = 2
0 + n− 1

2
n+ n = n2 , (5.600)

Ïîëó÷àåì, ÷òî ñ ó÷¼òîì ñïèíà (âîçìîæíû äâå ïðîåêöèè ñïèíà µ = ±1
2
) êðàòíîñòü âû-

ðîæäåíèÿ óðîâíÿ ýíåðãèè åñòü 2n2.
Ýëåêòðîíû îáîçíà÷àþò êàê nl, ãäå îðáèòàëüíûé ìîìåíò îáîçíà÷àþò áóêâàìè

l : 0, 1, 2, 3, 4, 5, 6 (5.601)

s, p, d, f, g, h, i . (5.602)

n = 1 : 1s : N1 = 2 ,
n = 2 : 2s, 2p : N2 = 8 ,
n = 3 : 3s, 3p, 3d : N3 = 18 ,
n = 4 : 4s, 4p, 4d, 4f : N4 = 32 .

(5.603)

Ýëåêòðîíû äèñêðåòíîãî ñïåêòðà (ñ îòðèöàòåëüíîé ýíåðãèåé) íàçûâàþò ñâÿçàííûìè
ýëåêòðîíàìè. Âîëíîâàÿ ôóíêöèÿ òàêèõ ýëåêòðîíîâ èìååò ýêñïîíåíöèàëüíîå çàòóõàíèå
ïðè r →∞. Ñîîòâåòñòâåííî, ñðåäíåå çíà÷åíèå r̄ îãðàíè÷åíî.

Ìèíèìàëüíàÿ ýíåðãèÿ, êîòîðóþ íåîáõîäèìî ïåðåäàòü ñâÿçàííîìó ýëåêòðîíó, ÷òîáû
îí ïåðåø¼ë â íåïðåðûâíûé (E = 0) ñïåêòð íàçûâàþò ïîòåíöèàëîì èîíèçàöèè

In = −En . (5.604)

Ñàìûé íèçêîýíåðãåòè÷åñêèé ýëåêòðîí � ýòî 1s-ýëåêòðîí, äëÿ åãî èîíèçàöèè íàäî áîëü-
øå âñåãî ýíåðãèè.

Ñ ó÷¼òîì Óð. (5.562), (5.573) íîðìèðîâàííàÿ íà åäèíèöó ôóíêöèÿ P (r) èìååò âèä

Pnl(r) =
Z1/2

n(2l + 1)!

√
(n+ l)!

(n− l − 1)!

(
2Zr

n

)l+1

e−
Zr
n F

(
l + 1− n; 2l + 2;

2Zr

n

)
.

Íîðìèðîâî÷íàÿ êîíñòàíòà ïðèâîäèòñÿ áåç äîêàçàòåëüñòâà.
Ñïèí ýëåêòðîíà ðàâåí s = 1

2
, åãî ñïèíîâóþ çàâèñèìîñòü ìîæíî çàïèñàòü ñ ïîìîùüþ

ôóíêöèè (ñì. Óð. (5.362))

χµ(σ) = δ 1
2
σ,µ . (5.605)
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Âîëíîâàÿ ôóíêöèÿ ýëåêòðîíà ñ îïðåäåë¼ííîé ýíåðãèåé, îðáèòàëüíûì ìîìåíòîì (l),
åãî ïðîåêöèåé (m) è ïðîåêöèåé ñïèíà (µ) íà îñü z

ψnlmµ(r, σ, t) =
1

r
Pnl(r)Ylm(θ, ϕ)χµ(σ)e−

i
~Ent , (5.606)

〈ψnlmµ|ψn′l′m′µ′〉 = δnn′δll′δmm′δµµ′ . (5.607)

Ñïèíîâàÿ è âðåìåííàÿ çàâèñèìîñòè òðèâèàëüíû, èõ ÷àñòî îïóñêàþò.
Íàäî íàïîìíèòü, ÷òî ìû ðàññìàòðèâàëè îäíîýëåêòðîííûå èîíû.

5.12 1s-ýëåêòðîí

Â ïðåäûäóùåì ïàðàãðàôå ìû ïîëó÷èëè, ÷òî â êóëîíîâñêîì ïîëå äèñêðåòíûé ñïåêòð
ýíåðãèè îïðåäåëÿåòñÿ ôîðìóëîé Áîðà

En = − Z
2

2n2
, n = 1, 2, . . . (5.608)

Ýíåðãèè ïðèâåäåíû â àòîìíîé ñèñòåìå åäèíèö.
Òàêæå å¼ ìîæíî çàïèñàòü êàê

En = −mec
2 (αZ)2

2n2
, n = 1, 2, . . . , (5.609)

ãäå α = e2

~c ≈
1

137
� ïîñòîÿííàÿ òîíêîé ñòðóêòóðû.

Âîëíîâàÿ ôóíêöèÿ ýëåêòðîíà ñ îïðåäåë¼ííîé ýíåðãèåé, îðáèòàëüíûì ìîìåíòîì (l),
åãî ïðîåêöèåé (m) è ïðîåêöèåé ñïèíà (µ) íà îñü z èìååò âèä

ψnlmµ(r, σ, t) =
1

r
Pnl(r)Ylm(θ, ϕ)χµ(σ)e−

i
~Ent , (5.610)

〈ψnlmµ|ψn′l′m′µ′〉 = δnn′δll′δmm′δµµ′ . (5.611)

Pnl(r) =
Z1/2

n(2l + 1)!

√
(n+ l)!

(n− l − 1)!

(
2Zr

n

)l+1

e−
Zr
n F

(
l + 1− n; 2l + 2;

2Zr

n

)
.

χµ(σ) = δ 1
2
σ,µ . (5.612)

Ñïèíîâàÿ è âðåìåííàÿ çàâèñèìîñòè òðèâèàëüíû, ìû áóäåì èõ îïóñêàòü.
Ðàññìîòðèì âåëè÷èíó ýíåðãèè 1s-ýëåêòðîíîâ

mec
2 = 511 keV . (5.613)
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E
(0)H,Z=1
1s ≈ 13.6 eV , (5.614)

E
(0)U,Z=92
1s ≈ 115 keV . (5.615)

Âîëíîâûå ôóíêöèè 1s-ýëåêòðîíà èìåþò âèä

Pn=1,l=0(r) = P10(r) = 2Z3/2re−Zr , (5.616)

ψ1s(r) =
1

r
P10(r)Y00(θ, ϕ) = 2Z3/2e−Zr

1√
4π

. (5.617)

Âû÷èñëèì ñðåäíåå çíà÷åíèå ðàäèóñà îðáèòû 1s-ýëåêòðîíà

r̄ = 〈ψ1s|r|ψ1s〉 (5.618)

= 4Z3

∞∫
0

dr r3e−2Zr

∫
dθ

∫
dϕ sin θ|Y00|2 (5.619)

= 4Z3(2Z)−4

∞∫
0

d(2Zr) (2Zr)3e−2Zr = 4Z3(2Z)−4Γ(4) =
3

2Z
. (5.620)

1̄

r
= 〈ψ1s|

1

r
|ψ1s〉 (5.621)

= 4Z3

∞∫
0

dr re−2Zr

∫
dθ

∫
dϕ sin θ|Y00|2 (5.622)

= 4Z3(2Z)−2

∞∫
0

d(2Zr) (2Zr)e−2Zr = 4Z3(2Z)−2Γ(2) = Z . (5.623)

Γ(z) =

∞∫
0

dt tz−1e−t , Γ(n) = (n− 1)! . (5.624)

Ïðèíÿòî ãîâîðèòü, ÷òî õàðàêòåðíûé ðàäèóñ îðáèòû 1s-ýëåêòðîíà (r1s) ðàâåí
1
Z
a.u.

(àòîìíûõ åäèíèö) èëè a0
Z
, ãäå

a0 = 0.529× 10−10 m , � áîðîâñêèé ðàäèóñ (Bohr radius) , (5.625)

r1s =
a0

Z
. (5.626)

Ïðèâåä¼ì çàðÿäîâûå ðàäèóñû ÿäåð

Rnuc
Z=1 = 0.84× 10−15 m , � çàðÿäîâûé ðàäèóñ ïðîòîíà , (5.627)

Rnuc
Z=92 = 5.86× 10−15 m , � çàðÿäîâûé ðàäèóñ ÿäðà óðàíà . (5.628)
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p̄2 = 〈ψ1s|p̂2|ψ1s〉 = 〈ψ1s| −∆|ψ1s〉 = 〈ψ1s

∣∣∣∣− 1

r2

∂

∂r
r2 ∂

∂r
+
l2

r2

∣∣∣∣ψ1s〉 (5.629)

= 2Z3

∞∫
0

dr r2e−Zr
(
− 1

r2

∂

∂r
r2 ∂

∂r

)
e−Zr

∫
dθ

∫
dϕ sin θ|Y00|2 (5.630)

= 2Z3

∞∫
0

dr r2e−Zr(−1)
1

r2

∂

∂r
(−Z)r2e−Zr (5.631)

= 2Z3

∞∫
0

dr e−ZrZ(2re−Zr − Zr2e−Zr) (5.632)

= 2Z3(2Z)−1

∞∫
0

d(2Zr)

(
(2Zr)e−2Zr − 1

4
(2Zr)2e−2Zr

)
(5.633)

= 4Z3(2Z)−1

(
Γ(2)− 1

4
Γ(3)

)
= Z2 . (5.634)

Ìû ïîëó÷èëè, ÷òî õàðàêòåðíûé èìïóëüñ 1s-ýëåêòðîíà ðàâåí Z a.u. (àòîìíûõ åäèíèö)
èëè

p1s = mec αZ , (5.635)

ãäå c � ñêîðîñòü ñâåòà, α = e2

c~ ≈
1

137
� ïîñòîÿííàÿ òîíêîé ñòðóêòóðû.

Íàéä¼ì âîëíîâóþ ôóíêöèþ 1s-ýëåêòðîíà â èìïóëüñíîì ïðåäñòàâëåíèè

ψ̃1s(p) = (2π)−3/2

∫
dre−iprψ1s(r)

= (2π)−3/2

∫
dre−ipr2

√
Z3e−Zr

√
1

4π

= (2π)−3/2

∞∫
0

dr r2

2π∫
0

dϕ

1∫
−1

d cos(θ) e−ipr cos(θ)2
√
Z3e−Zr

√
1

4π

= (2π)−3/22
√
Z32π

∞∫
0

dr r2 e−Zr
1

−ipr
(e−ipr − eipr)

√
1

4π

= (2π)−3/22
√
Z32π

1

−ip

∞∫
0

dr r (e−(Z+ip)r − e−(Z−ip)r)

√
1

4π
(5.636)
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∞∫
0

dr r e−(Z±ip)r =
1

(Z ± ip)2

+∞∫
0

d[(Z ± ip)r] [(Z ± ip)r] e−[(Z±ip)r]

=
1

(Z ± ip)2
Γ(2) =

1

(Z ± ip)2
(5.637)

ψ̃1s(p) = (2π)−3/22
√
Z32π

1

−ip

(
1

(Z + ip)2
− 1

(Z − ip)2

)√
1

4π

= (2π)−3/22
√
Z32π

1

−ip
−4iZp

(Z2 + p2)2

√
1

4π

= (2π)−3/22
√
Z32π

4Z

(Z2 + p2)2

√
1

4π

=
Z5/225/2

π1/2

1

(Z2 + p2)2

√
1

4π
(5.638)

Èòàê, âîëíîâûå ôóíêöèè 1s-ýëåêòðîíà â êîîðäèíàòíîì è èìïóëüñîì ïðåäñòàâëåíèè
èìåþò âèä

ψ1s,± 1
2
(r, σ) = 2Z3/2e−Zr

√
1

4π
χ± 1

2
(σ) , (5.639)

ψ̃1s,± 1
2
(p, σ) =

Z5/225/2

π1/2

1

(Z2 + p2)2

√
1

4π
χ± 1

2
(σ) . (5.640)

Õàðàêòåðíûå ðàäèóñ îðáèòû è èìïóëüñ ðàâíû

r1s =
1

Z
a.u. , r1s =

a0

Z
, a0 = 0.529× 10−10 m , (5.641)

p1s = Z a.u. , p1s = mec αZ . (5.642)

Çàìåòèì, ÷òî íå ñìîòðÿ íà òî, ÷òî r1sp1s = 1 (r1sp1s = ~) îðáèòàëüíûé ìîìåíò ó
1s-ýëåêòðîíà ðàâåí íóëþ (l = 0).

Òàêæå îáðàòèì âíèìàíèå íà òî, ÷òî p1s
me

= cαZ. Äëÿ óðàíà (Z = 92) αZ ≈ Z
137
≈ 0.67,

ñîîòâåòñòâåííî, p1s
me
≈ 0.67c.

5.13 Äâèæåíèå â êóëîíîâñêîì ïîëå. Íåïðåðûâíûé ñïåêòð

(ψElmµ)

Ñòàöèîíàðíîå óðàâíåíèå Øð¼äèíãåðà èìååò âèä(
p̂2

2me

+ V (r)

)
ψ(r) = Eψ(r) , (5.643)
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ãäå me � ìàññà ýëåêòðîíà, V (r) � ïîòåíöèàë öåíòðàëüíîãî ïîëÿ. Ìû èñïîëüçîâàòü àòîì-
íóþ ñèñòåìó åäèíèö

me = 1 , ~ = 1 , |e| = 1 , (5.644)

α =
e2

c~
≈ 1

137
� ïîñòîÿííàÿ òîíêîé ñòðóêòóðû . (5.645)

Ìû áóäåì ðàññìàòðèâàòü êóëîíîâñêèé ïîòåíöèàë

V (r) = −e
2Z

r
= −Z

r
, (5.646)

ãäå Z � àòîìíûé íîìåð (|e|Z � çàðÿä ÿäðà).
Áóäåì èñêàòü ðåøåíèå â âèäå

ψ(r) =
1

r
P (r)Ylm(θ, ϕ) , (5.647)

òî åñòü ìû èùåì ñîñòîÿíèÿ ýëåêòðîíà ñ îïðåäåë¼ííîé ýíåðãèåé, îðáèòàëüíûì ìîìåíòîì
(l) è åãî ïðîåêöèåé íà îñü z (m).

Äëÿ ôóíêöèè P (r) ìû èìååì ñëåäóþùåå óðàâíåíèå (ñì. Óð. (5.527))

−1

2
P ′′(r) +

l(l + 1)

2r2
P (r) + V (r)P (r) = EP (r) . (5.648)

Ðàññìîòðèì ñëó÷àé E > 0 è áóäåì èñêàòü ðåøåíèå â âèäå

P (r) = rl+1e−κru(r) = rl+1e−ipru(r) , κ = ip =
√
−2E . (5.649)

Âåëè÷èíà p èìååò ñìûñë ìîäóëÿ èìïóëüñà íà áåñêîíå÷íîñòè (ïðè r →∞).

E =
p2

2
. (5.650)

Ôóíêöèÿ u(r) ïî ïðåæíåìó áóäåò óäîâëåòâîðÿòü Óð. (5.568)

ru′′ + [2(l + 1)− 2κr]u′ − [2κ(l + 1)− 2Z]u = 0 . (5.651)

Âûøå (ñì. Óð. (5.573)) ìû íàøëè, ÷òî ôóíêöèÿ u(r) èìååò âèä (âòîðîå ðåøåíèå ñèí-
ãóëÿðíî â íóëå è ÿâëÿåòñÿ íåôèçè÷íûì)

u(r) = C F (l + 1− Z

κ
; 2l + 2; 2κr) = CF (l + 1− Z√

−2E
; 2l + 2; 2

√
−2Er) ,(5.652)

ãäå C îïðåäåëÿåòñÿ óñëîâèåì íîðìèðîâêè.
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Ñîîòâåòñòâåííî, ôóíêöèÿ P (r) ïðèìåò âèä

P (r) = Crl+1e−iprF (l + 1 +
iZ

p
; 2l + 2; 2ipr) , (5.653)

íîðìèðîâî÷íóþ êîíñòàíòó C îïðåäåëèì íèæå èç óñëîâèÿ íîðìèðîâêè ôóíêöèè P (r) íà
äåëüòà-ôóíêöèþ.

Àñèìïòîòè÷åñêîå âûðàæåíèå äëÿ âûðîæäåííîé ãèïåðãåîìåòðè÷åñêîé ôóíêöèè èìååò
âèä (áåç äîêàçàòåëüñòâà)

F (a; c; z) ≈ Γ(c)

Γ(c− a)
(−z)−a +

Γ(c)

Γ(a)
ezza−c , |z| → ∞ . (5.654)

Ðàññìîòðèì àñèìïòîòèêó ôóíêöèè P (r)

P (r) ≈ Crl+1e−ipr
Γ(2l + 2)

Γ(l + 1− iZ
p

)
(−2ipr)−

iZ
p
−l−1 (5.655)

+Crl+1e−ipr
Γ(2l + 2)

Γ(l + 1 + iZ
p

)
e2ipr(2ipr)

iZ
p
−l−1 , r →∞ . (5.656)

Çàìåòèì, ÷òî ïåðâûé è âòîðîé ÷ëåí Óð. (5.656) îòëè÷àþòñÿ òîëüêî êîìïëåêñíûì ñîïðÿ-
æåíèåì, ñîîòâåòñòâåííî, ôóíêöèÿ P (r) ìîæåò áûòü ïðåäñòàâëåíà êàê óäâîåííàÿ âåùå-
ñòâåííàÿ ÷àñòü âòîðîãî ÷ëåíà Óð. (5.656)

P (r) ≈ 2C Re

{
rl+1e−ipr

Γ(2l + 2)

Γ(l + 1 + iZ
p

)
e2ipr(2ipr)

iZ
p
−l−1

}
, r →∞ . (5.657)

Èñïîëüçóåì òàêæå ñëåäóþùèå ðàâåíñòâà

Γ(2l + 2) = (2l + 1)! (5.658)

1

Γ(l + 1 + iZ
p

)
=

1

|Γ(l + 1± iZ
p

)|
eiδl , δl = − arg

(
Γ(l + 1 +

iZ

p
)

)
, (5.659)

(2ipr)
iZ
p
−l−1 = i

iZ
p
−l−1(2pr)

iZ
p
−l−1 = e−

πZ
2p

+iπ
2

(−l−1)ei
Z
p

ln(2pr)(2pr)−l−1 . (5.660)

Âåëè÷èíû δl íàçûâàþò êóëîíîâñêèìè ôàçàìè.
Ïîëó÷àåì àñèìïòîòèêó ôóíêöèè P (r) â âèäå

P (r) ≈ 2C Re

{
(2l + 1)!

|Γ(l + 1 + iZ
p

)|
e−

πZ
2p ei(pr+

Z
p

ln(2pr)+δl−π2 (l+1))(2p)−l−1

}
(5.661)

= 2C
(2l + 1)!

|Γ(l + 1− iZ
p

)|
e−

πZ
2p cos

(
pr +

Z

p
ln(2pr) + δl −

π(l + 1)

2

)
(2p)−l−1 (5.662)

= 2C
(2l + 1)!

|Γ(l + 1− iZ
p

)|
e−

πZ
2p sin

(
pr +

Z

p
ln(2pr) + δl −

πl

2

)
(2p)−l−1 . (5.663)
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Ââåä¼ì íîâóþ êîíñòàíòó C ′

C ′ = C
(2l + 1)!

|Γ(l + 1− iZ
p

)|
e−

πZ
2p (2p)−l−1 , (5.664)

P (r) ≈ 2C ′ sin

(
pr +

Z

p
ln(2pr) + δl −

πl

2

)
, r →∞ . (5.665)

Ïðåíåáðåãàÿ ìåäëåííî ìåíÿþùèìñÿ ëîãàðèôìîì, ïîñòîÿííûìè ôàçàìè è èñïîëüçóÿ ðà-
âåíñòâî

∞∫
0

dr sin (pr) sin (p′r) =
π

2
δ(p− p′) , p > 0 , p′ > 0 , (5.666)

∞∫
0

dr sin (pr) sin (p′r) =

∞∫
0

dr
(−1)

4
(eipr − e−ipr)(eip′r − e−ip′r) (5.667)

=
1

4

∞∫
0

dr
(
ei(p−p

′)r + ei(p
′−p)r − [ei(p+p

′)r + e−i(p+p
′)r]
)

(5.668)

=
1

4

∞∫
−∞

dr(ei(p−p
′)r − ei(p′+p)r) (5.669)

=
π

2
δ(p− p′)− π

2
δ(p+ p′) (5.670)

=
π

2
δ(p− p′) , p > 0 , p′ > 0 , (5.671)

ïîëó÷àåì, ÷òî ôóíêöèÿ P (r) íîðìèðîâàíà íà äåëüòà-ôóíêöèþ

∞∫
0

dr P ∗E(r)PE′(r) = 2πδ(p− p′)|C ′|2 = 2πpδ(E − E ′)|C ′|2 . (5.672)

Ìû èñïîëüçîâàëè ñâîéñòâà äåëüòà-ôóíêöèè (ñì. Óð. (2.270))

δ(E − E ′) = δ

(
p2

2
− p′2

2

)
=

1∣∣∣ ddp p22 ∣∣∣δ(p− p′) (5.673)

=
1

p
δ(p− p′) . (5.674)

Âûáåðåì

C ′ = (2π)−1/2 p−1/2 . (5.675)
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Ñîãëàñíî (5.664) íîðìèðîâî÷íàÿ êîíñòàíòà C îêàçûâàåòñÿ ðàâíîé

C =
[
(2π)−1/2 p−1/2

] |Γ(l + 1− iZ
p

)|
(2l + 1)!

e
πZ
2p (2p)l+1 .

Âîëíîâàÿ ôóíêöèÿ P (r) èìååò âèä

P (r) =
[
(2π)−1/2 p−1/2

]
e
πZ
2p

|Γ(l + 1− iZ
p

)|
(2l + 1)!

(2pr)l+1e−ipr

×F (l + 1 +
iZ

p
; 2l + 2; 2ipr) , (5.676)

∞∫
0

dr P ∗E(r)PE′(r) = δ(E − E ′) . (5.677)

Àñèìïòîòèêà ôóíêöèè P (r) ïðè (r →∞) èìååò âèä

P (r) ≈
[
(2π)−1/2 p−1/2

]
2 sin

(
pr +

Z

p
ln(2pr) + δl −

πl

2

)
, r →∞ . (5.678)

Îò ôóíêöèè, îòâå÷àþùåé ñâîáîäíîé ÷àñòèöå (Z = 0), Óð. (5.678) îòëè÷àåòñÿ íàëè÷è-
åì ëîãàðèôìè÷åñêîãî ÷ëåíà è êóëîíîâñêèõ ôàç δl (ñì. Óð. (5.659)) â àðãóìåíòå ñèíóñà,
èñ÷åçàþùèõ ïðè Z → 0.

Òàêèì îáðàçîì, â ñëó÷àå íåïðåðûâíîãî ñïåêòðà âîëíîâàÿ ôóíêöèÿ ýëåêòðîíà ñ îïðå-
äåë¼ííîé ýíåðãèåé (E), îðáèòàëüíûì ìîìåíòîì (l), åãî ïðîåêöèåé (m) è ïðîåêöèåé ñïèíà
(µ) (ñì. Óð. (5.362), (5.605)) íà îñü z èìååò âèä

ψElmµ(r, σ) =
1

r
PEl(r)Ylm(θ, ϕ)χµ(σ) , (5.679)

〈ψElmµ|ψE′l′m′µ′〉 = δ(E − E ′)δll′δmm′δµµ′ . (5.680)

5.14 Ñâîáîäíàÿ ÷àñòèöà êàê ÷àñòèöà â öåíòðàëüíîì ïî-

ëå

Ðàññìîòðèì ñòàöèîíàðíîå óðàâíåíèå Øð¼äèíãåðà, îòâå÷àþùåå ñâîáîäíîé ÷àñòèöå

p̂

2me

ψ(r) = Eψ(r) , (5.681)

−1

2
∆ψ(r) = Eψ(r) . (5.682)

me = 1 , ~ = 1 , |e| = 1 . (5.683)
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Âîëíîâàÿ ôóíêöèÿ ñâîáîäíîãî ýëåêòðîíà ñ îïðåäåë¼ííîé ýíåðãèåé (E) è èìïóëüñîì
(p) èìååò âèä

ψp(r) = eipr , E =
p2

2
, (5.684)

〈ψp|ψp′〉 = (2π)3δ3(p− p′) . (5.685)

Íàéä¼ì âîëíîâóþ ôóíêöèþ ýëåêòðîíà ñ îïðåäåë¼ííîé ýíåðãèåé (E), îðáèòàëüíûì
ìîìåíòîì (l), åãî ïðîåêöèåé (m). Áóäåì èñêàòü âîëíîâóþ ôóíêöèþ â âèäå

ψElm(r) = R(r)Ylm(θ, ϕ) , (5.686)

E =
p2

2
, (5.687)

p = |p| . (5.688)

(
− 1

2r2

∂

∂r
r2 ∂

∂r
+
l̂2

2r2

)
R(r)Ylm(θ, ϕ) = ER(r)Ylm(θ, ϕ) , (5.689)(

− 1

2r2

∂

∂r
r2 ∂

∂r
+
l(l + 1)

2r2

)
R(r) =

p2

2
R(r) . (5.690)

Ñäåëàåì çàìåíó ïåðåìåííîé

z = pr , (5.691)

f(z) = R

(
z

p

)
. (5.692)

Ôóíêöèÿ f(z) óäîâëåòâîðÿåò óðàâíåíèþ(
− 1

z2

∂

∂z
z2 ∂

∂z
+
l(l + 1)

z2

)
f(z) = f(z) , (5.693)

− 1

z2

∂

∂z
z2 ∂

∂z
f(z) +

l(l + 1)

z2
f(z) = f(z) , (5.694)

− ∂2

∂z2
f(z)− 2

z

∂

∂z
f(z) +

l(l + 1)

z2
f(z) = f(z) (5.695)

èëè (
z2 ∂

2

∂z2
+ 2z

∂

∂z
+ z2 − l(l + 1)

)
f(z) = 0 . (5.696)

Ðåøåíèåì ýòîãî óðàâíåíèÿ ÿâëÿþòñÿ ñôåðè÷åñêèå ôóíêöèè Áåññåëÿ (spherical Bessel
functions)

f(z) = A1jl(z) + A2yl(z) , (5.697)
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ñîîòâåòñòâåííî,

R(r) = A1jl(pr) + A2yl(pr) , p =
√

2E . (5.698)

Ñôåðè÷åñêèå ôóíêöèè Áåññåëÿ (jl(z)) è Íåéìàíà (Neumann) (yl(z)) ñëåäóþùèì îáðà-
çîì ñâÿçàíû ñ ôóíêöèÿìè Áåññåëÿ ïåðâîãî è âòîðîãî ðîäà

jl(z) =

√
π

2z
Jl+ 1

2
(z) , (5.699)

yl(z) =

√
π

2z
J−l− 1

2
(z) = (−1)l+1

√
π

2z
Yl+ 1

2
(z) . (5.700)

j0(z) =
sin z

z
, (5.701)

j1(z) =
sin z

z2
− cos z

z
, (5.702)

y0(z) = −cos z

z
, (5.703)

y1(z) = −cos z

z2
− sin z

z
. (5.704)

Òàêæå ââîäÿò ñôåðè÷åñêèå ôóíêöèè Õàíêåëÿ (spherical Hankel functions) ïåðâîãî è
âòîðîãî ðîäà

h
(1)
l (z) = jl(z) + iyl(z) , (5.705)

h
(2)
l (z) = jl(z)− iyl(z) . (5.706)

h
(1)
0 (z) = −ie

iz

z
, (5.707)

h
(1)
1 (z) = −ie

iz

z2
− eiz

z
= −e

iz

z

(
1 +

i

z

)
, (5.708)

h
(2)
0 (z) = i

e−iz

z
, (5.709)

h
(2)
1 (z) = i

e−iz

z2
− e−iz

z
= −e

−iz

z

(
1− i

z

)
. (5.710)
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Ðàññìîòðèì àñèìïòîòèêó ïðè |z| → ∞

jl(z) ≈ 1

z
sin

(
z − πl

2

)
, |z| → ∞ , (5.711)

yl(z) ≈ −1

z
cos

(
z − πl

2

)
, |z| → ∞ , (5.712)

h
(1)
l (z) ≈ (−i)l+1 e

iz

z
, |z| → ∞ , (5.713)

h
(2)
l (z) ≈ il+1 e

−iz

z
, |z| → ∞ . (5.714)

è àñèìïòîòèêó ïðè z → 0

jl(z) ≈ zl

(2l + 1)!!
, z → 0 , (5.715)

yl(z) ≈ −(2l − 1)!!

zl+1
, z → 0 . (5.716)

Èñïîëüçóÿ àñèìïòîòèêó (5.711) è ôîðìóëó (5.666), ïîëó÷àåì óñëîâèå íîðìèðîâêè
ôóíêöèé Áåññåëÿ

∞∫
0

dz z2jl(pz)jl(p
′z) =

π

2p2
δ(p− p′) . (5.717)

Òàêèì îáðàçîì ðàäèàëüíàÿ ôóíêöèÿ R(r), îïèñûâàþùàÿ ñâîáîäíóþ ÷àñòèöó, èìååò
âèä

RE(r) = cjl(pr) , E =
p2

2
. (5.718)

∞∫
0

dr r2RE,l(r)RE′,l(r) = |c|2
∞∫

0

dr r2jl(pr)jl(p
′r) (5.719)

= |c|2 π

2p2
δ(p− p′) (5.720)

= |c|2 π
2p
δ(E − E ′) = |c|2 π

2
√

2E
δ(E − E ′) . (5.721)

Íîðìèðîâî÷íàÿ êîíñòàíòû, îòâå÷àþùèå íîðìèðîâêè íà èìïóëüñ (cp) è ýíåðãèþ (cE),
èìåþò âèä

cp =

√
2p2

π
, (5.722)

cE =

√
2
√

2E

π
. (5.723)
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ψElm(r) =

√
2
√

2E

π
jl(
√

2Er)Ylm(θ, ϕ) , (5.724)

〈ψElm|ψE′l′m′〉 = δ(E − E ′)δll′δmm′ . (5.725)

ψplm(r) =

√
2p2

π
jl(pr)Ylm(θ, ϕ) , (5.726)

〈ψplm|ψp′l′m′〉 = δ(p− p′)δll′δmm′ . (5.727)

Èìååò ìåñòî ñëåäóþùèå ðàâåíñòâà (áåç äîêàçàòåëüñòâà)

l∑
m=−1

Y ∗lm(θp, ϕp)Ylm(θr, ϕr) =
2l + 1

4π
Pl(cos θ) , cos θ =

pr

pr
, (5.728)

eipr =
∞∑
l=0

il(2l + 1)jl(pr)Pl(cos θ) (5.729)

=
∞∑
l=0

l∑
m=−1

il4πjl(pr)Y
∗
lm(θp, ϕp)Ylm(θr, ϕr) , (5.730)

ãäå θ � óãîë ìåæäó âåêòîðàìè p è k, Pl(x) � ïîëèíîìû Ëåæàíäðà, θp, ϕp, θr, ϕr � óãëû
âåêòîðîâ p è r, ñîîòâåòñòâåííî.

Åñëè ìû áóäåì èñêàòü âîëíîâóþ âóíêöèþ íå â âèäå (5.686)

ψ(r) = R(r)Ylm(θ, ϕ) , (5.731)

à â âèäå

ψ(r) =
1

r
P (r)Ylm(θ, ϕ) , (5.732)

ìû ïîëó÷èì, ÷òî ôóíêöèÿ P (r) óäîâëåòâîðÿåò óðàâíåíèþ (ñì. Óð. (5.648))

−1

2
P ′′(r) +

l(l + 1)

2r2
P (r) = EP (r) (5.733)

è ìîæåò áûòü çàïèñàíà â âèäå

P (r) = rR(r) = A1rjl(pr) + A2ryl(pr) = B1rh
(1)
l (pr) +B2rh

(2)
l (pr) , (5.734)

p =
√

2E . (5.735)
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5.15 Äâèæåíèå â êóëîíîâñêîì ïîëå. Íåïðåðûâíûé ñïåêòð

(ψ
(±)
pµ )

Ðàññìîòðèì âîëíîâóþ ôóíêöèþ ýëåêòðîíà ñ îïðåäåë¼ííûì èìïóëüñîì â àñèìïòîòèêå
(â íåðåëÿòèâèñòñêîé òåîðèè ñïèíîâàÿ çàâèñèìîñòü òðèâèàëüíà). Áóäåì íîðìèðîâàòü å¼
ñëåäóþùèì îáðàçîì∫

drψ(±)+
p (r)ψ

(±)
p′ (r) = (2π)3δ(p− p′) (5.736)

= (2π)3 1

p2
δ(p− p′)δ(cos θ − cos θ′)δ(ϕ− ϕ′) . (5.737)

Äëÿ êîðîòêîäåéñòâóþùåãî ïîòåíöèàëà âîëíîâûå ôóíêöèè îïðåäåëÿþòñÿ àñèìïòîòè-
êàìè

ψ(+)(Z)
p (r) ≈ eipr + f (+)(n)

eipr

r
= ψ(Z=0)

p (r) + f (+)(n)
eipr

r
, (5.738)

ψ(−)(Z)
p (r) ≈ eipr + f (−)(n)

e−ipr

r
= ψ(Z=0)

p (r) + f (−)(n)
e−ipr

r
, (5.739)

ãäå n = r/r. Â ñëó÷àå êóëîíîâñêîãî (äàëüíîäåéñòâóþùåãî) ïîòåíöèàëà ìû ïîñòàðàåìñÿ
ïîëó÷èòü ïîõîæóþ àñèìïòîòèêó.

Ïåðâûé ÷ëåí â àñèìïòîòèêå îïèñûâàåò ïàäàþùóþ âîëíó, âòîðîé ÷ëåí ðàññåÿííóþ (ñì.
Óð. (3.326) ïðè ~ = 1, me = 1)

j[ψ](r, t) =
1

2

(
ψ∗(r, t)p̂ψ(r, t) + (p̂ψ(r, t))∗ψ(r, t)

)
(5.740)

= − i
2

(
ψ∗(r, t)∇ψ(r, t)− ψ(r, t)∇ψ∗(r, t)

)
. (5.741)

p̂ = erp̂r + eθ
1

r
p̂θ + eϕ

1

r sin θ
p̂ϕ , (5.742)

∇ = er
∂

∂r
+ eθ

1

r

∂

∂θ
+ eϕ

1

r sin θ

∂

∂ϕ
. (5.743)

Ïîòîêè ïàäàþùåé è ðàññåÿííîé âîëíû èìþò âèä

j[eipr] ≈ p , r →∞ , (5.744)

j[f (±)(n)
e±ipr

r
] ≈ ±per|f (+)(n)|2 1

r2
+ O

(
1

r3

)
, r →∞ . (5.745)

Ðàçëîæèì âîëíîâûå ôóíêöèè ψ
(±)
p (r) ïî ôóíêöèÿì ψElm(r).
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Ðàññìîòðèì ñíà÷àëà ðàçëîæåíèå âîëíîâîé ôóíêöèè ñâîáîäíîãî ýëåêòðîíà (Z = 0)

ψ(Z=0)(r) = eipr

=
∞∑
l=0

(2l + 1)iljl(pr)Pl(cos θ)

=
∞∑
l=0

l∑
m=−l

il4πjl(pr)Y
∗
lm(ν)Ylm(n) , (5.746)

ãäå n = r/r, ν = p/p, cos θ = νr, θ � óãîë ìåæäó âåêòîðàìè p è r.
Ðàññìîòðèì àñèìïòîòèêó (r →∞)

ψ(Z=0)(r) ≈ 4π
∑
lm

il
1

pr
sin

(
pr − πl

2

)
Y ∗lm(ν)Ylm(n) (5.747)

=
1

pr

∞∑
l=0

il (2l + 1)Pl(cos θ) sin

(
pr − πl

2

)
. (5.748)

4π
l∑

m=−l

Y ∗lm(ν)Ylm(n) = (2l + 1)Pl(cos θ) . (5.749)

Ðàçëîæåíèå ôóíêöèé ψ(±)(Z)(r) áóäåì èñêàòü â âèäå

ψ(±)(Z)
p (r) =

(2π)3/2

√
p

∑
lm

Y ∗lm(ν)eiφ
(±)
l ilψ

(Z)
Elm(r) . (5.750)

Èñïîëüçóÿ àñèìïòîòèêó ôóíêöèè ψElm(r) (5.678), ïîëó÷àåì

ψ(±)(Z)
p (r) ≈ (2π)3/2

√
p

∑
lm

il Y ∗lm(ν)eiφ
(±)
l (5.751)

×
[
(2π)−1/2 p−1/2 2

r
sin

(
pr +

Z

p
ln(2pr) + δl −

πl

2

)
Ylm(r̂)

]
(5.752)

=
4π

pr

∑
lm

il Y ∗lm(ν)Ylm(n)eiφ
(±)
l sin

(
pr +

Z

p
ln(2pr) + δl −

πl

2

)
(5.753)

=
1

pr

∞∑
l=0

il (2l + 1)Pl(cos θ)eiφ
(±)
l sin

(
pr +

Z

p
ln(2pr) + δl −

πl

2

)
. (5.754)

Íàäî îáðàòèòü âíèìàíèå íà ïðèñóòñòâèå ëîãàðèôìè÷åñêîãî ÷ëåíà â ýêñïîíåíòå. Ýòîò
ëîãàðèôì ïðèâîäèò ê òîìó, ÷òî, ñòðîãî ãîâîðÿ, àñèìïòîòèêà â êóëîíîâñêîì ïîòåíöèà-
ëå îòëè÷àåòñÿ îò Óð. (5.738), (5.739) êàê äëÿ ïàäàþùåé, òàê è äëÿ ðàññåÿííîé âîëíû.
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Âî ìíîãèõ ñëó÷àÿõ ýòèì ëîãàðèôìè÷åñêèì ÷ëåíîì ìîæíî ïðåíåáðå÷ü. Ìû ýòî áóäåì
îáñóæäàòü ïðè èçó÷åíèè òåîðèè ðàññåÿíèÿ.

Ëåãêî óáåäèòüñÿ, ÷òî

ψ(±)(Z→0)
p (r) → ψ(Z=0)

p (r) . (5.755)

Ïðåíåáðåãàÿ ìåäëåííî ìåíÿþùèìñÿ ëîãàðèôìîì, ìû ìîæåì çàïèñàòü

ψ(±)(Z)
p (r)− ψ(Z=0)

p (r) ≈ 1

pr

∞∑
l=0

il (2l + 1)Pl(cos θ) (5.756)

×
[
eiφ

(±)
l sin

(
pr +

Z

p
ln(2pr) + δl −

πl

2

)
− sin

(
pr − πl

2

)]
(5.757)

=
1

pr

∞∑
l=0

il (2l + 1)Pl(cos θ)
1

2i
(5.758)

×
[
eiφ

(±)
l exp

(
ipr + iδl − i

πl

2

)
− exp

(
ipr − iπl

2

)
(5.759)

−eiφ
(±)
l exp

(
−ipr − iδl + i

πl

2

)
+ exp

(
−ipr + i

πl

2

)]
(5.760)

=
1

pr

∞∑
l=0

il (2l + 1)Pl(cos θ)
1

2i
(5.761)

×
[
eipr−i

πl
2

{
eiδl+iφ

(±)
l − 1

}
− e−ipr+i

πl
2

{
e−iδl+iφ

(±)
l − 1

}]
(5.762)

= f (+)(n)
eipr

r
+ f (−)(n)

e−ipr

r
. (5.763)

Ìû èìååì äâà ÷ëåíà â ôèãóðíûõ ñêîáêàõ. Â ñëó÷àå àñèìïòîòèêè ψ
(+)
p äîëæåí çàíóëÿòüñÿ

âòîðîé ÷ëåí è ìû ïîëó÷àåì φ
(+)
l = δl. Ìû èìååì äâà ÷ëåíà â ôèãóðíûõ ñêîáêàõ. Â ñëó÷àå

àñèìïòîòèêè ψ
(−)
p äîëæåí çàíóëÿòüñÿ ïåðâûé ÷ëåí è ìû ïîëó÷àåì φ

(−)
l = −δl.

Òàêèì îáðàçîì, â ðàçëîæåíèè Óð. (5.752)

φ
(±)
l = ±δl , (5.764)

êîòîðûå îïðåäåëÿþòñÿ Óð. (5.659).
Ñîîòâåòñòâåííî, ìû ìîæåì çàïèñàòü

ψ(±)(Z)
p (r) =

(2π)3/2

√
p

∑
lm

Y ∗lm(p̂)e±iδlilψ
(Z)
Elm(r) . (5.765)

Ñ òî÷íîñòüþ äî ëîãàðèôìè÷åñêîãî ÷ëåíà ýòè ôóíêöèè èìåþò àñèìïòîòèêó Óð. (5.738),
(5.739). Â àñèìïòîòèêå ïðè r → ∞ ýòà ôóíêöèÿ áóäåò ñîáñòâåííîé ôóíêöèåé îïåðàòîðà
èìïóëüñà (äàæå â ïðèñóòñòâèè ëîãàðèôìè÷åñêîãî ÷ëåíà).
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−i d
dz
eipzz+ic ln(z) = pze

ipzz+ic ln(z) +
c

z
eipzz+ic ln(z) → pze

ipzz+ic ln(z) , z →∞ . (5.766)

Ñîîòâåòñòâåííî, ëîãàðèôìè÷åñêèé ÷ëåí íå áóäåò äàâàòü âêëàä â ïîòîê, òî÷íåå â îòíîøå-
íèå ïîòîêîâ ïàäàþùåé è ðàññåÿííîé âîëíû ïðè (r →∞).

Ïîëó÷èì âûðàæåíèå äëÿ ôóíêöèè f (+)(n)

f (+)(n) =
1

p

∞∑
l=0

il (2l + 1)Pl(cos θ)
1

2i
e−i

πl
2 e2iδl (5.767)

=
1

2ip

∞∑
l=0

(2l + 1)Pl(cos θ)e2iδl (5.768)

=
1

2ip

∞∑
l=0

(2l + 1)Pl(cos θ)
Γ(l + 1− iZ/p)
Γ(l + 1 + iZ/p)

. (5.769)

Óãîë θ � óãîë ìåæäó âåêòîðàìè p è r.

e2iδl =
eiδl

e−iδl
=
|Γ(l + 1− iZ/p)|eiδl
|Γ(l + 1 + iZ/p)|e−iδl

=
Γ(l + 1− iZ/p)
Γ(l + 1 + iZ/p)

(5.770)

Áåç äîêàçàòåëüñòâà: ýòîò ðÿä ìîæíî ïðîñóììèðîâàòü àíàëèòè÷åñêè

f (+)(n) =
Z

2p2 sin2(θ/2)

Γ(1− iZ/p)
Γ(1 + iZ/p)

exp

(
iZ

p
ln sin2 θ

2

)
. (5.771)

Ïîëó÷åííîå âûðàæåíèå åñòü êóëîíîâñêàÿ àìïëèòóäà ðàññåÿíèÿ.
Íèæå, ïðè èçó÷åíèè òåîðèè ðàññåÿíèÿ, ìû ïîêàæåì, ÷òî äèôôåðåíöèàëüíîå ñå÷åíèå

èìååò âèä

dσif
dn

= |f (+)(n)|2 . (5.772)

Ïîëó÷àåì ôîðìóëó Ðåçåðôîðäà.

5.16 ×àñòèöà â ñôåðè÷åñêè-ñèììåòðè÷íîé ÿìå

Ðàññìîòðèì äâèæåíèå ÷àñòèöû â ñôåðè÷åñêè-ñèììåòðè÷íîé ÿìå

V (r) =

{
−V0 , r ≤ r0

0 , r > r0 .
(5.773)
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Íàéä¼ì óñëîâèÿ ñóùåñòâîâàíèÿ äèñêðåòíûõ óðîâíåé ýíåðãèè.
Ñîáñòâåííûå ôóíêöèè óðàâíåíèÿ Øð¼äèíãåðà

Ĥψ(r) = Eψ(r) , Ĥ =
p̂2

2
+ V (r) (5.774)

áóäåì èñêàòü â âèäå

ψ(r) =
1

r
P (r)Ylm(θ, ϕ) . (5.775)

Ôóíêöèÿ P (r) äîëæíà óäîâëåòâîðÿòü óðàâíåíèþ (ñì. Óð. (5.648))

−1

2
P ′′(r) +

l(l + 1)

2r2
P (r) + V (r)P (r) = EP (r) (5.776)

ñî ñëåäóþùèì ãðàíè÷íûì óñëîâèåì

P (0) = 0 . (5.777)

Ðèñ. 5.3:

Âèäíî, ÷òî äèñêðåòíûå óðîâíè ýíåðãèè ìîãóò ñóùåñòâîâàòü òîëüêî äëÿ E < 0. Ïîëó-
÷àåì ñëåäóþùåå óñëîâèå ñóùåñòâîâàíèÿ äèñêðåòíûõ óðîâíåé ýíåðãèè

l(l + 1)

2r2
0

− V0 < 0 , (5.778)

V0r
2
0 >

l(l + 1)

2
. (5.779)
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Òàêèì îáðàçîì, äèñêðåòíûå óðîâíè ýíåðãèè áóäóò ñóùåñòâîâàòü íå äëÿ âñåõ l.
Ðàññìîòðèì äâå îáëàñòè: 0 ≤ r ≤ r0 è r > r0

−1

2
P ′′(r) +

l(l + 1)

2r2
P (r) = (E + V0)P (r) , r ≤ r0 , (5.780)

−1

2
P ′′(r) +

l(l + 1)

2r2
P (r) = EP (r) , r > r0 . (5.781)

Ðåøåíèå Óð. (5.780) èìååò âèä (ñì. (5.734))

P (r) = A1rjl(κr) + A2ryl(κr) , (5.782)

κ =
√

2(E + V0) . (5.783)

Ñ ó÷¼òîì àñèìïòîòèêè Óð. (5.715), (5.716) ïîëó÷àåì, ÷òî

A2 = 0 . (5.784)

Ðåøåíèå Óð. (5.781) èìååò âèä (ñì. (5.734))

P (r) = B1rh
(1)
l (αr) +B2rh

(2)
l (αr) = B1rh

(1)
l (iar) +B2rh

(2)
l (iar) , (5.785)

α =
√

2E = ia . (5.786)

Ñ ó÷¼òîì àñèìïòîòèêè Óð. (5.713), (5.714) ïîëó÷àåì, ÷òî

B2 = 0 . (5.787)

Ôóíêöèÿ P (r) óäîâëåòâîðÿåò (5.776). Ïðîâîäÿ àíàëèç êàê â ïàðàãðàôå 4.5 ïîëó÷àåì,
÷òî ôóíêöèÿ P (r) è å¼ ïåðâàÿ ïðîèçâîäíàÿ äîëæíû áûòü íåïðåðûâíûìè ôóíêöèÿìè â
òî÷êå r0. Ñîîòâåòñòâåííî, ìû ìîæåì çàïèñàòü

1

P (r0 − 0)

d

dr
P (r)

∣∣∣∣
r=r0−0

=
1

P (r0 + 0)

d

dr
P (r)

∣∣∣∣
r=r0+0

, (5.788)

1

r0jl(κr0)

d

dr
rjl(κr)

∣∣∣∣
r0

=
1

r0h
(0)
l (iar0)

d

dr
rh

(1)
l (iar)

∣∣∣∣∣
r0

. (5.789)

Â âèäó óñëîâèÿ Óð. (5.779) ðàññìîòðèì ñëó÷àé l = 0

1

r0j0(κr0)

d

dr
rj0(κr)

∣∣∣∣
r0

=
1

r0h
(0)
0 (iar0)

d

dr
rh

(1)
0 (iar)

∣∣∣∣∣
r0

, (5.790)

κ

sin(κr0)

d

dr

sin(κr)

κ

∣∣∣∣
r0

= i
ia

e−ar0
d

dr
(−i)e

−ar

ia

∣∣∣∣
r0

, (5.791)

κ ctg(κr0) = −a , (5.792)

ctg(κr0) = −a
κ
. (5.793)
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Ïîëó÷èì óñëîâèå ñóùåñòâîâàíèÿ óðîâíÿ ýíåðãèè äëÿ l = 0

κr0 >
π

2
, (5.794)

κ2r2
0 >

π2

4
, (5.795)

2(E + V0)r2
0 >

π2

4
, E < 0 , (5.796)

V0r
2
0 >

π2

8
. (5.797)

Â îòëè÷èå îò îäíîìåðíîãî ñëó÷àÿ, â òð¼õìåðíîì ïðîñòðàíñòå íå ó êàæäîé ïîòåíöè-
àëüíîé ÿìû åñòü ñâÿçàííûå ñîñòîÿíèÿ.

Ðèñ. 5.4:
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Ãëàâà 6

Óðàâíåíèå Äèðàêà

6.1 Óðàâíåíèå Äèðàêà äëÿ ñâîáîäíîé ÷àñòèöû

Ðàññìîòðèì óðàâíåíèå Øð¼äèíãåðà äëÿ ñâîáîäíîé ÷àñòèöû

i~
∂

∂t
ψ(r, t) = Ĥψ(r, t) , (6.1)

i~
∂

∂t
ψ(r, t) =

p̂2

2me

ψ(r, t) , (6.2)

i~
∂

∂t
ψ(r, t) = − ~2

2me

(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
ψ(r, t) . (6.3)

Ýòî óðàâíåíèå íå ÿâëÿåòñÿ Ëîðåíö-èíâàðèàíòíûì. Â ïðåîáðàçîâàíèÿ Ëîðåíöà (Lorentz
transformation) êîîðäèíàòû è âðåìÿ âõîäÿò ñèììåòðè÷íûì îáðàçîì.

Ïóñòü â ñèñòåìå O ñèñòåìà O′ äâèæåòñÿ ñî ñêîðîñòüþ v = (0, 0, v). Ââåä¼ì ëîðåíöåâ-
ñêèé ôàêòîð γ

β = v/c , (6.4)

γ =
1√

1− v2

c2

. (6.5)

Ñîáûòèå â ñèñòåìå ïîêîÿ O îïèñûâàåòñÿ 4-âåêòîðîì

(tc, r) = (tc, rx, ry, rz) . (6.6)

Òî æå ñîáûòèå â ñèñòåìå ïîêîÿ O′ îïèñûâàåòñÿ 4-âåêòîðîì

(ct′, r′) = (ct′, r′x, r
′
y, r
′
z) . (6.7)
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Ïðåîáðàçîâàíèÿ Ëîðåíöà îïðåäåëÿþòñÿ ñëåäóþùèìè ïðåîáðàçîâàíèÿìè

ct′ = γ(ct− βrz) , ct = γ(ct′ + βr′z) ,
r′z = γ(−βct+ rz) , rz = γ(βct′ + r′z) ,
r′x = rx ,
r′y = ry ,

(6.8)

Óñòðåìèâ ñêîðîñòü ñâåòà ê áåñêîíå÷íîñòè (c → ∞, γ → 1) ïîëó÷àåì ïðåîáðàçîâàíèÿ
Ãàëèëåÿ

t′ = t , t = t′ ,
r′z = −vt+ rz , rz = vt′ + r′z ,
r′x = rx ,
r′y = ry ,

(6.9)

Óðàâíåíèå Øð¼äèíãåðà èíâàðèàíòíî îòíîñèòåëüíî ïðåîáðàçîâàíèé Ãàëèëåÿ, íî íå èíâà-
ðèàíòíî îòíîñèòåëüíî ïðåîáðàçîâàíèé Ëîðåíöà.

Ðàññìîòðèì ðåëÿòèâèñòñêîå ñîîòíîøåíèå ìåæäó ýíåðãèåé è èìïóëüñîì ÷àñòèöû

E2 = c2p2 +m2
0c

4 , (6.10)

ãäå m0 � ìàññà ÷àñòèöû. Åñëè ïðîêâàíòîâàòü ýòî óðàâíåíèå

E → Ĥ → i~
∂

∂t
, (6.11)

p → p̂ , (6.12)

ìû ïîëó÷èì óðàâíåíèå Êëåéíà-Ôîêà-Ãîðäîíà

−~2 ∂
2

∂t2
ψ = (c2p̂2 +m2

0c
4)ψ , (6.13)

−~2 ∂
2

∂t2
ψ = (−c2~2∆ +m2

0c
4)ψ , (6.14)(

~2 ∂
2

∂t2
− c2~2∆ +m2

0c
4

)
ψ = 0 , (6.15)

ψ(r, t) = ce
i
~ (pr−Et) , E2 = c2p2 +m2

0c
4 . (6.16)

Ñïåêòð ýòîãî óðàâíåíèÿ:

E ≥ m0c
2 , (6.17)

E ≤ −m0c
2 . (6.18)
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Ýòî óðàâíåíèå îïèñûâàåò ìàññèâíûå áåññïèíîâûå (ñïèí ðàâåí íóëþ: s = 0) ÷àñòèöû.

Äèðàê (Paul Dirac) ïðåäëîæèë èñêàòü ðåëÿòèâèñòñêîå óðàâíåíèå, îïèñûâàþùåå ýëåê-
òðîí, â âèäå

i~
∂

∂t
ψ = ĤDψ =

(
c(αxp̂x + αyp̂y + αzp̂z) + βmec

2
)
ψ , (6.19)

ãäå αx, αy, αz, β íå çàâèñÿò îò êîîðäèíàò è âðåìåíè. Çäåñü ïðîèçâîäíûå ïî êîîðäèíàòàì
è âðåìåíè âõîäÿò ñèììåòðè÷íûì îáðàçîì. Òàêæå íåîáõîäèìî ïîòðåáîâàòü âûïîëíåíèå
îïåðàòîðíîãî ðàâåíñòâà

Ĥ2
D = c2p̂2 +m2

ec
4 . (6.20)

Ïîñìîòðèì êàêèå óñëîâèÿ íà âåëè÷èíû αx, αy, αz, β ìû ïîëó÷èì.

Ĥ2
D =

(
c(αxp̂x + αyp̂y + αzp̂z) + βmec

2
)2

(6.21)

= c2α2
xp̂

2
x + c2α2

yp̂
2
y + c2α2

zp̂
2
z + β2m2

ec
4 (6.22)

+c2αxαyp̂xp̂y + c2αyαxp̂xp̂y (6.23)

+c2αyαzp̂yp̂z + c2αzαyp̂yp̂z (6.24)

+c2αzαxp̂zp̂x + c2αxαzp̂zp̂x (6.25)

+mec
4αxβp̂x +mec

4βαxp̂x (6.26)

+mec
4αyβp̂y +mec

4βαyp̂y (6.27)

+mec
4αzβp̂z +mec

4βαzp̂z (6.28)

= c2p̂2
x + c2p̂2

y + c2p̂2
z +m2

ec
4 . (6.29)

α2
x = 1 , α2

y = 1 , α2
z = 1 , (6.30)

αxαy + αyαx = 0 , αyαz + αzαy = 0 , αzαx + αxαz = 0 , (6.31)

αxβ + βαx = 0 , αyβ + βαy = 0 , αzβ + βαz = 0 (6.32)

Ýòè óðàâíåíèÿ ïîêàçûâàþò, ÷òî αx, αy, αz, β ÿâëÿþòñÿ îïåðàòîðàìè, ýðìèòîâñêèìè ìàò-
ðèöàìè.

Ââîäÿ îáîçíà÷åíèÿ

(β, αx, αy, αz) = (α0, α1, α2, α3) , (6.33)

óñëîèÿ (6.30)-(6.32) ìîæíî çàïèñàòü â âèäå îäíîãî ðàâåíñòâà

αiαj + αjαi = 2δij , i, j = 0, 1, 2, 3 . (6.34)

Èññëåäóåì ñâîéñòâà ìàòðèö αi
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1. Ìàòðèöû αi ÿâëÿþòñÿ ýðìèòîâûìè

α+
i = αi , i = 0, 1, 2, 3 . (6.35)

2.

α2
i = I , i = 0, 1, 2, 3 , (6.36)

αiα
+
i = I . (6.37)

Ñëåäîâàòåëüíî, ìàòðèöû αi ÿâëÿþòñÿ óíèòàðíûìè, â ÷àñòíîñòè, det(αi) 6= 0.

3. Äëÿ i 6= j ìû ìîæåì çàïèñàòü

(−I)αiαj = αjαi , i, j = 0, 1, 2, 3 , i 6= j , (6.38)

det(−I) det(αiαj) = det(αjαi) , (6.39)

det(−I) = (−1)N = 1 , (6.40)

ãäå N ×N � ðàçìåðíîñòü ìàòðèöû I. Ïîëó÷àåì, ÷òî N � ÷¼òíîå ÷èñëî: N = 2n.

4. Äëÿ i 6= j ìû ìîæåì çàïèñàòü

αiαj = −αjαi , i, j = 0, 1, 2, 3 , i 6= j , (6.41)

α2
iαj = αj = −αiαjαi , (6.42)

Tr(αj) = Tr(−αiαjαi) = Tr(−αj) , (6.43)

Tr(αj) = 0 , j = 0, 1, 2, 3 . (6.44)

Ïîëó÷àåì, ÷òî ñëåä ìàòðèö αi ðàâåí íóëþ.

Íàéä¼ì ÷åòûðå ìàòðèöû, óäîâëåòâîðÿþùèå óñëîâèþ (6.34).
Îïðåäåëèì ìàòðèöó α0 â áëî÷íîì âèäå

α0 =

(
I 0
0 −I

)
, (6.45)

ãäå I, 0 � ìàòðèöû ðàçìåðíîñòè n × n, è íàéä¼ì êàê â ýòîì ñëó÷àå áóäóò âûãëÿäåòü
îñòàëüíûå ìàòðèöû αi.

Ìàòðèöû αi (i = 1, 2, 3) òîæå áóäåì èñêàòü â áëî÷íîì âèäå

αi =

(
Ai Bi

B+
i Di

)
, i = 1, 2, 3 , (6.46)

ãäå Ai, Bi,Di � ìàòðèöû ðàçìåðíîñòè n×n. Çäåñü ìû ó÷ëè, ÷òî ìàòðèöû αi � ýðìèòîâñêèå
ìàòðèöû.
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Èç óñëîâèÿ

αiα0 + α0αi = 0 (6.47)

ìû ïîëó÷àåì(
Ai Bi

B+
i Di

)(
I 0
0 −I

)
+

(
I 0
0 −I

)(
Ai Bi

B+
i Di

)
(6.48)

=

(
Ai −Bi

B+
i −Di

)
+

(
Ai Bi

−B+
i −Di

)
(6.49)

=

(
2Ai 0
0 −2Di

)
= 0 . (6.50)

Ñîîòâåòñòâåííî, ïðè óñëîâèè Óð. (6.45) ìû ïîëó÷àåì Ai = 0, Di = 0 è

αi =

(
0 Bi

B+
i 0

)
, i = 1, 2, 3 . (6.51)

Èç óñëîâèÿ αiαj + αjαi = 2δij ìû ïîëó÷àåì

αiαj + αjαi =

(
0 Bi

B+
i 0

)(
0 Bj

B+
j 0

)
+

(
0 Bj

B+
j 0

)(
0 Bi

B+
i 0

)
(6.52)

=

(
BiB

+
j 0

0 B+
i Bj

)
+

(
BjB

+
i 0

0 B+
j Bi

)
(6.53)

=

(
BiB

+
j +BjB

+
i 0

0 B+
i Bj +B+

j Bi

)
= 2δij . (6.54)

Â ÷àñòíîñòè, ìû ïîëó÷àåì

BiB
+
j +BjB

+
i = 2δij , i = 1, 2, 3 (6.55)

èëè

BiB
+
i = I , i = 1, 2, 3 , (6.56)

BiB
+
j +BjB

+
i = 0 , i = 1, 2, 3, i 6= j . (6.57)

Ðàññìîòðèì ñíà÷àëà ñëó÷àé n = 1. Òîãäà ìàòðèöû Bi èìåþò ðàçìåðíîñòü 1× 1, ñîîò-
âåòñòâåííî, ìàòðèöû αi èìåþò ðàçìåðíîñòü 2× 2.

α0 =

(
1 0
0 −1

)
, αi =

(
0 bi
b∗i 0

)
, i = 1, 2, 3 , (6.58)

bib
∗
j + bjb

∗
i = 2δij . (6.59)
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Îäíàêî íå ñóùåñòâóåò ÷åòûðåõ ëèíåéíî íåçàâèñèìûõ ìàòðèö 2×2 ñ íóëåâûì ñëåäîì, òàê
êàê åñòü åù¼ åäèíè÷íàÿ ìàòðèöà ñ íåíóëåâûì ñëåäîì.

Ðàññìîòðèì òåïåðü ñëó÷àé n = 2. Òîãäà ìàòðèöû Bi èìåþò ðàçìåðíîñòü 2 × 2, ñîîò-
âåòñòâåííî, ìàòðèöû αi èìåþò ðàçìåðíîñòü 4× 4.

α0 =

(
I 0
0 −I

)
, αi =

(
0 Bi

B+
i 0

)
, i = 1, 2, 3 , (6.60)

BiB
+
j +BjB

+
i = 2δij . (6.61)

Â êà÷åñòâå ìàòðèö Bi ìîæåì âçÿòü ìàòðèöû Ïàóëè (ñì. Óð. (5.325), (5.341))

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
, (6.62)

σ+
i = σi , i = 1, 2, 3 , (6.63)

{σi, σj} = σiσj + σjσi = 2δijI , i, j = 1, 2, 3 . (6.64)

Òàêèì îáðàçîì, ìû ïîëó÷àåì

α0 =

(
I 0
0 −I

)
, αi =

(
0 σi
σi 0

)
, i = 1, 2, 3 . (6.65)

Çàìåòèì, ÷òî ìîæíî ïîñòðîèòü è äðóãèå íàáîðû ìàòðèö, óäîâëåòâîðÿþùèå Óð. (6.34).
Íàïðèìåð, ïðåäñòàâëåíèå Âåéëÿ (Hermann Weyl)

αw0 =

(
0 I
I 0

)
, αwi =

(
−σi 0

0 σi

)
, i = 1, 2, 3 . (6.66)

Çàìåòèì òàêæå, ÷òî åñëè ìàòðèöû αi óäîâëåòâîðÿþò óñëîâèÿì (6.34)

αiαj + αjαi = 2δij , i, j = 0, 1, 2, 3 , (6.67)

òî è ìàòðèöû, ïîäâåðãíóòûå ïðåîáðàçîâàíèþ ïîäîáèÿ,

α′i = uαiu
+ , ãäå uu+ = I , (6.68)

áóäóò åìó óäîâëåòâîðÿòü. Äåéñòâèòåëüíî, óìíîæèâ ðàâåíñòâî (6.67) ñëåâà íà u è ñïðàâà
íà u+

uαiu
+uαju

+ + uαju
+uαiu

+ = 2δijuu
+ , i, j = 0, 1, 2, 3 , (6.69)

ìû ïðèõîäè ê

α′iα
′
j + α′jα

′
i = 2δij , i, j = 0, 1, 2, 3 . (6.70)
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Äàëåå ìû áóäåì ðàáîòàòü ñ ìàòðèöàìè αi â âèäå (6.65), êîòðûé ÷àñòî çàïèñûâàþò êàê

β =

(
I 0
0 −I

)
, α =

(
0 σ
σ 0

)
, (6.71)

α0 = β , αi = (α)i , i = 1, 2, 3 . (6.72)

Ìàòðèöû β è αi èìåþò ðàçìåðíîñòü 4× 4.
Òàêèì îáðàçîì óðàâíåíèå Äèðàêà äëÿ ñâîáîäíîãî ýëåêòðîíà ïðèíèìàåò âèä

i~
∂

∂t
ψ = ĤDψ , (6.73)

ĤD = cαp̂+ βmec
2 . (6.74)

Ðàç ìàòðèöû β è αi èìåþò ðàçìåðíîñòü 4× 4, òî ôóíêöèÿ ψ ïðåäñòàâëÿåòñÿ â âèäå

ψ(r, t) =


ψ1(r, t)
ψ2(r, t)
ψ3(r, t)
ψ4(r, t)

 . (6.75)

6.2 Ñïåêòð è ñòàöèîíàðíûå ñîñòîÿíèÿ óðàâíåíèÿ Äè-

ðàêà äëÿ ñâîáîäíîãî ýëåêòðîíà

Óðàâíåíèå Äèðàêà äëÿ ñâîáîäíîãî ýëåêòðîíà ïðèíèìàåò âèä

i~
∂

∂t
ψ = ĤDψ , (6.76)

ĤD = cαp̂+ βmec
2 . (6.77)

Ìàòðèöû β è αi èìåþò ðàçìåðíîñòü 4× 4, ñîîòâåòñòâåííî, ôóíêöèÿ ψ ïðåäñòàâëÿåòñÿ â
âèäå

ψ(r, t) =


ψ1(r, t)
ψ2(r, t)
ψ3(r, t)
ψ4(r, t)

 . (6.78)

β =

(
I 0
0 −I

)
, α =

(
0 σ
σ 0

)
(6.79)

Ìàòðèöû Ïàóëè

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
(6.80)
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Ìàòðèöû Ïàóëè îáëàäàþò ñëåäóþùèì ñâîéñòâîì (ñì. Óð. (5.339))

σiσj = δij + i
3∑

k=1

εijkσk (6.81)

Ïîêàæåì, ÷òî èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà. Äëÿ âåêòîðîâ a è b, êîòîðûå êîì-
ìóòèðóþò ñ ìàòðèöàìè Ïàóëè [a, σi] = 0, [b, σi] = 0, âåðíî

(σa)σ = a+ i[σ × a] (6.82)

σ(σa) = a+ i[a× σ] (6.83)

(aσ)(bσ) = ab+ i[a× b]σ = ab+ iσ[a× b] (6.84)

(aσ)(aσ) = aa (6.85)

Äåéñòâèòåëüíî,

(σa)σi =
3∑
j=1

σjajσi =
3∑
j=1

ajσjσi (6.86)

=
3∑
j=1

aj

(
δji + i

3∑
k=1

εjikσk

)
(6.87)

= ai + i
3∑

jk=1

εikjσkaj = ai + i[σ × a]i (6.88)

σi(σa) =
3∑
j=1

σiσjaj =
3∑
j=1

ajσiσj (6.89)

=
3∑
j=1

aj

(
δij + i

3∑
k=1

εijkσk

)
(6.90)

= ai + i

3∑
jk=1

εijkajσk = ai + i[a× σ]i (6.91)

Ðàâåíñòâà (6.82) è (6.83) äîêàçàíû.
Ðàññìîòðèì

(σa)(σb) =
3∑
i=1

(σa)σibi =
3∑
i=1

(ai + i[σ × a]i)bi (6.92)

= (ab) + i[σ × a]b = (ab) + iσ[a× b] . (6.93)
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Ðàâåíñòâà (6.84) äîêàçàíî.
Ðàññìîòðèì ñòàöèîíàðíûå ñîñòîÿíèÿ ñâîáîäíîãî ýëåêòðîíà

ψ(r, t) = ψ(r) e−
i
~ εt (6.94)

Ïðåäñòàâèì ôóíêöèþ ψ â âèäå

ψ(r) =

(
ϕ(r)
χ(r)

)
=


ϕ1(r)
ϕ2(r)
χ1(r)
χ2(r)

 . (6.95)

Ñòàöèîíàðíîå óðàâíåíèå Äèðàêà

(cαp̂+mec
2β)ψ = εψ (6.96)

c

(
0 σ
σ 0

)
p̂

(
ϕ
χ

)
+mec

2

(
I 0
0 −I

)(
ϕ
χ

)
= ε

(
ϕ
χ

)
, (6.97)

c

(
0 σp̂
σp̂ 0

)(
ϕ
χ

)
+mec

2

(
I 0
0 −I

)(
ϕ
χ

)
= ε

(
ϕ
χ

)
. (6.98)

cσp̂χ+mec
2ϕ = εϕ , ϕ =

cσp̂

ε−mec2
χ (6.99)

cσp̂ϕ−mec
2χ = εχ , χ =

cσp̂

ε+mec2
ϕ . (6.100)

Ïîäñòàâèì ôóíêöèþ χ â âèäå (6.100) â óðàâíåíèå (6.99) è âîñïîëüçóåìñÿ Óð. (6.85)

(cσp̂)(cσp̂)

ε+mec2
ϕ+mec

2ϕ = εϕ , (6.101)

c2p̂2

ε+mec2
ϕ = (ε−mec

2)ϕ . (6.102)

Ïîëó÷àåì ñëåäóþùåå óðàâíåíèå

c2p̂2ϕ = (ε2 −m2
ec

4)ϕ . (6.103)

Ðåøåíèå ýòîãî óðàâíåíèÿ ìîæíî ïðåäñòàâèòü â âèäå

ϕ = ve
i
~pr , (6.104)
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ãäå

v =

(
a
b

)
, a, b ∈ C , (6.105)

v+v = |a|2 + |b|2 = 1 . (6.106)

Ïîëó÷àåì ñïåêòð óðàâíåíèÿ Äèðàêà äëÿ ñâîáîäíîãî ýëåêòðîíà

ε2 = m2
ec

4 + c2p2 , (6.107)

ε = ±
√
m2
ec

4 + c2p2 . (6.108)

Óðàâíåíèå Äèðàêà äëÿ ñâîáîäíîãî ýëåêòðîíà èìååò íåïðåðûâíûé ñïåêòð

ε ≥ mec
2 , (6.109)

ε ≤ −mec
2 . (6.110)

Ðàññìîòðèì âûðàæåíèå äëÿ ýíåðãèè â íåðåëÿòèâèñòñêîì ïðåäåëå (c→∞)

ε =
√
m2
ec

4 + c2p2 = mec
2

√
1 +

p2

m2
ec

2
(6.111)

= mec
2

(
1 +

p2

2m2
ec

2
+ O

(
1

c4

))
(6.112)

= mec
2 +

p2

2me

+ O

(
1

c2

)
, (6.113)

ε = −
√
m2
ec

4 + c2p2 (6.114)

= −mec
2 − p2

2me

+ O

(
1

c2

)
. (6.115)

Ñîñòîÿíèÿ ñ îòðèöàòåëüíîé ýíåðãèåé íàäî êàê-òî èíòåðïðåòèðîâàòü. Ýòîò âîïðîñ ìû
áóäåì îáñóæäàòü íèæå.

Ðàññìîòðèì óðàâíåíèå (6.102)

c2p̂2

ε+mec2
ϕ = (ε−mec

2)ϕ , (6.116)

p̂2

ε
c2

+me

ϕ = (ε−mec
2)ϕ . (6.117)

Óñòðåìëÿÿ c→∞, ìû ïîëó÷èì

p̂2

2me

ϕ = (ε−mec
2)ϕ . (6.118)

254



Ýòî åñòü óðàâíåíèå Øð¼äèíãåðà äëÿ ñâîáîäíîé íåðåëÿòèâèñòêîé ÷àñòèöû. Ïðè ýòîì
ôóíêöèÿ χ áóäåò ñòðåìèòüñÿ ê íóëþ

χ =
cσp̂

ε+mec2
ϕ → 0 , c→∞ . (6.119)

Ââåä¼ì åäèíè÷íûé âåêòîð ïî íàïðàâëåíèþ âåêòîðà èìïóëüñà

ν =
p

p
. (6.120)

Âûáåðåì â êà÷åñòâå âåëè÷èíû áåðóò ñïèíîð, êîòîðûé ÿâëÿåòñÿ ñîáñòâåííîé ôóíêöèåé
ïðîåêöèè îïåðàòîðà ñïèíà (s = 1

2
) íà íàïðàâëåíèå èìïóëüñà (ñì. Óð. (5.378), (5.383))

1

2
(σν)vµ(ν) = µvµ(ν) , µ = ±1

2
(6.121)

vµ = vµ(ν) (6.122)

Òàêèì îáðàçîì, ôóíêöèè ϕ è χ ìîæíî ïðåäñòàâèòü â âèäå

ϕ = vµe
i
~pr (6.123)

χ =
cσp

ε+mec2
vµe

i
~pr =

cp

ε+mec2
(σν)vµe

i
~pr . (6.124)

Ñîáñòâåííûå ôóíêöèè óðàâíåíèÿ Äèðàêà äëÿ ñâîáîäíîãî ýëåêòðîíà èìåþò âèä

ψε,pµ = N

(
vµ

cp
ε+mec2

(σν)vµ

)
e
i
~ (pr−εt) (6.125)

= N

 vµ√
|ε−mec2|√
|ε+mec2|

ε
|ε|(σν)vµ

 e
i
~ (pr−εt) (6.126)

cp =
√
ε2 −m2

ec
4 =

√
|ε+mec2|

√
|ε−mec2| (6.127)

cp

ε+mec2
=

√
|ε+mec2|

√
|ε−mec2|

|ε+mec2|
ε

|ε|
=

√
|ε−mec2|√
|ε+mec2|

ε

|ε|
(6.128)

Ââåä¼ì

N ′ =
N√

|ε+mec2|
. (6.129)
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ψε,pµ = N ′

( √
|ε+mec2| vµ√

|ε−mec2| ε|ε|(σν) vµ

)
e
i
~ (pr−εt) (6.130)

ψε,pµ =
1√
2|ε|

( √
|ε+mec2| vµ√

|ε−mec2| ε|ε|(σν) vµ

)
e
i
~ (pr−εt) . (6.131)

Çäåñü óäîáíî ââåñòè áèñïèíîð upµ

ψε,pµ =
1√
2|ε|

upµe
i
~ (pr−εt) , (6.132)

uε,pµ =

( √
|ε+mec2| vµ√

|ε−mec2| ε|ε|(σν) vµ

)
. (6.133)

Ïîêàæåì, ÷òî áèñïèíîð upµ íîðìèðîâàí ñëåäóþùèì îáðàçîì

u+
pµupµ = 2|ε| , (6.134)

u+
pµβupµ = u+

ε,pµβuε,pµ = 2me
ε

|ε|
. (6.135)

u+
ε,pµuε,pµ =

√
|ε+mec2| v+

µ

√
|ε+mec2| vµ

+
√
|ε−mec2| ε

|ε|
[(σν) vµ]+

√
|ε−mec2| ε

|ε|
(σν) vµ (6.136)

= |ε+mec
2|+ |ε−mec

2|[(σν) vµ]+(σν) vµ (6.137)

= |ε+mec
2|+ |ε−mec

2| = 2|ε| (6.138)

u+
ε,pµβuε,pµ =

√
|ε+mec2| v+

µ

√
|ε+mec2| vµ

−
√
|ε−mec2| ε

|ε|
[(σν) vµ]+

√
|ε−mec2| ε

|ε|
(σν) vµ (6.139)

= |ε+mec
2| − |ε−mec

2|[(σν) vµ]+(σν) vµ (6.140)

= |ε+mec
2| − |ε−mec

2| = 2mec
2 ε

|ε|
(6.141)

[(σν) vµ]+(σν) vµ = v+
µ (σν)(σν)vµ = v+

µ vµ = 1 (6.142)
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Ñîáñòâåííûå ôóíêöèè óðàâíåíèÿ Äèðàêà äëÿ ñâîáîäíîãî ýëåêòðîíà èìåþò âèä

ψε,pµ =
1√
2|ε|

( √
|ε+mec2| vµ(ν0)√

|ε−mec2| ε|ε|(σν) vµ(ν0)

)
e
i
~ (pr−εt) , (6.143)

〈ψε,pµ|ε′,p′µ′〉 = (2π~)3δ3(p− p′)δµµ′ . (6.144)

Ïîëó÷èì òåïåðü âîëíîâóþ ôóíêöèþ ψε,pµ, âûðàçèâ ôóíêöèþ ϕ ÷åðåç χ (ñì. Óð. (6.99))
è ïîäñòàâèâ å¼ â Óð. (6.100),

ϕ =
cσp

ε−mec2
vµe

i
~pr =

cp

ε−mec2
(σν)vµe

i
~pr , (6.145)

χ = vµe
i
~pr . (6.146)

Ïîëó÷èâøóþñÿ òàêèì îáðàçîì âîëíîâóþ ôóíêöèþ áóäåì îáîçíà÷àòü ψneg
ε,pµ

ψneg
ε,pµ = N

( cp
ε−mec2 (σν)vµ

vµ

)
e
i
~ (pr−εt) . (6.147)

cp =
√
ε2 −m2

ec
4 =

√
|ε+me|

√
|ε−mec2| (6.148)

cp

ε−mec2
=

√
|ε+mec2|

√
|ε−mec2|

|ε−mec2|
ε

|ε|
=

√
|ε+mec2|√
|ε−mec2|

ε

|ε|
(6.149)

ψneg
ε,pµ = N

1√
|ε−mec2|

( √
|ε+mec2| ε|ε|(σν)vµ√
|ε−mec2|vµ

)
e
i
~ (pr−εt) . (6.150)

ψneg
ε,pµ =

1√
2|ε|

( √
|ε+mec2| ε|ε|(σν)vµ√
|ε−mec2|vµ

)
e
i
~ (pr−εt) (6.151)

=
1√
2|ε|

( √
|ε+mec2| v′µ√

|ε−mec2| ε|ε|(σν) v′µ

)
e
i
~ (pr−εt) (6.152)

Ìû ââåëè ñïèíîð v′µ

v′µ =
ε

|ε|
(σν) vµ , (6.153)

ε

|ε|
(σν) v′µ =

ε

|ε|
(σν)

ε

|ε|
(σν) vµ = vµ . (6.154)

è ïðèâåëè âîëíîâóþ ôóíêöèþ ψneg
ε,pµ ê âèäó Óð. (6.143).
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ψ(Z=0)
ε,pµ =

1√
2|ε|

( √
|ε+mec2| vµ(ν)√

|ε−mec2| ε|ε|(σν) vµ(ν)

)
e
i
~ (pr−εt) , (6.155)

ψ(Z=0)neg
ε,pµ =

1√
2|ε|

( √
|ε+mec2| ε|ε|(σν)vµ(ν)√
|ε−mec2|vµ(ν)

)
e
i
~ (pr−εt) . (6.156)

Çàìåòèì, ÷òî ψ
(Z=0)
ε,pµ è ψ

(Z=0)neg
ε,pµ ïðåäñòàâëÿþò ñîáîé äâå âîçìîæíûå çàïèñè âîëíîâîé

ôóíêöèè. Îáå ýòè ôîðìû ìîãóò èñïîëüçîâàòüñÿ äëÿ îïèñàíèÿ ýëåêòðîíîâ êàê ñ ïîëî-
æèòåëüíûìè, òàê è ñ îòðèöàòåëüíûìè ýíåðãèÿìè.

6.3 Ïîëíûé óãëîâîé ìîìåíò ýëåêòðîíà

07.12.2021

Ñòàöèîíàðíîå óðàâíåíèå Äèðàêà èìååò âèä

ĥDψ = εψ , (6.157)

ĥD = cαp̂+ βmec
2 , (6.158)

ãäå

β =

(
I 0
0 −I

)
, α =

(
0 σ
σ 0

)
(6.159)

ìàòðèöû 4× 4.
Îïåðàòîð îðáèòàëüíîãî ìîìåíòà èìååò âèä (ñì. Óð. (5.2))

l̂ =
1

~
[r̂ × p̂] . (6.160)

Ðàññìîòðèì êîììóòàòîð ãàìèëüòîíèàíà Äèðàêà (ĥD) è îðáèòàëüíîãî ìîìåíòà (l̂)

[ĥD, l̂i] = ĥDl̂i − l̂iĥD (6.161)
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[cαp̂, l̂i] = cαp̂l̂i − l̂icαp̂ (6.162)

= c

(
0 σp̂l̂i
σp̂l̂i 0

)
− c

(
0 l̂iσp̂

l̂iσp̂ 0

)
(6.163)

= c

 0
3∑
j=1

σj p̂j l̂i

3∑
j=1

σj p̂j l̂i 0

− c
 0

3∑
j=1

σj l̂ip̂j

3∑
j=1

σj l̂ip̂j 0

 (6.164)

= c

 0
3∑
j=1

σj[p̂j, l̂i]

3∑
j=1

σj[p̂j, l̂i] 0

 (6.165)

= c

 0
3∑

jk=1

σjiεjikp̂k

3∑
jk=1

σjiεjikp̂k 0

 (6.166)

= c

(
0 −i[σ × p̂]i

−i[σ × p̂]i 0

)
, i = 1, 2, 3 . (6.167)

Ìû âîñïîëüçîâàëèñü êîììóòàöèîííûì ñîîòíîøåíèåì (ñì. Óð. (5.17)

[p̂i, l̂j] = i
3∑

k=1

εijkp̂k . (6.168)

Ìû òàêæå ìîæåì çàïèñàòü

[cαp̂, l̂] = −ic[α× p̂] . (6.169)

Î÷åâèäíî, ÷òî ñëåäóþùèé êîììóòàòîð ðàâåí íóëþ

[mec
2β, l̂] = 0 . (6.170)

Òàêèì îáðàçîì, ìû ïîëó÷àåì

[ĥD, l̂] = −ic[α× p̂] , (6.171)

òî åñòü ãàìèëüòîíèàí Äèðàêà íå êîììóòèðóåò ñ îïåðàòîðîì îðáèòàëüíîãî ìîìåíòà.
Ââåä¼ì îïåðàòîð ñïèíîâîãî ìîìåíòà (ñïèíà) ýëåêòðîíà

ŝ =
1

2

(
σ 0
0 σ

)
. (6.172)
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Îïåðàòîðû ŝi (i = 1, 2, 3) ïðåäñòàâëÿþò ñîáîé ìàòðèöû ðàçìåðíîñòè 4 × 4. Ôèçè÷åñêîé
âåëè÷èíå ñïèíó áóäåò îòâå÷àòü îïåðàòîð ~ŝ.

Ëåãêî óáåäèòüñÿ, ÷òî îïåðàòîð ñïèíà óäîâëåòâîðÿåò êîììóòàöèîííûì ñîîòíîøåíèÿì
(5.120)

[ŝi, ŝj] =
1

4

(
[σi, σj] 0

0 [σi, σj]

)
=

1

4
2i

3∑
k=1

εijk

(
σk 0
0 σk

)
(6.173)

= i

3∑
k=1

εijkŝk . (6.174)

Ìû âîñïîëüçîâàëèñü êîììóòàöèîííûìè ñîîòíîøåíèÿìè (5.340).
Ââåä¼ì òàêæå îïåðàòîð ŝ2

ŝ2 = ŝ2
x + ŝ2

y + ŝ2
z =

3

4
I =

1

2

(
1

2
+ 1

)
I . (6.175)

Ïîëó÷àåì, ÷òî ýòîò îïåðàòîð îòâå÷àåò ñïèíó s = 1
2
.

Ðàññìîòðèì ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà

ŝzφµ = µφµ , (6.176)

ŝz =
1

2

(
σz 0
0 σz

)
=

1

2


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

 . (6.177)

φ
(u)
1
2

=


1
0
0
0

 , φ
(u)

− 1
2

=


0
1
0
0

 , φ
(d)
1
2

=


0
0
1
0

 , φ
(d)

− 1
2

=


0
0
0
1

 . (6.178)

Èñïîëüçóÿ ñïèíîðû

η 1
2

=

(
1
0

)
, η− 1

2
=

(
0
1

)
, (6.179)

ñîáñòâåííûå ôóíêöèè φµ ìîæíî çàïèñàòü êàê

φ(u)
µ =

(
ηµ
0

)
, φ(d)

µ =

(
0
ηµ

)
, µ = ±1

2
. (6.180)

Âèäíî, ÷òî êàæäîå ñîáñòâåííîå ÷èñëî äâóêðàòíî âûðîæäåíî.
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Ðàññìîòðèì òåïåðü êîììóòàòîð ãàìèëüòîíèàíà Äèðàêà (ĥD) è ñïèíîâîãî ìîìåíòà (ŝ)

[ĥD, ŝi] = ĥDŝi − ŝiĥD (6.181)

[cαp̂, ŝi] = cαp̂ŝi − ŝicαp̂ (6.182)

= c

(
0 σp̂
σp̂ 0

)
1

2

(
σi 0
0 σi

)
− 1

2

(
σi 0
0 σi

)
c

(
0 σp̂
σp̂ 0

)
(6.183)

=
1

2
c

(
0 σp̂σi

σp̂σi 0

)
− 1

2
c

(
0 σiσp̂

σiσp̂ 0

)
(6.184)

=
1

2
c

 0
3∑
j=1

p̂jσjσi

3∑
j=1

p̂jσjσi 0

− 1

2
c

 0
3∑
j=1

p̂jσiσj

3∑
j=1

p̂jσiσj 0

 (6.185)

=
1

2
c

 0
3∑
j=1

p̂j[σj, σi]

3∑
j=1

p̂j[σj, σi] 0

 (6.186)

=
1

2
c

 0 2i
3∑

jk=1

p̂jεjikσk

2i
3∑

jk=1

p̂jεjikσk 0

 (6.187)

= ic

(
0 [σ × p̂]i

[σ × p̂]i 0

)
= ic[α× p̂]i . (6.188)

Ìû âîñïîëüçîâàëèñü êîììóòàöèîííûìè ñîîòíîøåíèÿìè (5.340).
Ìû òàêæå ìîæåì çàïèñàòü

[cαp̂, ŝ] = ic[α× p̂] . (6.189)

Ïîêàæåì, ÷òî ñëåäóþùèé êîììóòàòîð ðàâåí íóëþ

[mec
2β, ŝ] = 0 . (6.190)

[mec
2β, ŝi] = mec

2βŝi − ŝimec
2β (6.191)

= mec
2

(
I 0
0 −I

)
1

2

(
σi 0
0 σi

)
− 1

2

(
σi 0
0 σi

)
mec

2

(
I 0
0 −I

)
(6.192)

=
1

2
mec

2

(
σi 0
0 −σi

)
− 1

2
mec

2

(
σi 0
0 −σi

)
= 0 . (6.193)
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Òàêèì îáðàçîì, ìû ïîëó÷àåì

[ĥD, ŝ] = ic[α× p̂] . (6.194)

Ýòî íàäî ñðàâíèòü ñ Óð. (6.171).
Ââåä¼ì îïåðàòîð ïîëíîãî óãëîâîãî ìîìåíòà

ĵ = l̂ + ŝ . (6.195)

Ñ ó÷¼òîì (6.171) è (6.194) ìû ïîëó÷àåì, ÷òî ãàìèëüòîíèàí Äèðàêà êîììóòèðóåò ñ ïîëíûì
óãëîâûì ìîìåíòîì

[ĥD, ĵ] = 0 . (6.196)

Ìû ìîæåì ñäåëàòü âàæíûé âûâîä: ñóùåñòâóþò ñîñòîÿíèÿ ñ îïðåäåë¼ííîé ýíåðãèåé
(ñòàöèîíàðíûå ñîñòîÿíèÿ), â êîòîðûõ ïîëíûé óãëîâîé ìîìåíò (j) è åãî ïðîåêöèÿ (m) íà
îñü z (êóäà áû ìû îñü z íå íàïðàâèëè) èìåþò îïðåäåë¼ííûå çíà÷åíèÿ. Ãîâîðÿò, ÷òî â
òàêèõ ñîñòîÿíèÿõ ïîëíûé óãëîâîé ìîìåíò è åãî ïðîåêöèÿ íà îñü z ñîõðàíÿþòñÿ.

Â òî æå âðåìÿ, â îáùåì ñëó÷àå, îðáèòàëüíûé ìîìåíò (l), åãî ïðîåêöèÿ íà îñü z (ml)
è ïðîåêöèÿ ñïèíîâîãî ìîìåíòà (ñïèíà) íà îñü z (µ) íå èìåþò îïðåäåë¼ííîãî çíà÷åíèÿ.
Ñïèí ýëåêòðîíà s = 1

2
âñåãäà ñîõðàíÿåòñÿ.

Â íåðåëÿòèâèñòñêîé òåîðèè îðáèòàëüíûé ìîìåíò (l), åãî ïðîåêöèÿ íà îñü z (ml) è
ïðîåêöèÿ ñïèíîâîãî ìîìåíòà (ñïèíà) íà îñü z (µ) ìîãóò èìåòü îïðåäåë¼ííûå çíà÷åíèÿ ïî
îòäåëüíîñòè.

Íå ñìîòðÿ íà òî, ÷òî îðáèòàëüíûé ìîìåíò íå èìååò îïðåäåë¼ííîãî çíà÷åíèÿ, ýëåêòðîí
âñ¼-òàêè õàðàêòåðèçóþò îðáèòàëüíûì ìîìåíòîì. Ìû ýòî áóäåì îáñóæäàòü íèæå.

Ïî ïðàâèëàì ñëîæåíèÿ ìîìåíòîâ ïîëíûé óãëîâîé ìîìåíò, îðáèòàëüíûé ìîìåíò è ñïèí
ñâÿçàíû êàê (ñì. (5.466), (5.470))

|l − 1

2
| ≤ j ≤ l +

1

2
. (6.197)

l = 0 , j =
1

2
, (6.198)

l ≥ 1 , j = l − 1

2
, j = l +

1

2
. (6.199)

Ñîáñòâåííûìè ôóíêöèÿìè îïåðàòîðà îðáèòàëüíîãî ìîìåíòà ÿâëÿþòñÿ øàðîâûå ôóíê-
öèè (ñì. (5.76), (5.77))

l̂2Ylml(θ, ϕ) = l(l + 1)Ylml(θ, ϕ) , l = 0, 1, 2, . . . (6.200)

l̂zYlml(θ, ϕ) = mlYlml(θ, ϕ) , ml = −l, . . . , l . (6.201)
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Ïîñòðîèì ñîáñòâåííûå ôóíêöèè îïåðàòîðîâ ĵ2 è ĵz. Ðàññìîòðèì øàðîâûå ñïèíîðû
(ñì. (5.483))

Ωjlm(θ, ϕ) =
l∑

ml=−l

∑
µ=± 1

2

Cjm

lml,
1
2
µ
Yl,ml(θ, ϕ)ηµ , (6.202)

ãäå ηµ îïðåäåëåíû Óð. (6.179). Øàðîâûå ñïèíîðû ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè
äëÿ ñëåäóþùèõ îïåðàòîðîâ

ĵ ′2Ωjlm(θ, ϕ) = j(j + 1)Ωjlm(θ, ϕ) , (6.203)

ĵ′zΩjlm(θ, ϕ) = mΩjlm(θ, ϕ) , (6.204)

l̂2Ωjlm(θ, ϕ) = l(l + 1)Ωjlm(θ, ϕ) , (6.205)

ŝ′2Ωjlm(θ, ϕ) =
3

4
Ωjlm(θ, ϕ) . (6.206)

ãäå îïåðàòîð ŝ′ îïðåäåë¼í êàê

ŝ′ =
1

2
σ , (6.207)

ĵ ′ = l̂ + ŝ′ . (6.208)

Ñîáñòâåííûå ôóíêöèè îïåðàòîðîâ ĵ2, ĵz, l̂
2 è ŝ ìîæíî ïðåäñòàâèòü â âèäå

φ
(u)
jlm =

(
Ωjlm(θ, ϕ)

0

)
, l = j ± 1

2
, (6.209)

φ
(d)
jlm =

(
0

Ωjlm(θ, ϕ)

)
, l = j ± 1

2
. (6.210)

Çäåñü 0 îáîçíà÷àåò íóëåâîé ñïèíîð.

ĵ2φjlm = j(j + 1)φjlm , (6.211)

ĵzφjlm = mφjlm , (6.212)

l̂2φjlm = l(l + 1)φjlm , l = j ± 1

2
, (6.213)

ŝ2φjlm =
3

4
φjlm . (6.214)

Çàìåòèì, ÷òî ïðîåêöèÿ ïîëíîãî óãëîâîãî ìîìåíòà íà îñü z âûðàæàåòñÿ ÷åðåç ïðîåêöèè
îðáèòàëüíîãî (ml) è ñïèíîâîãî (µ) ìîìåíòîâ êàê (ñì. Óð. (5.471))

m = ml + µ . (6.215)
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Îäíàêî, ïðîåêöèÿ îïåðàòîðà îðáèòàëüíîãî ìîìåíòà íà íàïðàâëåíèå èìïóëüñà (åñëè îí
èìååò îïðåäåë¼ííîå çíà÷åíèå) ðàâíà íóëþ. Ïîýòîìó ïðîåêöèÿ ïîëíîãî óãëîâîãî ìîìåíòà
íà íàïðàâëåíèå èìïóëüñà ðàâíà ïðîåêöèè ñïèíà. Â ýòîì ñëó÷àå ïðîåêöèÿ ñïèíà èìååò
îïðåäåë¼ííîå çíà÷åíèå è ÿâëÿåòñÿ èçìåðèìîé. Ïðîåêöèþ ñïèíà íà íàïðàâëåíèå èìïóëüñà
íàçûâàþò ïîëÿðèçàöèåé. Ó ýëåêòðîíà âîçìîæíû äâå ïîëÿðèçàöèè: µ = ±1

2
.

6.4 Çàðÿäîâîå ñîïðÿæåíèå

Ïî àíàëîãèè ñ êëàññè÷åñêîé ýëåêòðîäèíàìèêîé ââåä¼ì â óðàâíåíèå Äèðàêà âíåøíåå ïîëå.
e < 0

i
∂

∂t
→ i

∂

∂t
− eA0 , (6.216)

p̂ → p̂− e

c
A . (6.217)

V = eA0 , (6.218)

E = −∇A0 −
∂

c∂t
A , (6.219)

H = [∇×A] . (6.220)

i
∂

∂t
ψ =

(
cαp̂+mec

2β
)
ψ , (6.221)(

i
∂

∂t
− eA0

)
ψ =

(
cα
(
p̂− e

c
A
)

+mec
2β
)
ψ , (6.222)

i
∂

∂t
ψ =

(
cαp̂+ eA0 − eαA+mec

2β
)
ψ . (6.223)

Ðàññìîòðèì êîìïëåêñíî ñîïðÿæ¼ííîå óðàâíåíèå

−i ∂
∂t
ψ∗ =

(
−cα∗p̂+ eA0 − eαA+mec

2β
)
ψ∗ . (6.224)
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Óìíîæèì ýòî óðàâíåíèå ñëåâà íà βαy

−i ∂
∂t
βαyψ

∗ = βαy
(
−cα∗p̂+ eA0 − eαA+mec

2β
)
ψ∗ , (6.225)

−i ∂
∂t
βαyψ

∗ =
(
−cβαy(α∗xp̂x + α∗yp̂y + α∗zp̂z) (6.226)

+eA0βαy − eβαy(α∗xAx + α∗yAy + α∗zAz) +mec
2βαyβ

)
ψ∗ , (6.227)

−i ∂
∂t
βαyψ

∗ = (−cβαy(αxp̂x − αyp̂y + αzp̂z) (6.228)

+eA0βαy − eβαy(αxAx − αyAy + αzAz) +mec
2βαyβ

)
ψ∗ (6.229)

−i ∂
∂t
βαyψ

∗ = (−c(αxp̂x + αyp̂y + αzp̂z)βαy (6.230)

+eA0βαy − e(αxAx + αyAy + αzAz)βαy −mec
2ββαy

)
ψ∗ , (6.231)

−i ∂
∂t
βαyψ

∗ =
(
−cαp̂+ eA0 − eαA−mec

2β
)
βαyψ

∗ , (6.232)

i
∂

∂t
βαyψ

∗ =
(
cαp̂− eA0 + eαA+mec

2β
)
βαyψ

∗ . (6.233)

Ââåä¼ì îïåðàöèþ çàðÿäîâîãî ñîïðÿæåíèÿ

ψc
ε = Ĉψε = −iβαyψ∗ε , (6.234)

ψc
ε(r, t) = Ĉψε(r, t) = −iβαyψ∗ε(r, t) = −iβαy

(
ψε(r)e−

i
~ εt
)∗

(6.235)

= −iβαyψ∗ε(r)e−
i
~ (−ε)t . (6.236)

Ôóíêöèÿ ψε(r, t) îïèñûâàåò ñòàöèîíàðíîå ñîñòîÿíèå ñ ýíåðãèåé ε, à ôóíêöèÿ ψ
c
ε(r, t) îïè-

ñûâàåò ñòàöèîíàðíîå ñîñòîÿíèå ñ ýíåðãèåé −ε.
Ìû ïîêàçàëè, ÷òî, åñëè ôóíêöèÿ ψ óäîâëåòâîðÿåò óðàâíåíèþ (6.223), òî ôóíêöèÿ ψc

óäîâëåòâîðÿåò óðàâíåíèþ

i
∂

∂t
ψc =

(
cαp̂− eA0 + eαA+mec

2β
)
ψc . (6.237)

Ýòî óðàâíåíèå îòëè÷àåòñÿ îò Óð. (6.223) çíàêîì çàðÿäà (e ↔ −e). Ýòî óðàâíåíèå è,
ñîîòâåòñòâåííî, ôóíêöèè ψc îïèñûâàåò ÷àñòèöó ñ çàðÿäîì −e � ïîçèòðîí. Îïåðàöèÿ çà-
ðÿäîâîãî ñîïðÿæåíèÿ óñòàíàâëèâàåò ñâÿçü ìåæäó âîëíîâûìè ôóíêöèÿìè ýëåêòðîíà è
ïîçèòðîíà.

Ìû ìîæåì ñäåëàòü âûâîä: åñëè ψε åñòü ñîñòîÿíèå ÷àñòèöû ñ çàðÿäîì e, òî åñòü ñîñòî-
ÿíèå ψc

ε = Ĉψε, îïèñûâàþùåå ñîñòîÿíèå ÷àñòèöû ñ ýíåðãèåé −ε è çàðÿäîì −e.
Âûøå ìû ïîëó÷èëè, ÷òî ñïåêòð óðàâíåíèÿ Äèðàêà äëÿ ñâîáîäíîãî ýëåêòðîíà èìååò

âèä

ε ≥ mec
2 , (6.238)

ε ≤ −mec
2 . (6.239)
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Ââîäÿò ïîíÿòèå ôèçè÷åñêîãî âàêóóìà, â êîòîðîì âñå îòðèöàòåëüíûå ñîñòîÿíèÿ ñ÷èòà-
þòñÿ çàíÿòûìè. Äëÿ âîçáóæäåíèÿ ñîñòîÿíèÿ ñ îòðèöàòåëüíîé ýíåðãèåé â ñîñòîÿíèå ñ
ïîëîæèòåëüíîé ýíåðãèåé íåîáõîäèìà ýíåðãèÿ áîëüøå 2mec

2. Ïðè òàêîì ïåðåõîäå ïîÿâëÿ-
åòñÿ ýëåêòðîí ñ ïîëîæèòåëüíîé ýíåðãèåé è äûðêà (îòñóòñòâèå) ýëåêòðîíà â îòðèöàòåëü-
íîì ñïåêòðå, êîòîðàÿ èíòåðïðåòèðóåòñÿ êàê ïîçèòðîí. Ìû îïèñàëè ïðîöåññ ðîæäåíèÿ
ýëåêòðîí-ïîçèòðîííîé ïàðû.

Îáðàòíûé ïðîöåññ, êîãäà ýëåêòðîí ñ ïîëîæèòåëüíîé ýíåðãèåé ïåðåõîäèò â ñâîáîäíîå
ñîñòîÿíèå ñ îòðèöàòåëüíîé ýíåðãèåé (ïðè ýòîì âûäåëÿåòñÿ ýíåðãèÿ áîëåå 2mec

2), íàçû-
âàåòñÿ ýëåêòðîí-ïîçèòðîííîé àííèãèëÿöèåé.

Îò îäíîãî ýëåêòðîíà ìû ïðèøëè ê áåñêîíå÷íîìó ÷èñëó ÷àñòèö (ñîñòîÿíèÿ ñ îòðè-
öàòåëüíîé ýíåðãèåé ñ÷èòàåì çàíÿòûìè) è âîîáùå ê íåñîõðàíåíèþ ÷èñëà ÷àñòèö. Äëÿ
ðåëÿòèâèñòñêîãî îïèñàíèÿ ýëåêòðîíîâ íåîáõîäèì êâàíòîâî-ïîëåâîé ïîäõîä.

Òåì íå ìåíåå, ïðè àêêóðàòíîì èñïîëüçîâàíèè òåîðèÿ Äèðàêà ïîçâîëÿåò îïèñàòü è
èññëåäîâàòü ìíîæåñòâî âàæíûõ ôåíîìåíîâ.

Âûøå ìû ïîëó÷èëè âîëíîâóþ ôóíêöèþ ñòàöèîíàðíûõ ñîñòîÿíèé ñâîáîäíîãî ýëåêòðî-
íà (ñì. Óð. (6.155))

ψε,pµ =
1√
2|ε|

( √
|ε+mec2| vµ(ν)√

|ε−mec2| ε|ε|(σν) vµ(ν)

)
e
i
~ (pr−εt) . (6.240)

Ïîñìîòðèì, êàê áóäåò âûãëÿäåòü ýòà ôóíêöèÿ ïîñëå îïåðàöèè çàðÿäîâîãî ñîïðÿæåíèÿ

ψc
ε,pµ = Ĉψε,pµ = −iβαy

[
1√
2|ε|

( √
|ε+mec2| vµ√

|ε−mec2| ε|ε|(σν) vµ

)
e
i
~ (pr−εt)

]∗
, (6.241)

= −iβαy
1√
2|ε|

( √
|ε+mec2| v∗µ√

|ε−mec2| ε|ε|(σν)∗ v∗µ

)
e
i
~ (−pr+εt) . (6.242)

−iβαy = −i
(
I 0
0 −I

)(
0 σy
σy 0

)
= −i

(
0 σy
−σy 0

)
. (6.243)

266



ψc
ε,pµ = −i

(
0 σy
−σy 0

)
1√
2|ε|

( √
|ε+mec2| v∗µ√

|ε−mec2| ε|ε|(σν)∗ v∗µ

)
e
i
~ (−pr+εt) (6.244)

= −i 1√
2|ε|

( √
|ε−mec2| ε|ε|σy(σ

∗ν) v∗µ
−
√
|ε+mec2|σyv∗µ

)
e
i
~ (−pr+εt) (6.245)

= −i 1√
2|ε|

(
−
√
|ε−mec2| ε|ε|(σν)σyv

∗
µ

−
√
|ε+mec2|σyv∗µ

)
e
i
~ (−pr+εt) (6.246)

=
1√
2|ε|

( √
|ε−mec2| ε|ε|(σν) iσyv

∗
µ√

|ε+mec2| iσyv∗µ

)
e
i
~ (−pr+εt) (6.247)

=
1√
2|ε|

( √
|ε−mec2| ε|ε|(σν) iσyv

∗
µ√

|ε+mec2| ε|ε|(σν) ε
|ε|(σν) iσyv

∗
µ

)
e
i
~ (−pr+εt) (6.248)

=
1√
2|ε|

( √
|ε̄+mec2| v′µ√

|ε̄−mec2| ε̄|ε|(σν̄)v′µ

)
e
i
~ (p̄r−ε̄t) . (6.249)

Ìû ââåëè ñëåäóþùèå îáîçíà÷åíèÿ

ε̄ = −ε , (6.250)

p̄ = −p , ν̄ = −ν , (6.251)

v′µ =
ε

|ε|
(σν) iσyv

∗
µ . (6.252)

Ïðè ïåðåõîäå îò Óð. (6.248) Óð. (6.249) ìû âñòàâèëè åäèíè÷íûé îïåðàòîð (ñì. Óð. (6.85))

ε

|ε|
(σν)

ε

|ε|
(σν) = I . (6.253)

Âèäíî, ÷òî ψc
ε,pµ îïèñûâàåò ÷àñòèöó ñ ýíåðãèåé ε̄ è èìïóëüñîì p̄. Òî åñòü âîëíîâàÿ

ôóíêöèÿ ýëåêòðîíà ñ ýíåðãèåé ε è èìïóëüñîì p ïîñëå çàðÿäîâîãî ñîïðÿæåíèÿ îïèñûâàåò
ïîçèòðîí ñ ýíåðãèåé −ε è èìïóëüñîì −p.

Ïîñìîòðèì êàê ñâÿçàíû ñïèíîðû vµ è v
′
µ. Ïóñòü îñü z íàïðàâëåíà ïî èìïóëüñó ýëåê-

òðîíà

p = pez , ν = ez , (6.254)

σν = σz . (6.255)

Â ýòîì ñëó÷àå ñïèíîð vµ óäîâëåòâîðÿåò óðàâíåíèþ

1

2
σνvµ =

1

2
σzvµ = µvµ . (6.256)
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è áóäåò èìåòü âèä

v 1
2

=

(
1
0

)
, v− 1

2
=

(
0
1

)
, (6.257)

v∗µ = vµ . (6.258)

Çàìåòèì, ÷òî èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà

iσyv 1
2

=

(
0 1
−1 0

)(
1
0

)
=

(
0
−1

)
= −v− 1

2
, (6.259)

iσyv− 1
2

=

(
0 1
−1 0

)(
0
1

)
=

(
1
0

)
= v 1

2
, (6.260)

iσyvµ = (−1)µ+ 1
2v−µ . (6.261)

Òîãäà ìû ìîæåì çàïèñàòü

v′µ =
ε

|ε|
(σν) iσyv

∗
µ =

ε

|ε|
σz(−1)µ+ 1

2v−µ (6.262)

=
ε

|ε|
(−1)µ+ 1

2 (−1)µ+ 1
2v−µ =

ε

|ε|
v−µ . (6.263)

Ìû âîñïîëüçîâàëèñü ðàâåíñòâîì

σzv−µ = −2µv−µ = (−1)µ+ 1
2v−µ . (6.264)

Òàêèì îáðàçîì, â ñëó÷àå Óð. (6.254),

v′µ =
ε

|ε|
v−µ , (6.265)

ε̄

|ε|
(σν̄)v′µ = − ε̄

|ε|
σzv

′
µ = − ε̄

|ε|
σz

ε

|ε|
v−µ = −2µv−µ = (−1)−µ−

1
2v−µ . (6.266)

ε

|ε|
(σν)vµ =

ε

|ε|
σzvµ =

ε

|ε|
2µvµ =

ε

|ε|
(−1)µ−

1
2vµ . (6.267)

ψε,pµ =
1√
2|ε|

( √
|ε+mec2| vµ√

|ε−mec2| ε|ε|(−1)µ−
1
2 vµ

)
e
i
~ (pr−εt) , (6.268)

ψc
ε,pµ =

1√
2|ε|

( √
|ε̄+mec2| ε|ε|v−µ√

|ε̄−mec2|(−1)µ+ 1
2v−µ

)
e
i
~ (p̄r−ε̄t) (6.269)

=
ε

|ε|
1√
2|ε|

( √
|ε̄+mec2| v−µ√

|ε̄−mec2| ε|ε|(−1)−µ−
1
2v−µ

)
e
i
~ (p̄r−ε̄t) . (6.270)
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Ìû âèäèì, ÷òî ïðè çàðÿäîâîì ñîïðÿæåíèè ïðîåêöèÿ ñïèíà íà îñü z ìåíÿåò çíàê
(µ → −µ). Îäíàêî, èìïóëüñ p̄ = −pez íàïðàâëåí ïðîòèâ îñè z, òåì ñàìûì ïðîåêöèÿ íà
íàïðàâëåíèå èìïóëüñà (òî åñòü íà îñè p = pez èëè p̄ = −pez, ñîîòâåòñòâåííî) íå ìåíÿåò-
ñÿ. Ýòî îáúÿñíÿåò ïðåäñòàâëåíèå ïîçèòðîíîâ êàê äûðîê â îòðèöàòåëüíîýíåðãåòè÷åñêîì
ýëåêòðîííîì ñïåêòðå.

6.5 Íåðåëÿòèâèñòñêèé ïðåäåë óðàâíåíèÿ Äèðàêà. Óðàâ-

íåíèå Ïàóëè.

11.12.2021

Ðàññìîòðèì óðàâíåíèå Äèðàêà ñ âíåøíèì ýëåêòðîìàãíèòíûì ïîëåì (e < 0)

i
∂

∂t
ψ =

(
cαp̂+mec

2β + V − eαA
)
ψ , (6.271)

Íàñ èíòåðåñóþò ñòàöèîíàðíûå ñîñòîÿíèÿ óðàíåíèÿ Äèðàêà(
cα(̂p− eA) +mec

2β + V
)
ψ = Eψ , (6.272)

ψ =

(
ϕ
χ

)
, (6.273)

[(
0 cσ(̂p− e

c
A)

cσ(̂p− e
c
A) 0

)
+

(
mec

2 0
0 −mec

2

)
+ V

](
ϕ
χ

)
= E

(
ϕ
χ

)
,(6.274)

cσ
(
p̂− e

c
A
)
χ+mec

2ϕ+ V ϕ = Eϕ , (6.275)

cσ
(
p̂− e

c
A
)
ϕ−mec

2χ+ V χ = Eχ . (6.276)

(E +mec
2 − V )χ = cσ

(
p̂− e

c
A
)
ϕ . (6.277)

Â àòîìíîé ôèçèêè ïîïóëÿðíû ðåëÿòèâèñòñêàÿ è àòîìíàÿ ñèñòåìà åäèíèö

r.u. : c = 1 , ~ = 1 , me = 1 , |e| =
√
α ; (6.278)

a.u. : c =
1

α
, ~ = 1 , me = 1 , |e| = 1 , (6.279)
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ãäå α = e2

c~ ≈
1

137
� ïîñòîÿííàÿ òîíêîé ñòðóêòóðû.

Õàðàêòåðíûé ðàäèóñ îðáèòû ýëåêòðîíîâ â àòîìå èìååò âèä (ñì. Óð. (5.641))

r̄ ∼ 1

αZ
[r.u.] =

1

Z
[a.u.] =

a0

Z
(6.280)

p̄ ∼ αZ [r.u.] = Z [a.u.] = mecαZ , (6.281)

ãäå a0 = 0.529× 10−10m � áîðîâñêèé ðàäèóñ.
Äàëåå îöåíêó ìàëîñòè ìû áóäåì óêàçûàòü â ðåëÿòèâèñòñêîé ñèñòåìå åäèíèö

mec
2 = 1 [r.u.] , (6.282)

Ekin =
p2

2me

∼ (αZ)2 [r.u.] (6.283)

E ≈ mec
2 +

p2

2me

=
(
1 + O

(
(αZ)2

))
[r.u.] , (6.284)

V ≈ −e
2Z

r
= −αZ

r
[r.u.] � ïîòåíöèàë ÿäðà (6.285)

V̄ ∼ (αZ)2 [r.u.] . (6.286)

Òàèì îáðàçîì ìíîæèòåëü â ëåâîé ÷àñòè Óð. (6.277) ìîæåì îöåíèòü êàê

E +mec
2 − V = mec

2(2 + O
(
(αZ)2

)
) . (6.287)

Çàïèøåì íèæíþþ êîìïîíåíòó âîëíîâîé ôóíêöèè ñ òî÷íîñòüþ äî ïîïðàâîê (αZ)2 (ñì.
Óð. (6.277))

χ =
1

E +mec2 − V
cσ
(
p̂− e

c
A
)
ϕ =

(
1

2mec2
+ O

(
(αZ)2

))
cσ
(
p̂− e

c
A
)
ϕ ,(6.288)

χ ≈ 1

2mec2
cσ
(
p̂− e

c
A
)
ϕ (6.289)

è ïîäñòàâèì å¼ â Óð. (6.275)

cσ
(
p̂− e

c
A
)
χ+mec

2ϕ+ V ϕ = Eϕ , (6.290)

cσ
(
p̂− e

c
A
) 1

2mec2
cσ
(
p̂− e

c
A
)
ϕ+mec

2ϕ+ V ϕ = Eϕ , (6.291)

1

2me

(
σ
(
p̂− e

c
A
))(

σ
(
p̂− e

c
A
))

ϕ+ V ϕ = (E −mec
2)ϕ . (6.292)

Ðàññìîòðèì îòäåëüíî ïåðâûé îïåðàòîð â ëåâîé ÷àñòè óðàâíåíèÿ. Âîñïîëüçóåìñÿ ðàâåí-
ñòâîì Óð. (6.84)

(aσ)(bσ) = ab+ iσ[a× b] . (6.293)
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(
σ
(
p̂− e

c
A
))(

σ
(
p̂− e

c
A
))

=
(
p̂− e

c
A
)(
p̂− e

c
A
)

(6.294)

+iσ
[(
p̂− e

c
A
)
×
(
p̂− e

c
A
)]

. (6.295)

[(
p̂− e

c
A
)
×
(
p̂− e

c
A
)]

= [p̂× p̂] +
[e
c
A× e

c
A
]
−
[e
c
A× p̂

]
−
[
p̂× e

c
A
]
(6.296)

= −e
c

([p̂×A]) = i~
e

c
rot(A) . (6.297)

(
σ
(
p̂− e

c
A
))(

σ
(
p̂− e

c
A
))

=
(
p̂− e

c
A
)2

− ~
e

c
σrot(A) (6.298)

=
(
p̂− e

c
A
)2

− e~
c
σH . (6.299)

Íàïðÿæ¼ííîñòü ìàãíèòíîãî ïîëÿ ñâÿçàíà ñ ïîòåíöèàëîì ýëåêòðîìàãíèòíîãî ïîëÿ êàê

H = [∇×H ] = rot(A) . (6.300)

Òàêèì îáðàçîì Óð. (6.292) ïðèíèìàåò âèä

1

2me

[(
p̂− e

c
A
)2

ϕ− e~
c
σH

]
ϕ+ V ϕ = (E −mec

2)ϕ , (6.301)(
1

2me

(
p̂− e

c
A
)2

− e~
2mec

σH + V

)
ϕ = εϕ , (6.302)(

1

2me

(
p̂− e

c
A
)2

− e~
2mec

Hŝ+ V

)
ϕ = εϕ , (6.303)

ε = E −mec
2 . (6.304)

Óðàíåíèå (7.156) íàçûâàåòñÿ óðàâíåíèåì Ïàóëè.
Ñëàãàåìîå (− e~

mec
H0ŝ) îïèñûâàåò ýíåðãèþ ìàãíèòíîãî äèïîëÿ ñ ìàãíèòíûì ìîìåíòîì

(µ)

µ =
e~

2mec
σ =

e~
mec

ŝ = −2µBŝ , (6.305)

µB =
|e|~

2mec
� ìàãíåòîí Áîðà . (6.306)

â ìàãíèòíîì ïîëå H :

∆ĥ = −µH . (6.307)
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Ðàññìîòðèì ñëó÷àé ïîñòîÿííîãî ìàãíèòíîãî ïîëÿ H = H0, òîãäà ïîòåíöèàë ýëåêòðî-
ìàãíèòíîãî ïîëÿ ìîæíî âûáðàòü êàê

A =
1

2
[H0 × r] . (6.308)

Äåéñòâèòåëüíî,

rot(A) = [∇×A] =
1

2
[∇× [H0 × r]] (6.309)

=
1

2
(H0(∇, r)− (H0,∇)r) (6.310)

= H0 . (6.311)

Çàìåòèì, ÷òî

div(A) =
1

2
∇[H0 × r] = 0 . (6.312)

(∇, r) =

(
ex

∂

∂x
+ ey

∂

∂y
+ ez

∂

∂z
, exx+ eyy + ezz

)
(6.313)

=
∂

∂x
x+

∂

∂y
y +

∂

∂z
z = 3 , (6.314)

(H0,∇)r = H0,x
∂

∂x
r +H0,y

∂

∂y
r +H0,z

∂

∂z
r (6.315)

= H0,xex +H0,yey +H0,zez = H0 . (6.316)

Ðàññìîòðèì îòäåëüíî îïåðàòîð(
p̂− e

c
A
)2

=
(
p̂− e

c
A
)(
p̂− e

c
A
)

(6.317)

= p̂2 +
e2

c2
A2 − e

c
Ap̂− e

c
p̂A (6.318)

= p̂2 +
e2

c2
A2 − 2e

c
Ap̂− e

c
(p̂A) (6.319)

= p̂2 +
e2

c2
A2 − 2e

c
Ap̂+ i

e~
c

div(A) . (6.320)

Â ïîñëåäíåì ÷ëåíå Óð. (6.319) îïåðàòîð èìïóëüñà p̂ äåéñòâóåò òîëüêî íà âåêòîð A. ×ëåí
ñ äèâåðãåíöèåé ðàâåí íóëþ (ñì. Óð. (6.312)). Â ñëó÷àå ïîñòîÿííîãî ìàãíèòíîãî ïîëÿ ýòîò
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îïåðàòîð ïðèíèìàåò âèä(
p̂− e

c
A
)2

= p̂2 +
e2

c2
A2 − e

c
[H0 × r]p̂ (6.321)

= p̂2 +
e2

c2
A2 − e

c
H0[r × p̂] (6.322)

= p̂2 +
e2

c2
A2 − e~

c
H0l̂ . (6.323)

Èòàê, â ñëó÷àå ïîñòîÿííîãî ìàãíèòíîãî ïîëÿ (H0) óðàâíåíèå Ïàóëè ïðèíèìàåò âèä
(e < 0) (

1

2me

(
p̂− e

c
A
)2

− e~
2mec

σH0 + V

)
ϕ = εϕ , (6.324)(

1

2me

(
p̂2 +

e2

c2
A2 − e~

c
H0l̂

)
− e~

2mec
σH0 + V

)
ϕ = εϕ , (6.325)(

p̂2

2me

+ V − e~
2mec

H0l̂−
e~

2mec
σH0 +

e2

2mec2
A2

)
ϕ = εϕ , (6.326)(

p̂2

2me

+ V − e~
2mec

H0(l̂ + 2ŝ) +
e2

2mec2
A2

)
ϕ = εϕ . (6.327)

Ñëàãàåìîå (− e~
mec
H0(l̂+2ŝ)) îïèñûâàåò ýíåðãèþ âçàèìîäåéñòâèÿ îðáèòàëüíîãî è ñïèíî-

âîãî ìîìåíòà ñ ìàãíèòíûì ïîëåì (H). Ìàãíèòíûå ìîìåíòû, ïîÿâëÿþùèåñÿ â ðåçóëüòàòå
íàëè÷èÿ îðáèòàëüíîãî è ñïèíîâîãî ìîìåíòà (çäåñü l è s áåçðàçìåðíûå: l = 0, 1, 2, . . .,
s = 1

2
) èìåþò âèä

µS = −geµBs , (6.328)

µL = −µBl , (6.329)

∆E = −(µL + µS)H , (6.330)

µB =
|e|~

2mec
� ìàãíåòîí Áîðà , (6.331)

ge = 2 � g-ôàêòîð ýëåòðîíà . (6.332)

Òàêèì îáðàçîì, ó ýëåêòðîíà èìååòñÿ ñîáñòâåííûé ìàãíèòíûé ìîìåíò, ïðîïîðöèîíàëüíûé
ñïèíó. g-ôàêòîð ýëåêòðîíà ðàâåí 2. Ðåëÿòèâèñòñêèå è êâàíòîâîýëåêòðîäèíàìè÷åñêèå ïî-
ïðàâêè ñëåãêà ìåíÿþò åãî (ge = 2.00231930436256(35)). Óðàâíåíèå Ïàóëè ÿâíî ïîêàçûâà-
åò, ÷òî îðáèòàëüíûé è ñïèíîâûé ìîìåíò ïî-ðàçíîìó âçàèìîäåñòóþò ñ ìàãíèòíûì ïîëåì.
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6.6 Íåðåëÿòèâèñòñêèé ïðåäåë óðàâíåíèÿ Äèðàêà. Ðå-

ëÿòèâèñòñêèå ïîïðàâêè.

Ðàññìîòðèì óðàâíåíèå Äèðàêà ñ âíåøíèì ýëåêòðè÷åñêèì ïîëåì (A = 0), îïðåäåëÿåìîì
ïîòåíöèàëîì V ≈ − e2Z

r

i
∂

∂t
ψ =

(
cαp̂+mec

2β + V
)
ψ , (6.333)

(
cαp̂+mec

2β + V
)
ψ = Eψ , (6.334)

ψ =

(
ϕ
χ

)
, (6.335)

[(
0 cσp̂
cσp̂ 0

)
+

(
mec

2 0
0 −mec

2

)
+ V

](
ϕ
χ

)
= E

(
ϕ
χ

)
, (6.336)

cσp̂χ+mec
2ϕ+ V ϕ = Eϕ , (6.337)

cσp̂ϕ−mec
2χ+ V χ = Eχ . (6.338)

(E +mec
2 − V )χ = cσp̂ϕ . (6.339)

Âåëè÷èíà E−mec2−V
2mec2

èìååò ìàëîñòü (ñì. Óð. (6.280)-(6.286))

E −mec
2 − V

2mec2
=

ε− V
2mec2

= O
(
(αZ)2

)
r.u. , (6.340)

E −mec
2 = ε ≈ p2

2me

= O
(
(αZ)2

)
r.u. , (6.341)

V = O
(
(αZ)2

)
r.u. . (6.342)

Â îòëè÷èå îò ïðåäûäóùåãî ïàðàãðàôà çäåñü ìû îñòàâèì ïåðâûé è âòîðîé ÷ëåí ðàç-
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ëîæåíèÿ (ñì. Óð. (6.288))

χ =
1

E +mec2 − V
cσp̂ϕ =

1

1 + E−mec2−V
2mec2

cσp̂ϕ

2mec2
(6.343)

=
1

1 + ε−V
2mec2

cσp̂ϕ

2mec2
=

(
1− ε− V

2mec2
+ O

(
(αZ)4

)) σp̂ϕ
2mec

(6.344)

=

(
1− ε− V

2mec2

)
σp̂ϕ

2mec
+ O

(
(αZ)5

)
, (6.345)

χ ≈
(

1− ε− V
2mec2

)
σp̂ϕ

2mec
. (6.346)

cσp̂χ+mec
2ϕ+ V ϕ = Eϕ , (6.347)

cσp̂χ+ V ϕ = εϕ , ε = E −mec
2 , (6.348)

Â ýòîì óðàâíåíèè îïåðàòîð cσp̂ èìååò ïîðÿäîê ìàëîñòè (αZ), îïåðàòîðû V è ε èìåþò
ïîðÿäîê ìàëîñòè (αZ)2. Ïîäñòàâèâ â ýòî óðàâíåíèå ôóíêöèþ χ â âèäå (6.346), ìû ïîëó÷èì
îïåðàòîð ñ òî÷íîñòüþ äî (αZ)4, òî åñòü ìû ïðåíåáðåãàåì ïîïðàâêàìè ïîðÿäêà (αZ)6 è
âûøå.

cσp̂

(
1− ε− V

2mec2

)
σp̂ϕ

2mec
+mec

2ϕ+ V ϕ = Eϕ , (6.349)(
1− ε

2mec2

)
cσp̂

σp̂ϕ

2mec
+ cσp̂

(
V

2mec2

)
σp̂ϕ

2mec
+ V ϕ = (E −mec

2)ϕ , (6.350)(
1− ε

2mec2

)
p̂2

2me

+
1

4m2
ec

2
σp̂V σp̂ϕ+ V ϕ = εϕ , (6.351)

p̂2

2me

+
1

4m2
ec

2
σp̂V σp̂ϕ+ V ϕ = ε

(
1 +

p̂2

4m2
ec

2

)
ϕ . (6.352)

Â ýòîì óðàâíåíèè ìû ó÷èòûâàåì ïîïðàâêè ê îïåðàòîðó ïîðÿäêà (αZ)4.
Çàìåòèì, ÷òî åñëè ìû ó÷èòûâàåì ïîïðàâêè ê âîëíîâîé ôóíêöèè õîòÿ áû ïîðÿäêà
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(αZ), òî íîðìèðîâêà ôóíêöèè ψ è ϕ áóäåò îòëè÷àòüñÿ íà âåëè÷èíó ïîðÿäêà (αZ)2.

〈ψ|ψ〉 =

∫
d3r (|ϕ|2 + |χ|2) (6.353)

≈
∫
d3r

(
|ϕ|2 +

∣∣∣∣σp̂ϕ2mec

∣∣∣∣2
)

(6.354)

=

∫
d3r

(
|ϕ|2 +

1

4m2
ec

2
~2(∇ϕ∗)∇ϕ

)
(6.355)

=

∫
d3r

(
|ϕ|2 − 1

4m2
ec

2
~2(ϕ∗)∆ϕ

)
(6.356)

=

∫
d3r

(
|ϕ|2 +

1

4m2
ec

2
(ϕ∗)p̂2ϕ

)
(6.357)

=

∫
d3r ϕ∗

(
1 +

p̂2

4m2
ec

2

)
ϕ (6.358)

Åù¼ îäíà ïðîáëåìà çàêëþ÷àåòñÿ â òîì, ÷òî âòîðîé ÷ëåí â ëåâîé ÷àñòè óðàâíåíèÿ (6.352)
íå ÿâëÿåòñÿ ýðìèòîâñêèì îïåðàòîðîì.

Ïðè èçó÷åíèè òåîðèè âîçìóùåíèé ìû óâèäèì, ÷òî äëÿ ðàñ÷¼òà ïîïðàâîê ê ýíåðãèè
ïîðÿäêà (αZ)2n äîñòàòî÷íî çíàòü âîëíîâóþ ôóíêöèþ ñ òî÷íîñòüþ äî (αZ)n. Ïîýòîìó äëÿ
èçó÷åíèÿ ïîïðàâîê ê ýíåðãèè ïîðÿäêà (αZ)4 íàì äîñòàòî÷íî çíàòü âîëíîâóþ ôóíêöèþ ñ
òî÷íîñòüþ äî ïîïðàâîê (αZ)2.

Ïåðåéä¼ì îò ôóíêöèè ϕ ê ôóíêöèè ϕ̃

ϕ̃ =

(
1 +

p̂2

8m2
ec

2

)
ϕ , (6.359)(

1− p̂2

8m2
ec

2

)
ϕ̃ =

(
1− p̂2

8m2
ec

2

)(
1 +

p̂2

8m2
ec

2

)
ϕ , (6.360)(

1− p̂2

8m2
ec

2

)
ϕ̃ =

(
1− p̂4

64m4
ec

4

)
ϕ ≈ (1 + O((αZ)4))ϕ . (6.361)

ϕ =

(
1− p̂2

8m2
ec

2

)
ϕ̃ . (6.362)
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∫
d3r ϕ̃∗ϕ̃ =

∫
d3r

((
1 +

p̂2

8m2
ec

2

)
ϕ

)∗(
1 +

p̂2

8m2
ec

2

)
ϕ (6.363)

=

∫
d3r ϕ∗

(
1 +

p̂2

8m2
ec

2

)2

ϕ (6.364)

=

∫
d3r ϕ∗

(
1 +

p̂2

4m2
ec

2
+

p̂4

64m4
ec

4

)
ϕ (6.365)

=

∫
d3r ϕ∗

(
1 +

p̂2

4m2
ec

2

)
ϕ+ O((αZ)4) (6.366)

〈ψ|ψ〉 =

∫
d3r ϕ̃∗ϕ̃+ O((αZ)4) (6.367)

(6.368)

Ïîëó÷èì óðàâíåíèå äëÿ ôóíöèè ϕ̃(
p̂2

2me

+
1

4m2
ec

2
σp̂V σp̂+ V

)
ϕ = ε

(
1 +

p̂2

4m2
ec

2

)
ϕ . (6.369)

Ñ òî÷íîñòüþ äî ÷ëåíîâ ïîðÿäêà (αZ)4 ìû ìîæåì çàïèñàòü(
p̂2

2me

+
1

4m2
ec

2
σp̂V σp̂+ V

)(
1− p̂2

8m2
ec

2

)(
1 +

p̂2

8m2
ec

2

)
ϕ = ε

(
1 +

p̂2

8m2
ec

2

)(
1 +

p̂2

8m2
ec

2

)
ϕ ,

Äîìíîæèì ñëåâà íà
(

1− p̂2

8m2
ec

2

)
è ïðåíåáðåæ¼ì ÷ëåíàìè ïîðÿäêà (αZ)6

(
1− p̂2

8m2
ec

2

)(
p̂2

2me

+
1

4m2
ec

2
σp̂V σp̂+ V

)(
1− p̂2

8m2
ec

2

)(
1 +

p̂2

8m2
ec

2

)
ϕ = ε

(
1 +

p̂2

8m2
ec

2

)
ϕ ,

(
1− p̂2

8m2
ec

2

)(
p̂2

2me

+
1

4m2
ec

2
σp̂V σp̂+ V

)(
1− p̂2

8m2
ec

2

)
ϕ̃ = εϕ̃ ,

(
p̂2

2me

+ V − p̂4

8m3
ec

2
+

1

4m2
ec

2
σp̂V σp̂− V p̂2

8m2
ec

2
− p̂2

8m2
ec

2
V

)
ϕ̃ = εϕ̃ ,

Ïåðâûå äâà ÷ëåíà â îïåðàòîðå èìåþò ïîðÿäîê (αZ)2, îñòàëüíûå ÷åòûðå ÷ëåíà èìåþò
ïîðÿäîê (αZ)4

p2 ∼ (αZ)2 , (6.370)

V ∼ (αZ)2 . (6.371)
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Èññëåäóåì ïîëó÷èâøèåñÿ îïåðàòîðû

σp̂V σp̂ = V σp̂σp̂+ (σp̂V )(σp̂) (6.372)

= V σp̂σp̂− i~(σ∇V )(σp̂) (6.373)

= V p̂2 − i~∇V p̂+ ~σ[∇V × p̂] . (6.374)

Çäåñü ìû èñïîëüçîâàëè ðàâåíñòâî (6.84)

(aσ)(bσ) = ab+ iσ[a× b] . (6.375)

p̂2V + V p̂2 = (p̂2V ) + 2(p̂V )p̂+ 2V p̂2 (6.376)

= −~2∆V − 2i~∇V p̂+ 2V p̂2 (6.377)

1

4m2
ec

2
σp̂V σp̂− V p̂2

8m2
ec

2
− p̂2

8m2
ec

2
V (6.378)

=
1

4m2
ec

2

(
σp̂V σp̂− 1

2
(V p̂2 + p̂2V )

)
(6.379)

=
1

4m2
ec

2

(
�
��V p̂2 −XXXXXi~∇V p̂ + ~σ[∇V × p̂]− 1

2
(−~2∆V −XXXXX2i~∇V p̂ +��

�
2V p̂2 )

)
(6.380)

=
1

4m2
ec

2

(
~σ[∇V × p̂]− 1

2
(−~2∆V )

)
. (6.381)

Â ýòîì îïåðàòîðå ãðàäèåíò è ëàïëàñèàí äåéñòâóþò òîëüêî íà ïîòåíöèàë V . Ýòîò îïåðàòîð
â îòëè÷èå îò (6.352) ÿâëÿåòñÿ ýðìèòîâñêèì îïåðàòîðîì.

Òàêèì îáðàçîì, ìû ïîëó÷àåì óðàâíåíèå(
p̂2

2me

+ V − p̂4

8m3
ec

2
+

~
4m2

ec
2
σ[∇V × p̂] +

~2

8m2
ec

2
∆V

)
ϕ̃ = εϕ̃ . (6.382)

Ýòî óðàâíåíèå íàçûâàåòñÿ óðàâíåíèåì Áðåéòà-Ïàóëè (Breit-Pauli). Ñîîòâåòñòâåííî, ââî-
äÿò ãàìèëüòîíèàí Áðåéòà -Ïàóëè

ĥBP =
p̂2

2me

+ V − p̂4

8m3
ec

2
+

~
4m2

ec
2
σ[∇V × p̂] +

~2

8m2
ec

2
∆V . (6.383)

Ðàññìîòðèì ïî îòäåëüíîñòè ïîëó÷åííûå ðåëÿòèâèñòñêèå ïîïðàâêè ê ãàìèëüòîíèàíó
èëè ê ýíåðãèè
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1. Ïîïðàâêà, ó÷èòûâàþùàÿ çàâèñèìîñòü ìàññû îò ñêîðîñòè

E =
√
m2
ec

4 + c2p2 = mec
2

√
1 +

p2

m2
ec

2
(6.384)

= mec
2

(
1 +

p2

2m2
ec

2
− p4

8m4
ec

4
+ O((αZ)6)

)
(6.385)

Îöåíèì ïîðÿäîê ìàëîñòè ýòîé ïîïðàâêè

p̂4

8m3
ec

2
∼ (αZ)4 r.u. . (6.386)

2. Ïîïðàâêà íà ñïèí-îðáèòàëüíîå âçàèìîäåéñòâèå

∆ĥSO =
~

4m2
ec

2
σ[∇V × p̂] (6.387)

V (r) = V (r) , (6.388)

∇V =
r

r

dV

dr
. (6.389)

Â ñëó÷àå êóëîíîâñêîãî ïîëÿ ∇V èìååò âèä

∇(−e2Z)

r
= (−e2Z)

r

r

d

dr

1

r
= (−e2Z)

r

r

(
− 1

r2

)
=

e2Z

r2

r

r
. (6.390)

∆ĥSO =
~

4m2
ec

2
σ

[
r

r

dV

dr
× p̂

]
=

~
4m2

ec
2

1

r

dV

dr
σ[r × p̂] (6.391)

=
~2

2m2
ec

2

1

r

dV

dr
ŝl̂ . (6.392)

Çàìåòèì, ÷òî çäåñü îïåðàòîðû îðáèòàëüíîãî è ñïèíîâîãî ìîìåíòà áåçðàçìåðíûå
îïåðàòîðû.

Â ñëó÷àå êóëîíîâñêîãî ïîëÿ ïîïðàâêà íà ñïèí-îðáèòàëüíîå âçàèìîäåéñòâèå èìååò
âèä

∆ĥSO =
~2

2m2
ec

2

1

r

e2Z

r2
ŝl̂ =

~2

m2
ec

2

e2Z

2r3
ŝl̂ (6.393)
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∆ĥSO =
αZ

2r3
ŝl̂ [r.u.] ∼ α4Z4 [r.u.] . (6.394)

∆ĥSO =
α2Z

2r3
ŝl̂ [a.u.] ∼ α2Z4 [a.u.] . (6.395)

α =
e2

c~
≈ 1

137
� ïîñòîÿííàÿ òîíêîé ñòðóêòóðû . (6.396)

Ìû ââîäèëè îïåðàòîð ïîëíîãî óãëîâîãî ìîìåíòà

ĵ = l̂ + ŝ (6.397)

è âèäåëè, ÷òî îí êîììóòèðóåò ñ ãàìèëüòîíèàíîì Äèðàêà. Ñ äðóãîé ñòîðîíû, ìû
âèäåëè, ÷òî ãàìèëüòîíèàí Äèïàêà íå êîììóòèðóåò ñ îïåðàòîðàìè l̂ è ŝ ïî îòäåëü-
íîñòè.

Âûðàçèì îïåðàòîð l̂ŝ ÷åðåç îïåðàòîðû ĵ2, l̂2 è ŝ2

ĵ2 = l̂2 + ŝ2 + 2l̂ŝ , (6.398)

l̂ŝ =
1

2
(ĵ2 − l̂2 − ŝ2) . (6.399)

Òàê êàê îïåðàòîð ĵ êîììóòèðóåò ñ îïåðàòîðàìè ĵ2, l̂2 è ŝ2

[ĵ, ĵ2] = 0 , (6.400)

[ĵ, l̂2] = [l̂, l̂2] + [ŝ, l̂2] = 0 , (6.401)

[ĵ, ŝ2] = 0 , (6.402)

ìû ïîëó÷àåì

[ĵ, l̂ŝ] = 0 , (6.403)

[ĵ, ĥSO] = 0 . (6.404)

Â òî æå âðåìÿ ëåãêî óáåäèòüñÿ, ÷òî

[l̂, l̂ŝ] 6= 0 , (6.405)

[ŝ, l̂ŝ] 6= 0 . (6.406)

Òàêèì îáðàçîì, ïîïðàâêà íà ñïèí-îðáèòàëüíîå âçàèìîäåéñòâèå îòâåòñòâåííà çà òî,
÷òî ãàìèëüòîíèàí Äèðàêà íå êîììóòèðóåò ñ îïåðàòîðàìè l̂ è ŝ.
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3. Ïîïðàâêà Äàðâèíà

∆ĥDW =
~2

8m2
ec

2
∆V , (6.407)

Ðàññìîòðèì êàê âûãëÿäèò ïîïðàâêà Äàðâèíà â ñëó÷àå êóëîíîâñêîãî ïîëÿ

V = −e
2Z

r
, (6.408)

∆V = −e2Z∆
1

r
= e2Z4πδ(r) . (6.409)

Óðàâíåíèå Ïóàññîíà

∆
1

r
= −4πδ(r) . (6.410)

∆hDW =
~2

8m2
ec

2
e2Z4πδ(r) =

~2e2Z

2m2
ec

2
πδ(r) , (6.411)

Ñîãëàñíî Óð. (5.543) âîëíîâàÿ ôóíêöèÿ ýëåêòðîíà èìååò ñëåäóþùóþ àñèìïòîòèêó
ïðè r → 0

ψ(r) = c′rl , r → 0 . (6.412)

Ñîîòâåòñòâåííî, ñðåäíåå çíà÷åíèå îïåðàòîðà ïîïðàâêè Äàðâèíà áóäåò îòëè÷íî îò
íóëÿ òîëüêî äëÿ s-ýëåêòðîíîâ, òî åñòü äëÿ l = 0.

6.7 Óðàâíåíèå íåðàçðûâíîñòè äëÿ óðàâíåíèÿ Äèðàêà

18.12.2021

Ðàññìîòðèì óðàâíåíèå Äèðàêà äëÿ ñâîáîäíîãî ýëåêòðîíà Óð. (6.73)-(6.74)

i~
∂

∂t
ψ = cαpψ +mec

2βψ + V ψ , (6.413)

ãäå ïîòåíöèàë V � âåùåñòâåííàÿ ôóíêöèÿ. Âîëíîâàÿ ôóíêöèÿ ψ ÿ âëÿåòñÿ áèñïèíîðîì

ψ =

(
ϕ
χ

)
=


ψ1

ψ2

ψ3

ψ4

 . (6.414)
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Ôóíöèþ ψ ìîæíî ðàññìàòðèàòü êàê ïðÿìîóãîëüíóþ ìàòðèöó ðàçìåðíîñòè 4× 1.
Ñîïðÿæ¼ííàÿ ôóíêöèÿ ψ+ èìååò âèä

ψ+ = (ϕ+, χ+) = (ψ∗1, ψ
∗
2, ψ

∗
3, ψ

∗
4) . (6.415)

Ôóíöèþ ψ+ ìîæíî ðàññìàòðèàòü êàê ïðÿìîóãîëüíóþ ìàòðèöó ðàçìåðíîñòè 1× 4.
Ïðîèçåäåíèå ìàòðèö 1× 4 è 4× 1 åñòü ìàòðèöà 1× 1, òî åñòü ñàëÿð

ψ+φ = ψ∗1φ1 + ψ∗2φ2 + ψ∗3φ3 + ψ∗4φ4 =
4∑
j=1

ψ∗jφj . (6.416)

Ýòî íå íàäî ïóòàòü ñî ñêàëÿðíûì ïðîèçâåäåíèåì ýëåìåíòîâ ãèëüáåðòîâà ïðîñòðàíñòâà

〈ψ|φ〉 =

∫
d3r (ψ∗1φ1 + ψ∗2φ2 + ψ∗3φ3 + ψ∗4φ4) . (6.417)

Çàïèøåì óðàâíåíèå Äèðàêà â ñëåäóþùåì âèäå

i~
∂

∂t
ψ = −i~cα∇ψ +mec

2βψ + V ψ . (6.418)

Ïîñìîòðèì êàê âûãëÿäÿò ýòî óðàâíåíèå ïîêîìïîíåíòíî (j = 1, 2, 3, 4)

i~
∂

∂t
ψj =

4∑
k=1

(
−i~cαjk∇ψk +mec

2βjkψk
)

+ V ψj . (6.419)

Êîìïëåêñíî ñîïðÿæííîå óðàâíåíèå áóäåò èìåòü âèä

−i~ ∂
∂t
ψ∗j =

4∑
k=1

(
i~cα∗jk∇ψ∗k +mec

2β∗jkψ
∗
k

)
+ V ψ∗j (6.420)

=
4∑

k=1

(
i~c∇ψ∗kαkj +mec

2ψ+
k βkj

)
+ V ψ∗j . (6.421)

Ìû èñïîëüçîàëè òî, ÷òî ìàòðèöû α è β ýðìèòîâñêèå: α∗jk = αkj, β
∗
jk = βkj.

Îáû÷íî ñîïðÿæ¼ííîå óðàâíåíèå Äèðàêà çàïèñûâàò â ìàòðè÷íîé ôîðìå

−i~ ∂
∂t
ψ+ = i~c∇ψ+α+mec

2ψ+β + V ψ+ . (6.422)

Êàæäûé ÷ëåí ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ ïðÿìîóãîëüíîé ìàòðèöåé ðàçìåðíîñòè 1× 4.
Äîìíîæèì Óð. (6.418) ñëåâà íà ψ+

i~ψ+ ∂

∂t
ψ = −i~cψ+α∇ψ +mec

2ψ+βψ + V ψ+ψ . (6.423)
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Äîìíîæèì Óð. (6.422) ñïðàâà íà ψ

−i~
(
∂

∂t
ψ+

)
ψ = i~c(∇ψ+)αψ +mec

2ψ+βψ + V ψ+ψ . (6.424)

Âû÷òåì èç óðàâíåíèÿ (6.423) óðàâíåíèå (6.424)

i~
∂

∂t
ψ+ψ = −i~cψ+α∇ψ − i~c(∇ψ+)αψ (6.425)

= −i~c∇(ψ+αψ) . (6.426)

∂

∂t
ψ+ψ + c∇(ψ+αψ) = 0 . (6.427)

Êàê è íåðåëÿòèâèñòñêîì ñëó÷àå ââîäèì ïîíÿòèå ïëîòíîñòè âåðîÿòíîñòè (ρ) è ïëîòíî-
ñòè ïîòîêà âåðîÿòíîñòè (j)

ρ = ψ+ψ , (6.428)

j = cψ+αψ . (6.429)

Òîãäà Óð. (6.427) ìîæíî ïðåäñòàâèòü â âèäå

∂

∂t
ρ+ divj = 0 . (6.430)

Ìû ïîëó÷èëè óðàâíåíèå íåðàçðûâíîñòè äëÿ óðàíåíèÿ Äèðàêà.
Ýòî íàäî ñðàâíèòü ñ óðàíåíèåì íåðàçðâíîñòè â íåðåëÿòèâèñòñêîé òåîðèè (3.351).
Â íåðåëÿòèâèñòñêîé òåîðèè ïëîòíîñòü âåðîÿòíîñòè (ρ) è ïëîòíîñòü ïîòîêà âåðîÿòíî-

ñòè (j) èìåþò âèä (ñì. Óð. (3.326), (3.327))

ρ(NR) = Ψ∗Ψ , (6.431)

j(NR) =
1

2me

(
Ψ∗p̂Ψ + (p̂Ψ)∗Ψ

)
(6.432)

= − i~
2m

(
Ψ∗∇Ψ−Ψ∇Ψ∗

)
. (6.433)

Ïîêàæåì, ÷òî â íåðåëÿòèâèñòñêîì ïðåäåëå ïîòîê (6.429) ïåðåõîäèò â Óð. (6.432).
Ðàññìîòðèì

j = cψ+αψ = c(ϕ+, χ+)

(
0 σ
σ 0

)(
ϕ
χ

)
(6.434)

= c
(
ϕ+σχ+ χ+σϕ

)
. (6.435)
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Ïðåäñòàèì íèæíþþ êîìïîíåíòó âîëíîâîé ôóíöèè âèäå (ñì. Óð. (6.289), ãäå A = 0)

χ ≈ 1

2mec
σp̂ϕ , (6.436)

j ≈ c

(
ϕ+σ

1

2mec
σp̂ϕ+

1

2mec
(σp̂ϕ)+σϕ

)
(6.437)

=
1

2me

(
ϕ+σ(σp̂)ϕ+ ((p̂ϕ)+σ)σϕ

)
. (6.438)

Âîñïîëüçóåìñÿ Óð. (6.82), (6.82) â âèäå

(σp̂)σ = p̂+ i[σ × p̂] = p̂− i[p̂× σ] (6.439)

σ(σp̂) = p̂+ i[p̂× σ] . (6.440)

j ≈ 1

2me

(
ϕ+p̂ϕ+ iϕ+[p̂× σ]ϕ+ (p̂ϕ)+ϕ− i[(p̂ϕ)+ × σ]ϕ

)
. (6.441)

Âîçüì¼ì â êà÷åñòâå ôóíêöèè ϕ ôóíêöèþ

ϕ = Ce
i
~prη , (6.442)

η+η = 1 , (6.443)

ϕ+ϕ = |C|2 , (6.444)

〈ϕp|ϕp′〉 = |C|2(2π~)3δ3(p− p′) , (6.445)

ãäå η � ñïèíîð, íå çàâèñÿùèé îò êîîðäèíàò.

p̂ϕ = pϕ , (6.446)

(p̂ϕ)+ = pϕ+ . (6.447)

j ≈ 1

2me

(
ϕ+pϕ+ iϕ+[p× σ]ϕ+ pϕ+ϕ− iϕ+[p× σ]ϕ

)
(6.448)

=
|C|2

me

p (6.449)

Ýòî âûðàæåíèå ñîâïàäàåò ñ íåðåëÿòèâèñòñêèì ïîòîêîì ïëîòíîñòè âåðîÿòíîñòè (ñì. Óð. (3.395)).
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6.8 Ðàäèàëüíîå óðàâíåíèå Äèðàêà

Ðàññìîòðèì óðàâíåíèå Äèðàêà ñ öåíòðàëüíûì ïîëåì V (r) = V (r)

ĥDψ(r) = εψ(r) , (6.450)

ĥD = cαp+mec
2β + V (r) . (6.451)

Êàê è â íåðåëÿòèâèñòñêîì ñëó÷àå, â öåíòðàëüíîì ïîëå óäîáíî èñïîëüçîâàòü ñôåðè÷åñêèé
êîîðäèíàòû. Òîãäà ìû ñìîæåì îòäåëèòü óãëîâûå è ðàäèàëüíûå ïåðåìåííûå.

Ìû áóäåì ñíà÷àëà èñêàòü ôóíêöèþ ψ â âèäå

ψ =

(
ϕ
χ

)
. (6.452)

Óðàâíåíèå Äèðàêà ïðèìåò âèä

cσp̂χ+mec
2ϕ+ V ϕ = εϕ , (6.453)

cσp̂ϕ−mec
2χ+ V χ = εχ . (6.454)

Ïðåäñòàâèì îïåðàòîð σp̂ (òîëüêî îí äåéñòâóåò íà óãëîâûå ïåðåìåííûå) â áîëåå óäîáíîì
âèäå.

Âûøå ìû ââîäèëè îïåðàòîð îðáèòàëüíîãî ìîìåíòà

~l̂ = [r × p̂] . (6.455)

Ðàññìîòðèì îïåðàòîð (ñì. Óð. (6.84))

~(σr)(σl̂) = ~rl̂ + i~σ[r × l̂] = r[r × p̂] + iσ[r × [r × p̂]] (6.456)

= iσ
(
r(rp̂)− r2p̂

)
= i(σr̂)(rp̂)− ir2σp̂ . (6.457)

Ìû èñïîëüçîâàëè, ÷òî

r[r × p̂] = 0 . (6.458)

Òîãäà ìû ìîæåì çàïèñàòü îïåðàòîð σp̂ â âèäå

σp̂ =
i

r2

(
~(σr)(σl̂)− i(σr̂)(rp̂)

)
(6.459)

=
i

r2
σr
(
~σl̂− irp̂

)
(6.460)

= σn

(
i

r
~σl̂ + np̂

)
(6.461)

= i~σn
(

1

r
σl̂− ∂

∂r

)
. (6.462)
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Çäåñü ìû èñïîëüçîâàëè, ÷òî

np̂ = −i~n∇ = −i~ ∂
∂r

, (6.463)

n =
r

r
= er , (6.464)

∇ = er
∂

∂r
+ eθ

1

r

∂

∂θ
+ eϕ

1

r sin θ

∂

∂ϕ
. (6.465)

Ââåä¼ì îïåðàòîð

k̂ = −(1 + σl̂) , (6.466)

σl̂ = −(k̂ + 1) . (6.467)

Òîãäà îïåðàòîð σp̂ çàïèøåòñÿ â âèäå

σp̂ = i~σn
(
−1

r
(k̂ + 1)− ∂

∂r

)
. (6.468)

Îïåðàòîð k̂ íàì óäîáåí òåì, ÷òî ìû çíàåì åãî ñîáñòâåííûå ôóíêöèè � ýòî øàðîâûå
ñïèíîðû Ωjlm(θ, ϕ) (ñì. Óð. (5.483)

Ωjlm(θ, ϕ) =
∑
mlms

Cjm

lml,
1
2
ms
Ylml(θ, ϕ)ηms . (6.469)

Äåéñòâèòåëüíî, ðàññìîòðèì

ĵ = l̂ + s = l̂ +
1

2
σ , (6.470)

ĵ2 = l̂2 +
1

4
σ2 + l̂σ = l̂2 +

3

4
+ l̂σ , (6.471)

σl̂ = ĵ2 − l̂2 − 3

4
. (6.472)

Âèäíî, ÷òî k̂ ìîæíî âûðàçèòü ÷åðåç îïåðàòîðû ĵ è l̂

k̂ = −(1 + σl̂) = −ĵ2 + l̂2 − 1

4
. (6.473)

Ìû ïîëó÷àåì, ÷òî øàðîâûå ñïèíîðû áóäóò ñîáñòâåííûìè îïåðàòîðà k̂

k̂Ωjlm =

(
−ĵ2 + l̂2 − 1

4

)
Ωjlm =

(
−j(j + 1) + l(l + 1)− 1

4

)
Ωjlm (6.474)

= κΩjlm . (6.475)

Ïî ïðàâèëàì ñëîæåíèÿ ìîìåíòîâ ïðè ôèêñèðîâàííîì l ïîëíûé ìîìåíò ìîæåò ïðè-
íèìàòü òîëüêî äâà çíà÷åíèÿ: j = l ± 1

2
(â ñëó÷àå l = 0 òîëüêî îäíî çíà÷åíèå: j = 1

2
)
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1. j = l + 1
2
, l = j − 1

2

κ = −j(j + 1) +

(
j − 1

2

)(
j − 1

2
+ 1

)
− 1

4
(6.476)

= −j2 − j + j2 − 1

4
− 1

4
= −j − 1

2
(6.477)

2. j = l − 1
2
, l = j + 1

2
, l ≥ 1

κ = −j(j + 1) +

(
j +

1

2

)(
j +

1

2
+ 1

)
− 1

4
(6.478)

= −j2 − j + j2 + 2j +
3

4
− 1

4
= j +

1

2
(6.479)

Îáà ýòè âàðèàíòà ìîæíî îïèñàòü îäíèì ðàâåíñòâîì

κ = (−1)j+l+
1
2

(
j +

1

2

)
. (6.480)

Ïîäñòàâèì îïåðàòîð σp̂ â âèäå (6.468) â ñèñòåìó óðàâíåíèé (6.453), (6.454)

ci~σn
(
−1

r
(k̂ + 1)− ∂

∂r

)
χ+mec

2ϕ+ V ϕ = εϕ (6.481)

ci~σn
(
−1

r
(k̂ + 1)− ∂

∂r

)
ϕ−mec

2χ+ V χ = εχ (6.482)

Ðåøåíèå ñèñòåìû óðàâíåíèé (6.481), (6.482) áóäåì èñêàòü â âèäå

ψ =

(
ϕ
χ

)
=

1

r

(
g(r)Ωjlm(θ, ϕ)
if(r)Ωjl′m(θ, ϕ)

)
, ãäå l′ = 2j − l . (6.483)

Çàìåòèì, ÷òî l′ � ýòî âòîðîå âîçìîæíîå çíà÷åíèå îðáèòàëüíîãî ìîìåíòà (åñëè ïåðâîå åñòü
l) ïðè ôèêñèðîâàííîì j: l = j ± 1

2
. Äåéñòâèòåëüíî, åñëè l = j + 1

2
, òî l′ = 2j − l = j − 1

2
.

È íàîáîðîò, åñëè l = j − 1
2
, òî l′ = 2j − l = j + 1

2
. Ñîîòâåòñòâåííî, ìû ìîæåì íàïèñàòü

|l − l′| = 1 . (6.484)

Ïðè ýòîì âåðíî ðàâåíñòâî

κjl = −κjl′ , ãäå l′ = 2j − l . (6.485)

Ìû áóäåì èñïîëüçîâàòü ñëåäóþùåå ðàâåíñòâî (áåç äîêàçàòåëüñòâà)

(σn)Ωjlm = −Ωjl′m , ãäå l′ = 2j − l . (6.486)
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Ïîäñòàâèì ôóíêöèþ ψ â âèäå (6.483) â ñèñòåìó óðàâíåíèé (6.481), (6.482)

ci~σn
(
−1

r
(k̂ + 1)− ∂

∂r

)
i
1

r
fΩjl′m +mec

2 1

r
gΩjlm + V

1

r
gΩjlm = ε

1

r
gΩjlm (6.487)

ci~σn
(
−1

r
(k̂ + 1)− ∂

∂r

)
1

r
gΩjlm −mec

2i
1

r
fΩjl′m + V i

1

r
fΩjl′m = εi

1

r
fΩjl′m(6.488)

Âîñïîëüçóåìñÿ òåì, ÷òî øàðîâûå ñïèíîðû ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè äëÿ
îïåðàòîðà k̂ (ñì. Óð. (6.475))

k̂Ωjlm = κΩjlm , ãäå κ = (−1)j+l+
1
2

(
j +

1

2

)
, (6.489)

k̂Ωjl′m = −κΩjl′m , ãäå l′ = 2j − l , (6.490)

è ïîäåëèì âòîðîå óðàâíåíèå íà i

c~σn
(

1

r
(−κ+ 1) +

∂

∂r

)
1

r
fΩjl′m +mec

2 1

r
gΩjlm + V

1

r
gΩjlm = ε

1

r
gΩjlm , (6.491)

c~σn
(
−1

r
(κ+ 1)− ∂

∂r

)
1

r
gΩjlm −mec

2 1

r
fΩjl′m + V

1

r
fΩjl′m = ε

1

r
fΩjl′m . (6.492)

Çàìåòèì, ÷òî κ îïðåäåëÿåòñÿ ÷åðåç j è l âåðõíåé êîìïîíåíòû. Âîñïîëüçóåìñÿ ðàâåíñòâîì(
1

r
(−κ+ 1) +

∂

∂r

)
1

r
f =

1

r
(−κ+ 1)

1

r
f − 1

r2
f +

1

r

∂

∂r
f (6.493)

=
1

r

(−κ)

r
f +

1

r

∂

∂r
f (6.494)

=
1

r

(
−κ
r

+
∂

∂r

)
f , (6.495)(

−1

r
(κ+ 1)− ∂

∂r

)
1

r
g =

1

r

(
−κ
r
− ∂

∂r

)
g (6.496)

è äîìíîæèì îáà ðàâåíñòâà íà r

c~σn
(
−κ
r

+
∂

∂r

)
fΩjl′m +mec

2gΩjlm + V gΩjlm = εgΩjlm , (6.497)

c~σn
(
−κ
r
− ∂

∂r

)
gΩjlm −mec

2fΩjl′m + V fΩjl′m = εfΩjl′m . (6.498)

Òåïåðü âîñïîëüçóåìñÿ Óð. (6.486), ñäåëàâ çàìåíû

(σn)Ωjl′m = −Ωjlm , (6.499)

(σn)Ωjlm = −Ωjl′m , ãäå l′ = 2j − l , (6.500)
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â ïåðâîì è âî âòîðîì óðàâíåíèÿõ, ñîîòâåòñòâåííî,

c~
(
κ

r
− ∂

∂r

)
fΩjlm +mec

2gΩjlm + V gΩjlm = εgΩjlm , (6.501)

c~
(
κ

r
+

∂

∂r

)
gΩjl′m −mec

2fΩjl′m + V fΩjl′m = εfΩjl′m . (6.502)

Òåïåðü øàðîâûå ñïèíîðû â ýòèõ óðàâíåíèÿõ ìîæíî îïóñòèòü è ìû ïîëó÷àåì ðàäèàëüíîå
óðàâíåíèå Äèðàêà äëÿ öåíòðàëüíîãî ïîëÿ

c~
(
κ

r
− ∂

∂r

)
f +mec

2g + V g = εg , (6.503)

c~
(
κ

r
+

∂

∂r

)
g −mec

2f + V f = εf , (6.504)

ãäå κ = (−1)j+l+
1
2

(
j + 1

2

)
è âîëíîâàÿ ôóíêöèÿ çàäà¼òñÿ â âèäå (6.483)

ψεjlm(r) =
1

r

(
gεjl(r)Ωjlm(θ, ϕ)
ifεjl(r)Ωjl′m(θ, ϕ)

)
, ãäå l′ = 2j − l . (6.505)

Çíà÷åíèå îðáèòàëüíîãî ìîìåíòà l îïðåäåëÿåòñÿ ïî âåðõíåé êîìïîíåíòå âîëíîâîé ôóíê-
öèè. Çàìåòèì, ÷òî âîëíîâàÿ ôóíêöèÿ ψεjlm íå ÿâëÿåòñÿ ñîáñòâåííîé ôóíêöèåé îïåðàòîðà

l̂2. Ñîîòâåòñòâåííî, ðåëÿòèâèñòñêàÿ ÷àñòèöà íå îáëàäàåò îïðåäåë¼ííûì îðáèòàëüíûì ìî-
ìåíòîì. Íèæå ìû ïîêàæåì, ÷òî âåëè÷èíà l îïðåäåëÿåò ÷¼òíîñòü âîëíîâîé ôóíêöèè ψεjlm,
ïîýòîìó ìû óêàçûâàåì òàêæå èíäåêñ l.

Âîëíîâàÿ ôóíêöèÿ ψεjlm îïèñûâàåò ñîñòîÿíèå ñ îïðåäåë¼ííîé ýíåðãèåé (ε), ïîëíûì
óãëîâûì ìîìåíòîì (j), åãî ïðîåêöèåé (m) è ÷¼òíîñòüþ ((−1)l)

ĥDψεjlm(r) = εψεjlm(r) , (6.506)

ĵ2ψεjlm(r) = j(j + 1)ψεjlm(r) , (6.507)

ĵzψεjlm(r) = mψεjlm(r) , (6.508)

ψεjlm(−r) = (−1)lψεjlm(r) . (6.509)

Ïîñëåäíåå ðàâåíñòâî ìû äîêàæåì â ñëåäóþùåì ïàðàãðàôå.

6.9 Ñîáñòâåííûå ôóíêöèè óðàâíåíèÿ Äèðàêà ñ îïðå-

äåë¼ííîé ýíåðãèåé, ïîëíûì óãëîâûì ìîìåíòîì è

÷¼òíîñòüþ

Â ïðåäûäóùåì ïàðàãðàôå ìû ïîêàçàëè, ÷òî ñîáñòâåííûå ôóíêöèè óðàâíåíèÿ Äèðàêà
ìîãóò áûòü ïðåäñòàâëåíû â âèäå Ôóíêöèè ñ îïðåäåë¼ííûì ìîìåíòîì è ÷¼òíîñòüþ

ψεjlm(r) =
1

r

(
gεjl(r)Ωjlm(n)
ifεjl(r)Ωjl′m(n)

)
, ãäå l′ = 2j − l . (6.510)
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Ïîêàæåì, ÷òî ýòè ôóíêöèè îáëàäàþò îïðåäåë¼ííîé ÷¼òíîñòüþ îòíîñèòåëüíî èíâåðñèè.
Èíâåðñèÿ

r → r′ = −r (6.511)

Ðàññìîòðèì óðàâíåíèå Äèðàêà â ñëåäóþùåì âèäå (ñì. Óð. (6.271))(
i~
∂

∂t
− cαp− βmec

2 − V + eαA

)
ψ(r) = 0 . (6.512)

Ðàññìîòðèì óðàâíåíèå Äèðàêà â ñèñòåìå êîîðäèíàò, îòëè÷àþùåéñÿ îò ïåðâîé ñèñòåìû
èíâåðñèåé (

i~
∂

∂t
+ cαp̂− βmec

2 − V − eαA
)
ψ̃(r′) = 0 , (6.513)

Ïîñëå èíâåðñèè âåêòîðà p̂ è A ïîìåíÿëè çíàê. Òàê êàê îïåðàòîð èçìåíèëñÿ, â îáùåì
ñëó÷àå ôóíêöèÿ ψ̃(r′) ìîæåò îòëè÷àòüñÿ îò ôóíêöèè ψ(r′).

Ïîòðåáóåì ÷òîáû âîëíîâûå ôóíêöèè â èçíà÷àëüíîì ïðîñòðàíñòâå è â ïðîñòðàíñòâå
ïîñëå èíâåðñèè îòëè÷àëèñü ëèíåéíûì ïðåîáðàçîâàíèåì, íå çàâèñÿùèì îò êîîðäèíàò è
âðåìåíè,

ψ̃(r′) = Pψ(r′) . (6.514)

Óáåäèìñÿ, ÷òî îïåðàòîð P ìîæíî ïðåäñòàâèòü â âèäå

P = ηPβ , (6.515)

ãäå β � β-ìàòðèöà Äèðàêà (ñì. Óð. (6.71)), ηP � êîìïëåêñíîå ÷èñëî.

(
i~
∂

∂t
+ cαp̂− βmec

2 − V − eαA
)
ηPβψ(r′) = 0 , (6.516)

ηPβ

(
i~
∂

∂t
− cαp̂− βmec

2 − V + eαA

)
ψ(r′) = 0 , (6.517)

Äîìíîæèâ ïîñëåäíåå ðàâåíñòâî íà β è ðàçäåëèâ íà ηP , óáåæäàåìñÿ, ÷òî Óð. (6.517) ñîâ-
ïàäàåò ñ Óð. (6.512). Ñäåëàâ èíâåðñèþ, ìû ïîëó÷àåì òî æå óðàâíåíèå Äèðàêà. Ïðè ïðå-
îáðàçîâàíèè (6.514) óðàâíåíèÿ (6.512) è (6.513) îêàçûâàþòñÿ ýêâèâàëåíòíûìè.

Òàêèì îáðàçîì, äëÿ èíâàðèàíòíîñòè óðàâíåíèÿ Äèðàêà îòíîñèòåëüíî èíâåðñèè, âîë-
íîâûå ôóíêöèè ïðè èíâåðñèè äîëæíû ïðåîáðàçîâûâàòüñÿ êàê

ψ̃(−r) = Pψ(−r) . (6.518)
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Çäåñü ìû îïðåäåëèëè, êàê ïðåîáðàçóþòñÿ êîìïîíåíòû âîëíîâîé ôóíêöèè ïðè èíâåðñèè.
Òàê êàê äâîéíàÿ èíâåðñèÿ íå äîëæíà ìåíÿòü ïðîñòðàíñòâî, ìû ïîëó÷àåì

ψ(r) = P2ψ(r) (6.519)

è, ñîîòâåòñâåííî, ïîëó÷àåì

η2
P = 1 . (6.520)

Âûáèðàþò

ηP = 1 . (6.521)

Ïîëó÷àåì, ÷òî ïðè èíâåðñèè ôóíêöèÿ ψ ïðåîáðàçóåòñÿ êàê

P̂ψ(r) = ψ̃(−r) = βψ(−r) . (6.522)

Ðàññìîòðèì êàê âåäóò ñåáÿ ïðè èíâåðñèè ôóíêöèè

ψεjlm(r) =
1

r

(
gεjl(r)Ωjlm(n)
ifεjl(r)Ωjl′m(n)

)
, ãäå l′ = 2j − l . (6.523)

Ñîîòâåòñâóþùàÿ ôóíêöèÿ â ïðîñòðàíñòâå ñ èíâåðñèåé áóäåò èìåòü âèä

P̂ψεjlm(r) = ψ̃εjlm(−r) = βψεjlm(−r) =
1

r

(
gεjl(r)Ωjlm(−n)
−ifεjl(r)Ωjl′m(−n)

)
. (6.524)

Øàðîâûå ñïèíîðû Ωjlm(n) îáëàäàþò ÷¼òíîñòüþ (−1)l (ñì. Óð. (5.483)

Ωjlm(n) =
∑
mlms

Cjm

lml,
1
2
ms
Ylml(n)ηms . (6.525)

Äåéñòâèòåëüíî, ñîãëàñíî Óð. (5.57), (5.58), (5.116)

Ylml(−n) = (−1)lYlml(n) , (6.526)

Ωjlm(−n) =
∑
mlms

Cjm

lml,
1
2
ms
Ylml(−n)ηms = (−1)lΩjlm(n) . (6.527)

Òîãäà ìû ìîæåì çàïèñàòü

P̂ψεjlm(r) =
1

r

(
gεjl(r)(−1)lΩjlm(n)
−ifεjl(r)(−1)l

′
Ωjl′m(n)

)
(6.528)

=
1

r

(
gεjl(r)(−1)lΩjlm(n)

ifεjl(r)(−1)l
′+1Ωjl′m(n)

)
. (6.529)
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Âûøå (ñì. Óð. (6.484)) ìû âèäåëè, ÷òî âåëè÷èíû l è l′ îòëè÷àþòñÿ ðîâíî íà åäèíèöó:
l′ = l + 1 èëè l′ = l − 1. Çíà÷èò

(−1)l = (−1)l
′+1 (6.530)

è ìû ïîëó÷àåì

P̂ψεjlm(r) = (−1)l
1

r

(
gεjl(r)Ωjlm(n)
ifεjl(r)Ωjl′m(n)

)
= (−1)lψεjlm(r) . (6.531)

Òàêèì îáðàçîì, ìû äåëàåì âûâîä, ÷òî ôóíêöèè (6.510) îïèñûâàþò ñîñòîÿíèÿ ñ îïðå-
äåë¼ííîé ýíåðãèåé (ε), ïîëíûì óãëîâûì ìîìåíòîì (j), åãî ïðîåêöèåé (m) è ÷¼òíîñòüþ
((−1)l).

6.10 Óðàâíåíèå Äèðàêà ñ êóëîíîâñêèì ïîëåì. Äèñêðåò-

íûé ñïåêòð

Íàéä¼ì ðåëÿòèâèñòñêèå âîëíîâûå ôóíêöèè ýëåêòðîíà â êóëîíîâñêîì ïîëå. Âîëíîâûå
ôóíêöèè áóäåì èñêàòü â âèäå (6.483)

ψεjlm(r) =
1

r

(
gjl(r)Ωjlm(n)
ifjl(r)Ωjl′m(n)

)
, l′ = 2j − l . (6.532)

Ôóíêöèè g(r) è f(r) óäîâëåòâîðÿþò ðàäèàëüíîìó óðàâíåíèþ Äèðàêà

c~
(
κ

r
− ∂

∂r

)
f +mec

2g + V g = εg , (6.533)

c~
(
κ

r
+

∂

∂r

)
g −mec

2f + V f = εf , (6.534)

ãäå κ = (−1)j+l+
1
2

(
j + 1

2

)
è âîëíîâàÿ ôóíêöèÿ çàäà¼òñÿ â âèäå.

Ìû áóäåì èñïîëüçîâàòü ðåëÿòèâèñòñêóþ ñèñòåìó åäèíèö

c = 1 , ~ = 1 . (6.535)

Ðàññìîòðèì ðåøåíèå ðàäèàëüíîãî óðàâíåíèÿ Äèðàêà ñ êóëîíîâñêèì ïîòåíöèàëîì

V = −αZ
r
. (6.536)

Çàïèøåì ðàäèàëüíîå óðàâíåíèå Äèðàêà â âèäå(
∂

∂r
+
κ

r

)
g − (ε+me +

αZ

r
)f = 0 (6.537)(

∂

∂r
− κ

r

)
f + (ε−me +

αZ

r
)g = 0 (6.538)
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Ðàññìîòðèì àñèìïòîòèêó âîëíîâîé ôóíêöèè ïðè r → 0(
∂

∂r
+
κ

r

)
g − αZ

r
f = 0 (6.539)(

∂

∂r
− κ

r

)
f +

αZ

r
g = 0 (6.540)

Áóäåì èñêàòü àñèìïòîòèêó ôóíêöèé g è f â âèäå

g = Arγ , f = Brγ (6.541)

Ïîëó÷àåì òàêóþ ñèñòåìó óðàâíåíèé

A(γ + κ)−BαZ = 0 (6.542)

AαZ +B(γ − κ) = 0 (6.543)

Íåíóëåâîå ðåøåíèå ýòîé ñèñòåìû óðàâíåíèé èìååò ìåñòî òîëüêî ïðè det = 0

(γ + κ)(γ − κ)− (αZ)2 = 0 (6.544)

γ2 = κ2 − (αZ)2 (6.545)

α =
e2

c~
≈ 1

137
(6.546)

Z ≤ 137 . (6.547)

Çàìåòèì, ÷òî, òàê êàê |κ| = j+ 1
2
≥ 1, ðàññìàòðèâàåìîå óðàâíåíèå Äèðàêà èìååò ôèçè÷å-

ñêèé ñìûñë òîëüêî äëÿ Z ≤ 137. Â ñëó÷àå Z > 137 íåëüçÿ ðàññìàòðèâàòü àòîìíîå ÿäðî
êàê òî÷å÷íóþ ÷àñòèöó. Íàäî ó÷èòûâàòü ðàñïðåäåëåíèå çàðÿäà â ÿäðå. Íàïðèìåð, ìîæíî
ðàññìàòðèâàòü ÿäðî êàê ðàâíîìåðíî çàðÿæåííûé øàð êîíå÷íîãî ðàäèóñà.

Ðàññìîòðèì àñèìïòîòèêó ïðè r →∞

∂

∂r
g − (ε+me)f = 0 (6.548)

∂

∂r
f + (ε−me)g = 0 . (6.549)

Ïðîäèôôåðåíöèðóåì ïåðâîå óðàíåíèå ïî r

∂2

∂r2
g − (ε+me)

∂

∂r
f = 0 (6.550)
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è âûðàçèì ∂
∂r
f ÷åðåç ôóíêöèþ g ñ ïîìîùüþ âòîðîãî óðàâíåíèÿ

∂2

∂r2
g + (ε2 −m2

e)g = 0 (6.551)

g = C e−λr , λ2 = m2
e − ε2 . (6.552)

Â ýòîì ïàðàãðàôå ìû ðàññìàòðèâàåì äèñêðåòíûé ñïåêòð, ïîýòîìó ìîæåì ñ÷èòàòü,
÷òî ε < me. Áóäåì èñêàòü ôóíêöèè g è f â âèäå

g =
√
me + ε e−

1
2
ρργ(Q1 +Q2) (6.553)

f = −
√
me − ε e−

1
2
ρργ(Q1 −Q2) (6.554)

ãäå

ρ = 2λr , (6.555)

λ =
√
m2
e − ε2 . (6.556)

Âûáîð ìíîæèòåëåé â Óð. (6.553), (6.554) îïðåäåëÿåòñÿ Óð. (6.143).

Âûâîä óðàâíåíèé Óð. (6.604), (6.605), òî åñòü ìàòåðèàë, íà÷èíàÿ ñ Óð. (6.557) äî Óð.
(6.603) íà ýêçàìåíå ðàññêàçûâàòü íà íàäî.

Èòàê, ìû õîòèì ðåøèòü ñëåäóþùóþ ñèñòåìó óðàâíåíèé(
∂

∂r
+
κ

r

)
g −

(
ε+me +

αZ

r

)
f = 0 (6.557)(

∂

∂r
− κ

r

)
f +

(
ε−me +

αZ

r

)
g = 0 . (6.558)

Ñäåëàåì çàìåíó ïåðåìåííûõ, âûðàçèâ r ÷åðåç ρ = 2λr, λ =
√
m2
e − ε2 =

√
me + ε

√
me − ε(

∂

∂2λr
+

κ

2λr

)
g −

(
ε+m

2λ
+
αZ

2λr

)
f = 0 (6.559)(

∂

∂2λr
− κ

2λr

)
f +

(
ε−m

2λ
+
αZ

2λr

)
g = 0 . (6.560)

(
∂

∂ρ
+
κ

ρ

)
g −

(
1

2

√
me + ε

me − ε
+
αZ

ρ

)
f = 0 (6.561)(

∂

∂ρ
− κ

ρ

)
f +

(
−1

2

√
me − ε
me + ε

+
αZ

ρ

)
g = 0 . (6.562)
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g =
√
me + ε e−

1
2
ρργ(Q1 +Q2) (6.563)

d

dρ
g =

√
me + ε (−1

2
)e−

1
2
ρργ(Q1 +Q2) + γ

√
me + ε e−

1
2
ρργ−1(Q1 +Q2) (6.564)

+
√
me + ε e−

1
2
ρργ

d

dρ
(Q1 +Q2) (6.565)

f = −
√
me − ε e−

1
2
ρργ(Q1 −Q2) (6.566)

d

dρ
f = −

√
me − ε (−1

2
)e−

1
2
ρργ(Q1 −Q2)− γ

√
me − ε e−

1
2
ρργ−1(Q1 −Q2) (6.567)

−
√
me − ε e−

1
2
ρργ

d

dρ
(Q1 −Q2) (6.568)

Ðàññìîòðèì Óð. (6.561). Â óðàâíåíèè îïóñòèì ìíîæèòåëü

√
me + εe−

1
2
ρργ−1 . (6.569)

ρ
d

dρ
(Q1 +Q2)− 1

2
ρ(Q1 +Q2) + γ(Q1 +Q2) + κ(Q1 +Q2) (6.570)

+
1

2
ρ(Q1 −Q2) + αZ

√
me − ε
me + ε

(Q1 −Q2) = 0 . (6.571)

Óðàâíåíèå Óð. (6.561) ïðèâîäèòñÿ ê âèäó

ρ
d

dρ
(Q1 +Q2) + (γ + κ)(Q1 +Q2)− ρQ2 + αZ

√
me − ε
me + ε

(Q1 −Q2) = 0 . (6.572)

Ðàññìîòðèì òåïåðü Óð. (6.562). Â óðàâíåíèè îïóñòèì ìíîæèòåëü

−
√
me − εe−

1
2
ρργ−1 . (6.573)

ρ
d

dρ
(Q1 −Q2)− 1

2
ρ(Q1 −Q2) + γ(Q1 −Q2)− κ(Q1 −Q2) (6.574)

+
1

2
ρ(Q1 +Q2)− αZ

√
me − ε
me + ε

(Q1 +Q2) = 0 . (6.575)

Óðàâíåíèå Óð. (6.562) ïðèâîäèòñÿ ê âèäó

ρ
d

dρ
(Q1 −Q2) + (γ − κ)(Q1 −Q2) + ρQ2 − αZ

√
me + ε

me − ε
(Q1 +Q2) = 0 . (6.576)
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Òàêèì îáðàçîì, ìû ïîëó÷àåì ñëåäóþùóþ ñèñòåìó óðàâíåíèé ((6.572), (6.576)) äëÿ
ôóíêöèé Q1 è Q2

ρ
d

dρ
(Q1 +Q2) + (γ + κ)(Q1 +Q2)− ρQ2 + αZ

√
me − ε
me + ε

(Q1 −Q2) = 0 (6.577)

ρ
d

dρ
(Q1 −Q2) + (γ − κ)(Q1 −Q2) + ρQ2 − αZ

√
me + ε

me − ε
(Q1 +Q2) = 0 . (6.578)

Ñêëàäûâàÿ è âû÷èòàÿ ïî÷ëåííî ýòè óðàâíåíèÿ, ïîëó÷àåì

ρ
d

dρ
Q1 +

(
γ − αZε

λ

)
Q1 +

(
κ− αZme

λ

)
Q2 = 0 (6.579)

ρ
d

dρ
Q2 +

(
γ +

αZε

λ
− ρ
)
Q2 +

(
κ+

αZme

λ

)
Q1 = 0 . (6.580)

Ïîëó÷èì óðàâíåíèå äëÿ Q1. Ïðîäèôôåðåíöèðóåì ïåðâîå óðàâíåíèå (6.579)

d

dρ
Q1 + ρ

d2

dρ2
Q1 +

(
γ − αZε

λ

)
d

dρ
Q1 +

(
κ− αZme

λ

)
d

dρ
Q2 = 0 (6.581)

è ïîäñòàâèì èç âòîðîãî óðàâíåíèÿ

d

dρ
Q2 = −1

ρ

(
γ +

αZε

λ
− ρ
)
Q2 −

1

ρ

(
κ+

αZme

λ

)
Q1 (6.582)

â Óð. (6.581)

d

dρ
Q1 + ρ

d2

dρ2
Q1 +

(
γ − αZε

λ

)
d

dρ
Q1

−
(
κ− αZme

λ

)
1

ρ

(
γ +

αZε

λ
− ρ
)
Q2 −

(
κ− αZme

λ

)
1

ρ

(
κ+

αZme

λ

)
Q1 = 0 (6.583)

Âûðàçèì −
(
κ− αZme

λ

)
Q2 èç óðàâíåíèÿ (6.579)

d

dρ
Q1 + ρ

d2

dρ2
Q1 +

(
γ − αZε

λ

)
d

dρ
Q1 (6.584)

+
1

ρ

(
γ +

αZε

λ
− ρ
)(

ρ
d

dρ
Q1 +

(
γ − αZε

λ

)
Q1

)
(6.585)

−
(
κ− αZme

λ

)
1

ρ

(
κ+

αZme

λ

)
Q1 = 0 (6.586)

γ2 = κ2 − (αZ)2 (6.587)

λ2 = m2
e − ε2 (6.588)
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γ2 = κ2 − (αZ)2

(
m2
e − ε2

λ2

)
= κ2 −

(
αZme

λ

)2

+

(
αZε

λ

)2

. (6.589)

κ2 −
(
αZme

λ

)2

= γ2 −
(
αZε

λ

)2

(6.590)

Óðàâíåíèå (6.586) çàïèøåòñÿ â âèäå

d

dρ
Q1 + ρ

d2

dρ2
Q1 +

(
γ − αZε

λ

)
d

dρ
Q1

+
1

ρ

(
γ +

αZε

λ
− ρ
)(

ρ
d

dρ
Q1 +

(
γ − αZε

λ

)
Q1

)
−
(
γ − αZε

λ

)
1

ρ

(
γ +

αZε

λ

)
Q1 = 0 . (6.591)

Ðàñêðûâ ñêîáêè, ïîëó÷àåì óðàâíåíèå

ρ
d2

dρ2
Q1 + (2γ + 1− ρ)

d

dρ
Q1 −

(
γ − αZε

λ

)
Q1 = 0 . (6.592)

Àíàëîãè÷íûì îáðàçîì ïîëó÷àåì óðàâíåíèå äëÿ Q2. Ïðîäèôôåðåíöèðóåì âòîðîå óðàâ-
íåíèå (6.580)

d

dρ
Q2 + ρ

d2

dρ2
Q2 +

(
γ +

αZε

λ
− ρ
)
d

dρ
Q2 +

(
κ+

αZme

λ

)
d

dρ
Q1 = 0 (6.593)

è âûðàçèì èç óðàâíåíèÿ (6.579)

d

dρ
Q1 = −1

ρ

(
γ − αZε

λ

)
Q1 −

1

ρ

(
κ− αZme

λ

)
Q2 (6.594)

è ïîäñòàâèì ýòî â Óð. (6.593)

d

dρ
Q2 + ρ

d2

dρ2
Q2 +

(
γ +

αZε

λ
− ρ
)
d

dρ
Q2 −Q2

−
(
κ+

αZme

λ

)
1

ρ

(
γ − αZε

λ

)
Q1 −

(
κ+

αZme

λ

)
1

ρ

(
κ− αZme

λ

)
Q2 = 0 (6.595)
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Âûðàçèâ −
(
κ+ αZme

λ

)
Q1 èç óðàâíåíèÿ Óð. (6.580) ïîëó÷àåì

d

dρ
Q2 + ρ

d2

dρ2
Q2 +

(
γ +

αZε

λ
− ρ
)
d

dρ
Q2 −Q2 (6.596)

+
1

ρ

(
γ − αZε

λ

)(
ρ
d

dρ
Q2 +

(
γ +

αZε

λ
− ρ
)
Q2

)
(6.597)

−
(
κ+

αZme

λ

)
1

ρ

(
κ− αZme

λ

)
Q2 = 0 (6.598)

Îïÿòü èñïîëüçóåì Óð. (6.590)

κ2 −
(
αZme

λ

)2

= γ2 −
(
αZε

λ

)2

. (6.599)

Óðàâíåíèå (6.598) çàïèøåòñÿ â âèäå

d

dρ
Q2 + ρ

d2

dρ2
Q2 +

(
γ +

αZε

λ
− ρ
)
d

dρ
Q2 −Q2 (6.600)

+
1

ρ

(
γ − αZε

λ

)(
ρ
d

dρ
Q2 +

(
γ +

αZε

λ
− ρ
)
Q2

)
(6.601)

−
(
γ − αZε

λ

)
1

ρ

(
γ +

αZε

λ

)
Q2 = 0 (6.602)

Ðàñêðûâ ñêîáêè, ïîëó÷àåì óðàâíåíèå

ρ
d2

dρ2
Q2 + (2γ + 1− ρ)

d

dρ
Q2 −

(
γ + 1− αZε

λ

)
Q2 = 0 . (6.603)

Îêîí÷àòåëüíî äëÿ Q1 è Q2 ïîëó÷àåì ñëåäóþùèå óðàâíåíèÿ (6.592), (6.603)

ρ
d2

dρ2
Q1 + (2γ + 1− ρ)

d

dρ
Q1 −

(
γ − αZε

λ

)
Q1 = 0 (6.604)

ρ
d2

dρ2
Q2 + (2γ + 1− ρ)

d

dρ
Q2 −

(
γ + 1− αZε

λ

)
Q2 = 0 (6.605)

Ïðè èçó÷åíèè äâèæåíèÿ â êóëîíîâñêîì ïîëå â ðàìêàõ íåðåëÿòèâèñòñêîé òåîðèè ìû
èññëåäîâàëè âûðîæäåííóþ ãèïåðãåîìåòðè÷åñêóþ ôóíêöèþ (ñì. Óð. (5.574))

zu′′ + (c− z)u′ − au = 0 (6.606)
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u(z) = C1F (a, c, z) + C2z
1−cF (a− c+ 1, 2− c, z) (6.607)

F (a, c, z) = 1 +
a

c

z

1!
+
a(a+ 1)

c(c+ 1)

z2

2!
+ . . . (6.608)

Âòîðîå ðåøåíèå (ñ ìíîæèòåëåì C2) íåôèçè÷íîå, òàê êàê ðàñõîäèòñÿ ïðè ρ → 0. Òàêèì
îáðàçîì, ôóíêöèè Q1 è Q2 èìåþò âèä

Q1(ρ) = AF

(
γ − αZε

λ
, 2γ + 1, ρ

)
(6.609)

Q2(ρ) = BF

(
γ + 1− αZε

λ
, 2γ + 1, ρ

)
. (6.610)

Çàìåòèì, ÷òî èìååò ìåñòî ðàâåíñòâà

d

dz
F (a, c, z) =

a

c
F (a+ 1, c+ 1, z) , (6.611)

F (a, c, 0) = 1 . (6.612)

×òîáû îïðåäåëèòü ñâÿçü êîíñòàíò A è B, ðàññìîòðèì Óð. (6.579)

ρA
γ − αZε

λ

2γ + 1
F

(
γ − αZε

λ
+ 1, 2γ + 2, ρ

)
+

(
γ − αZε

λ

)
AF

(
γ − αZε

λ
, 2γ + 1, ρ

)
+

(
κ− αZme

λ

)
BF

(
γ + 1− αZε

λ
, 2γ + 1, ρ

)
= 0 (6.613)

ïðè ρ = 0 ïîëó÷àåì (
γ − αZε

λ

)
A+

(
κ− αZme

λ

)
B = 0 (6.614)

21.12.2021

Òàêèì îáðàçîì, ìû íàøëè ðåëÿòèâèñòñêèå âîëíîâûå ôóíêöèè ýëåêòðîíà â êóëîíîâ-
ñêîì ïîëå (V = −αZ

r
)

ψεjlm(r) =
1

r

(
gjl(r)Ωjlm(n)
ifjl(r)Ωjl′m(n)

)
, l′ = 2j − l , (6.615)

g(r) =
√
me + ε e−

1
2
ρργ(Q1(ρ) +Q2(ρ)) (6.616)

f(r) = −
√
me − ε e−

1
2
ρργ(Q1(ρ)−Q2(ρ)) , (6.617)
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ãäå

ρ = 2λr , (6.618)

λ =
√
m2
e − ε2 , (6.619)

γ =
√
κ2 − (αZ)2 , (6.620)

κ = (−1)j+l+
1
2

(
j +

1

2

)
. (6.621)

Ôóíêöèè Q1(ρ) è Q2(ρ) âûðàæàþòñÿ ÷åðåç âûðîæäåííûå ãèïåðãåîìåòðè÷åñêèå ôóíêöèè
Óð. (6.609), (6.610) ñ ó÷¼òîì Óð. (6.614).

Àñèìïòîòè÷åñêîå âûðàæåíèå äëÿ âûðîæäåííîé ãèïåðãåîìåòðè÷åñêîé ôóíêöèè èìååò
âèä (áåç äîêàçàòåëüñòâà) (ñì. Óð. (5.589), (5.590))

F (a; c; z) ≈ Γ(c)

Γ(c− a)
(−z)−a +

Γ(c)

Γ(a)
ezza−c , |z| → ∞ . (6.622)

Äëÿ ïîëîæèòåëüíûõ z, êàê â íàøåì ñëó÷àå, ìîæíî ïðåíåáðå÷ü ïåðâûì ÷ëåíîì

F (a; c; z) ≈ Γ(c)

Γ(a)
ezza−c , z → +∞ . (6.623)

Ïîëó÷àåì, ÷òî ôóíêöèè g è f ýêñïîíåíöèàëüíî ðàñõîäÿòñÿ, åñëè íå ïðîèñõîäèò îáðû-
âàíèå ðÿäà âûðîæäåííîé ãèïåðãåîìåòðè÷åñêîé ôóíêöèè. Äåéñòâèòåëüíî, (ñì. Óð. (6.609),
(6.610))

Q1(ρ) = AF

(
γ − αZε

λ
, 2γ + 1, ρ

)
∼ eρ = e2λr , (6.624)

Q2(ρ) = BF

(
γ + 1− αZε

λ
, 2γ + 1, ρ

)
∼ eρ = e2λr , (6.625)

(ñì. Óð. (6.553), (6.554))

g(r) =
√
me + ε e−

1
2
ρργ(Q1(ρ) +Q2(ρ)) ∼ e

1
2
ρ = eλr , (6.626)

f(r) = −
√
me − ε e−

1
2
ρργ(Q1(ρ)−Q2(ρ)) ∼ e

1
2
ρ = eλr . (6.627)

Ôèçè÷åñêèìè ÿâëÿþòñÿ òîëüêî ðåøåíèÿ, äëÿ êîòîðûõ èìååò ìåñòî îáðûâàíèå ðÿäîâ.
Òîëüêî òàêèå ðåøåíèÿ íîðìèðóåìû íà åäèíèöó.

Óñëîâèå îáðûâàíèÿ ðÿäîâ (nr � öåëîå ÷èñëî)

γ − αZε

λ
= −nr ≤ 0 , äëÿ Q1 , (6.628)

γ + 1− αZε

λ
= −nr + 1 ≤ 0 , äëÿ Q2 . (6.629)
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Åñëè nr = 1, 2, . . ., òî îáðûâàþòñÿ îáà ðÿäà.
Åñëè nr = 0, òî îáðûâàåòñÿ òîëüêî ðÿä äëÿ Q1. Îäíàêî ïðè nr = 0 èìååì

γ =
αZε

λ
, (6.630)

òîãäà èç Óð. (6.590)

κ2 −
(
αZme

λ

)2

= γ2 −
(
αZε

λ

)2

= 0 , (6.631)

|κ| =
αZme

λ
. (6.632)

Èç Óð. (6.614) (
γ − αZε

λ

)
A+

(
κ− αZme

λ

)
B = 0 , (6.633)(

κ− αZme

λ

)
B = 0 (6.634)

ñëåäóåò, ÷òî åñëè κ < 0, òî B = 0 è, ñîîòâåòñòâåííî, Q2 = 0. Îäíàêî, åñëè κ > 0, òî Q2

ðàñõîäèòñÿ (ïðè nr = 0).
Âûáåðåì â êà÷åñòâå êîíñòàíò A è B âåëè÷èíû

A = κ− αZme

λ
, (6.635)

B = −γ +
αZε

λ
= −nr . (6.636)

Óñëîâèå (6.614) áóäåò âûïîëíåíî.
Ìû ïîëó÷àåì, ÷òî ôèçè÷åñêèå ðåøåíèÿ ñóùåñòâóþò ïðè

nr =

{
0, 1, 2, . . . , ïðè κ < 0
1, 2, 3, . . . , ïðè κ > 0

. (6.637)

Ïîëó÷èì âûðàæåíèå äëÿ ýíåðãèè èç Óð. (6.628)

γ − αZε√
m2
e − ε2

= −nr (6.638)

(αZ)2ε2

m2
e − ε2

= (γ + nr)
2 (6.639)

ε2 = m2
e

[
(αZ)2 + (nr + γ)2

(γ + nr)2

]−1

(6.640)
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Ïîëó÷àåì ôîðìóëó Çîììåðôåëüäà (Arnold Sommerfeld)

ε = me

[
1 +

(αZ)2

(
√
κ2 − (αZ)2 + nr)2

]−1/2

(6.641)

â ðåëÿòèâèñòñêèõ åäèíèöàõ, èëè â òåðìèíàõ mec
2

ε = mec
2

[
1 +

(αZ)2

(
√
κ2 − (αZ)2 + nr)2

]−1/2

. (6.642)

Ýíåðãèÿ çàâèñèò òîëüêî îò ìîäóëÿ |κ| = j + 1/2, ñëåäîâàòåëüíî îíà ôàêòè÷åñêè íå
çàâèñèò îò l = j ± 1/2.

Ðàçëîæèì âûðàæåíèå äëÿ ýíåðãèè â ðÿä Òåéëîðà ïî (αZ)2

εnjl = mec
2 −mec

2 (αZ)2

2n2

{
1 +

(αZ)2

n

(
1

|κ|
− 3

4n

)
+ O

(
(αZ)4

)}
, (6.643)

ãäå ìû ââåëè îáîçíà÷åíèå

n = nr + |κ| . (6.644)

Âåëè÷èíó n íàçûâàþò ãëàâíûì êâàíòîâûì ÷èñëîì (principal quantum number).
Ïîëó÷åííîå âûðàæåíèå äëÿ ðåëÿòèâèñòñêîé ýíåðãèè íàäî ñðàâíèòü ñ ôîðìóëîé Áîðà

(5.608)

εBohrnjl ≈ −mec
2 (αZ)2

2n2
. (6.645)

Íåðåëÿòèâèñòñêàÿ ýíåðãèÿ çàâèñèò òîëüêî îò ãëàâíîãî êâàíòîâîãî ÷èñëà (n) è íå çà-
âèñèò íè îò îðáèòàëüíîãî ìîìåíòà l, íè îò ñïèíà.

Ðåëÿòèâèñòñêàÿ ýíåðãèÿ (ôîðìóëà Çîììåðôåëüäà) çàâèñèò îò ïîëíîãî îðáèòàëüíîãî
ìîìåíòà. Òàêèì îáðàçîì, ó÷¼ò ðåëÿòèâèñòñêèõ ïîïðàâîê (ñì. Óð. (6.393)) ïðèâîäèò ê
òîìó, ÷òî óðîâíè ýíåðãèè äëÿ ôèêñèðîâàííîãî l ≥ 1 ðàñùåïëÿþòñÿ íà äâà óðîâíÿ ñ
ðàçëè÷íûìè j = l ± 1

2
. Ýòî ðàñùåïëåíèå íàçûâàåòñÿ òîíêîé ñòðóêòóðîé.

Ïðèâåä¼ì ÿâíûé âèä ðåëÿòèâèñòñêîé âîëíîâîé ôóíêöèè ýëåêòðîíà äèñêðåòíîãî ñïåê-
òðà (ñì. Óð. (6.626), (6.627), (6.609),(6.610), (6.635), (6.636))

ψεjlm(r) =
1

r

(
gjl(r)Ωjlm(n)
ifjl(r)Ωjl′m(n)

)
, (6.646)

g(r)
f(r)

}
= ± (2λ)1/2

Γ(2γ + 1)

[
(m± ε)Γ(2γ + nr + 1)

4αZm2
e

λ

(
αZme
λ
− κ
)
nr!

]1/2

(2λr)γe−λr{(
αZme

λ
− κ
)
F (−nr, 2γ + 1; 2λr)∓ nrF (1− nr, 2γ + 1; 2λr)

}
(6.647)

〈ψεjlm|ψεjlm〉 = 1 . (6.648)
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Â ýòîé ôîðìóëå âåðõíèé çíàê îòíîñèòñÿ ê ôóíêöèè g, íèæíèé çíàê ê ôóíêöèè f .
Â ðåëÿòèâèñòñêîé òåîðèè ýëåêòðîíû îáîçíà÷àþò êàê nlj (ñì. Óð. (5.601)), ãäå îðáè-

òàëüíûé ìîìåíò îáîçíà÷àþò áóêâàìè

l : 0, 1, 2, 3, 4, 5, 6 (6.649)

s, p, d, f, g, h, i . (6.650)

Êîëè÷åñòâî ýëåêòðîíîâ ñ ãëàâíûì êâàíòîâûì ÷èñëîì n, ïîëíûì óãëîâûì ìîìåíòîì j è
÷¼òíîñòüþ ((−1)l) åñòü 2j + 1, òî åñòü êîëè÷åñòâî ðàçëè÷íûõ ïðîåêöèé ïîëíîãî óãëîâîãî
ìîìåíòà m.

n = 1 : 1s 1
2

: N1 = 2 ,

n = 2 : 2s 1
2
, 2p 1

2
, 2p 3

2
: N2 = 2 + 2 + 4 = 8 ,

n = 3 : 3s 1
2
, 3p 1

2
, 3p 3

2
, 3d 3

2
, 3d 5

2
: N3 = 2 + 2 + 4 + 4 + 6 = 18 ,

n = 4 : 4s 1
2
, 4p 1

2
, 4p 3

2
, 4d 3

2
, 4d 5

2
, 4f 5

2
, 4f 7

2
: N4 = 2 + 2 + 4 + 4 + 6 + 6 + 8 = 32 .

(6.651)

Nn ïîêàçûâàåò êîëè÷åñòâî ýëåêòðîíîâ ñ ãëàâíûì êâàíòîâûì ÷èñëîì n.
Ñîãëàñíî ôîðìóëå Çîììåðôåëüäà (6.642) ýëåêòðîíû ñ îäèíàêîâûì ãëàâíûì êâàíòî-

âûì ÷èñëîì (n) è ïîëíûì óãëîâûì ìîìåíòîì (j) èìåþò îäèíàêîâóþ ýíåðãèþ. Íàïðèìåð,
ε2s 1

2

= ε2p 1
2

, ε3p 3
2

= ε3d 3
2

è ò. ä.

Ðàäèàëüíûå ôóíêöèè g(r) è f(r) 1s-ýëåêòðîíà èìåþò âèä

g1 1
2

0(r) = (2αZme)
γ+1/2

√
me + ε

2Γ(2γ + 1)me

rγe−αZmer (6.652)

f1 1
2

0(r) = −
√
me − ε
me + ε

g1 1
2

0(r) . (6.653)

Ðàññìîòðèì ðàçëè÷èå àñèìïòîòèêè ðåëÿòèâèñòñêîé è íåðåëÿòèâèñòñêîé ôóíêöèè ïðè
r → 0

ψ ∼ rγ−1 , ψ(NR) ∼ rl (6.654)

γ − 1 =
√
|κ|2 − (αZ)2 − 1 (6.655)

≈ |κ|
(

1− (αZ)2

2|κ|2

)
− 1 < l . (6.656)

ψns 1
2

∼ r−(αZ)2/2 , ψ(NR)
ns 1

2

∼ C , κ = −1 ; (6.657)

ψnp 1
2

∼ r−(αZ)2/2 , ψ(NR)
np 1

2

∼ r , κ = 1 . (6.658)

303



Ðèñ. 6.1: Ñïåêòð óðàâíåíèÿ Äèðàêà.

6.11 Óðàâíåíèå Äèðàêà ñ êóëîíîâñêèì ïîëåì. Íåïðå-

ðûâíûé ñïåêòð

Ðàññìîòðèì ðåëÿòèâèñòñêèå âîëíîâûå ôóíêöèè ýëåêòðîíà ñ îïðåäåë¼ííîé ýíåðãèåé ε,
ïîëíûì óãëîâûì ìîìåíòîì (j), åãî ïðîåêöèåé (m) è ÷¼òíîñòüþ ((−1)l). Âîëíîâóþ ôóíê-
öèþ áóäåì èñêàòü â âèäå

ψεjlm(r) =
1

r

(
gjl(r)Ωjlm(n)
ifjl(r)Ωjl′m(n)

)
. (6.659)

Âûøå ìû ïîëó÷èëè, ÷òî âîëíîâàÿ ôóíêöèÿ äèñêðåòíîãî ñïåêòðà èìååò âèä (ñì. Óð. (6.647))

g(r)
f(r)

}
= ± (2λ)1/2

Γ(2γ + 1)

[
(me ± ε)Γ(2γ + nr + 1)

4αZm2
e

λ

(
αZme
λ
− κ
)
nr!

]1/2

(2λr)γe−λr

×
{(

αZme

λ
− κ
)
F (−nr, 2γ + 1; 2λr)∓ nrF (1− nr, 2γ + 1; 2λr)

}
(6.660)
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Â ñëó÷àå äèñêðåòíîãî ñïåêòðà ýíåðãèÿ áûëà â èíòåðâàëå −mec
2 < ε < mec

2. Çäåñü íàñ
èíòåðåñóåò ñëó÷àé êîãäà ýíåðãèÿ |ε| > mec

2

λ =
√
m2
e − ε2 = i

√
ε2 −m2

e = ip , (6.661)

p =
√
ε2 −m2

e . (6.662)

Óäîáíî òàêæå ââåñòè ñëåäóþùèå ïàðàìåòðû

ξ =
αZε

p
, (6.663)

e2iη =
γ − iξ
−κ− imeξ

ε

=
−κ+ imeξ

ε

γ + iξ
. (6.664)

Âûøå, êàê óñëîâèå îáðûâàíèÿ ðÿäîâ, ìû ââîäèëè nr (ñì. Óð. (6.628))

γ − αZε

λ
= −nr ≤ 0 . (6.665)

Â ñëó÷àå íåïðåðûâíîãî ñïåêòðà ïîñëåäíèé àðãóìåíò âûðîæäåííîé ãèïåðãåîìåòðè÷åñêîé
ôóíêöèè ÷èñòî ìíèìûé è îáðûâàíèå ðÿäîâ íå òðåáóåòñÿ. Çäåñü ìû íå áóäåì èñïîëüçîâàòü
ïàðàìåòð nr

nr = −γ +
αZε

λ
= −γ − iαZε

p
= −γ − iξ , (6.666)

αZme

λ
− κ = −iαZme

p
− κ =

−κ− imeξ
ε

γ − iξ
(γ − iξ) = e−2iη(γ − iξ) . (6.667)

Ñîãëàñíî óðàâíåíèþ (6.590)

κ2 −
(
αZme

λ

)2

= γ2 −
(
αZε

λ

)2

, (6.668)

òîãäà ìû ìîæåì çàïèñàòü

κ2 +

(
αZme

p

)2

= γ2 +

(
αZε

p

)2

, (6.669)

κ2 +
m2
eξ

2

ε2
= γ2 + ξ2 . (6.670)

Ðàäèàëüíûå âîëíîâûå ôóíêöèè ïðèìóò âèä

g(r)
f(r)

}
= ±C

√
|me ± ε|(2pr)γe−ipr (6.671)

×
{
e−2iη(γ − iξ)F (γ + iξ, 2γ + 1; 2ipr) (6.672)

∓(−γ − iξ)F (1 + γ + iξ, 2γ + 1; 2ipr)} , (6.673)
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ãäå ìû ââåëè íîðìèðîâî÷íóþ êîíñòàíòó C.
Äëÿ âûðîæäåííîé ãèïåðãåîìåòðè÷åñêîé ôóíêöèè âåðíî ñëåäóþùåå ðàâåíñòâî

F (α, γ, z) = ezF (γ − α, γ,−z) . (6.674)

Ñäåëàåì òàêîå ïðåîáðàçîâàíèå äëÿ ïåðâîé âûðîæäåííîé ãèïåðãåîìåòðè÷åñêîé ôóíêöèè
â Óð. (6.673)

F (γ + iξ, 2γ + 1, 2ipr) = e2iprF (γ + 1− iξ, 2γ + 1,−2ipr) . (6.675)

g(r)
f(r)

}
= ±C

√
|me ± ε|(2pr)γe−ipr

×
{
e−2iη(γ − iξ)e2iprF (γ + 1− iξ, 2γ + 1;−2ipr)

∓ (−γ − iξ)F (γ + 1 + iξ, 2γ + 1; 2ipr)} . (6.676)

Çàïèøåì ðàäèàëüíûå ôóíêöèè ïî îòäåëüíîñòè

g(r) = C
√
|ε+me|(2pr)γe−iη

×
{

(γ + iξ)e−ipr+iηF (γ + 1 + iξ, 2γ + 1; 2ipr)

+ (γ − iξ)eipr−iηF (γ + 1− iξ, 2γ + 1;−2ipr)
}
, (6.677)

f(r) = Ci
√
|ε−me|(2pr)γe−iη

×
{

(γ + iξ)e−ipr+iηF (γ + 1 + iξ, 2γ + 1; 2ipr)

− (γ − iξ)eipr−iηF (γ + 1− iξ, 2γ + 1;−2ipr)
}
. (6.678)

Çàìåòèì, ÷òî ïåðâûå è âòîðûå ñëàãàåìûå â ôèãóðíûõ ñêîáêàõ îòëè÷àþòñÿ êîìïëåêñíûì
ñîïðÿæåíèåì.

Âîçüì¼ì â êà÷åñòâå íîðìèðîâî÷íîé êîíñòàíòû C

C =
1

2
e
πξ
2
|Γ(γ + iξ)|
Γ(2γ + 1)

ei(3η+πl
2 )
√

1

πp
, (6.679)

òîãäà ðàäèàëüíûå ôóíêöèè ïðèìóò âèä

g(r) =
1

2
e
πξ
2
|Γ(γ + iξ)|
Γ(2γ + 1)

ei(2η+πl
2 )

√
|ε+me|
πp

(2pr)γ

×
[
(γ + iξ)e−ipr+iηF (γ + 1 + iξ, 2γ + 1, 2ipr) + c.c.

]
, (6.680)

f(r) = i
1

2
e
πξ
2
|Γ(γ + iξ)|
Γ(2γ + 1)

ei(2η+πl
2 )

√
|ε−me|
πp

ε

|ε|
(2pr)γ

×
[
(γ + iξ)e−ipr+iηF (γ + 1 + iξ, 2γ + 1, 2ipr)− c.c.

]
. (6.681)

306



c.c. îçíà÷àåò êîìïëåêñíî ñîïðÿæ¼ííûé ÷ëåí.
Ïîêàæåì, ÷òî ïðè òàêîì âûáîðå íîðìèðîâî÷íîé êîíñòàíòû C âîëíîâûå ôóíêöèè ψεjlm

íîðìèðóþòñÿ íà äåëüòà-ôóíêöèþ îò ýíåðãèè êàê

〈ψεjlm|ψε′j′l′m′〉 =

∞∫
0

dr
(
g∗εjlgε′j′l′ + f ∗εjlfε′j′l′

)
= δ(ε− ε′) . (6.682)

Ðàññìîòðèì àñèìïòîòèêó âûðîæäåííîé ãèïåðãåîìåòðè÷åñêîé ôóíêöèè ïðè r →∞

F (a; c; z) ≈ Γ(c)

Γ(c− a)
(−z)−a +

Γ(c)

Γ(a)
ezza−c , |z| → ∞ . (6.683)

F (γ + 1 + iξ, 2γ + 1, 2ipr) ≈ Γ(2γ + 1)

Γ(γ − iξ)
(−2ipr)−γ−1−iξ (6.684)

+
Γ(2γ + 1)

Γ(γ + 1 + iξ)
e2ipr(2ipr)−γ+iξ . (6.685)

Ïåðâûé ÷ëåí ïðîïîðöèîíàëåí r−γ−1, à âòîðîé r−γ, ïîýòîìó ïåðâûé ÷ëåí ìîæíî îïóñòèòü

F (γ + 1 + iξ, 2γ + 1, 2ipr) ≈ Γ(2γ + 1)

(γ + iξ)|Γ(γ + iξ)|
e−i arg(Γ(γ+iξ))e2ipr(2ipr)−γ+iξ ,(6.686)

ãäå ìû ïðåîáðàçîâàëè Γ-ôóíêöèþ ñëåäóþùèì îáðàçîì

Γ(γ + 1 + iξ) = (γ + iξ)Γ(γ + iξ) (6.687)

= (γ + iξ)|Γ(γ + iξ)|ei arg(Γ(γ+iξ)) . (6.688)

Ñäåëàåì òàêæå ïðåîáðàçîâàíèå

(2ipr)−γ+iξ = (2pr)−γ (2pr)iξ i−γ+iξ = e−γ ln 2pr eiξ ln 2pr ei
π
2

(−γ+iξ) (6.689)

= e−γ ln 2pr−πξ
2 ei(−

πγ
2

+ξ ln 2pr) (6.690)

F (γ + 1 + iξ, 2γ + 1, 2ipr) ≈ Γ(2γ + 1)

(γ + iξ)|Γ(γ + iξ)|
e−γ ln 2pr−πξ

2 (6.691)

×ei(2pr−πγ
2

+ξ ln 2pr)−i arg(Γ(γ+iξ)) . (6.692)

Ââåäåì âåëè÷èíó δ

δ = η − πγ

2
− arg(Γ(γ + iξ)) . (6.693)
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Òîãäà ðàäèàëüíûå ôóíêöèè çàïèøóòñÿ êàê (r →∞)

g(r) ≈ 1

2
ei(2η+πl

2 )
√
ε+me

πp

[
ei(pr+δ+ξ ln 2pr) + c.c.

]
,

f(r) ≈ i
1

2
ei(2η+πl

2 )
√
ε−me

πp

[
ei(pr+δ+ξ ln 2pr) − c.c.

]
.

g(r) ≈ ei(2η+πl
2 )
√
ε+me

πp
cos(pr + δ + ξ ln 2pr) ,

f(r) ≈ −ei(2η+πl
2 )
√
ε−me

πp
sin(pr + δ + ξ ln 2pr) .

Âîñïîëüçóåìñÿ ôîðìóëîé (5.666)

∞∫
0

dr sin (pr) sin (p′r) =
π

2
δ(p− p′) , p > 0 , p′ > 0 . (6.694)

Ig ≈
∞∫

0

dr cos(pr + δ + ξ ln 2pr) cos(p′r + δ + ξ ln 2p′r) (6.695)

≈
∞∫

0

dr cos(pr) cos(p′r) =
π

2
δ(p− p′) =

πp

2ε
δ(ε− ε′) , (6.696)

If ≈
∞∫

0

dr sin(pr + δ + ξ ln 2pr) sin(p′r + δ + ξ ln 2p′r) (6.697)

=
πp

2ε
δ(ε− ε′) . (6.698)

〈ψεjlm|ψε′j′l′m′〉 =

∫
dr
(
g∗εjlgε′j′l′ + f ∗εjlfε′j′l′

)
(6.699)

=
(ε+me)

πp

πp

2ε
δ(ε− ε′) +

(ε−me)

πp

πp

2ε
δ(ε− ε′) = δ(ε− ε′) (6.700)

Ôóíêöèè ψεjlm è ψε′j′l′m′ îðòîãîíàëüíû äëÿ ðàçëè÷íûõ êâàíòîâûõ ÷èñåë, òàê êàê îíè ñîá-
ñòâåííûå ôóíêöèè ñîîòâåòñòâóþùèõ ýðìèòîâñêèõ îïåðàòîðîâ. Íàì íàäî áûëî âûÿñíèòü
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êàê èìåííî ðàñõîäÿòñÿ ýòè èíòåãðàëû ïðè p = p′ è ε = ε′ ïðè r → ∞, ïîýòîìó ìû
çàìåíèëè òî÷íûå ôóíêöèè èõ àñèìïòîòèêàìè.

Ìû èñïîëüçîâàëè ñâîéñòâà äåëüòà-ôóíêöèè (ñì. Óð. (2.270))

δ(ε− ε′) = δ
(√

m2
e + p2 −

√
m2
e + p′2

)
=

1∣∣∣ ddp√m2
e + p2

∣∣∣δ(p− p′) (6.701)

=
ε

p
δ(p− p′) . (6.702)

Çàìåòèì, ÷òî ýòî ñîîòíîøåíèå îòëè÷àåòñÿ îò àíàëîãè÷íîãî ñîîòíîøåíèÿ â íåðåëÿòèâèñò-
ñêîì ñëó÷àå (ñì. Óð. (5.674)).

Ïðèâåä¼ì (áåç äîêàçàòåëüñòâà) âûðàæåíèå äëÿ âîëíîâîé ôóíêöèè ýëåêòðîíà ñ îïðå-
äåë¼ííûì çíà÷åíèåì èìïóëüñà (p) è ïðîåêöèåé ñïèíà (µ) íà íàïðàâëåíèå èìïóëüñà â
àñèìïòîòèêå r →∞ (ñì. ïàðàãðàô 5.15, Óð. (5.738), (5.739), (5.765))

ψ(±)Z
ε,pµ (r) =

(2π)3/2√
p|ε|

∑
jlm

[Ω+
jlm(ν)vµ(ν)]eiφ

(±)Z
εjl il ψZεjlm(r) , (6.703)

〈ψ(±)Z
ε,pµ |ψ

(±)Z
ε′,p′µ′〉 = (2π)3δ3(p− p′)δµµ′ , (6.704)

ãäå ν = p
p
,

1

2
σνvµ(ν) = µvµ(ν) , (6.705)

v+
µ (ν)vµ(ν) = 1 . (6.706)

Êóëîíîâñêèå ôàçû èìåþò âèä

φ
(+)Z
εjl = −πγ

2
− arg Γ(γ + iξ) +

π(l + 1)

2
, (6.707)

φ
(−)Z
εjl = −2ηZεjl −

(
−πγ

2
− arg Γ(γ + iξ) +

π(l + 1)

2

)
. (6.708)
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Ãëàâà 7

Ïðèáëèæ¼ííûå ìåòîäû â êâàíòîâîé

ìåõàíèêå

11.02.2022

7.1 Ñòàöèîíàðíàÿ òåîðèÿ âîçìóùåíèé

Ðàññìîòðèì ñòàöèîíàðíîå óðàâíåíèå Øð¼äèíãåðà

ĤΨn = EnΨn , (7.1)

ãäå ãàìèëüòîíèàí çàäàí â âèäå

Ĥ = Ĥ0 + V̂ . (7.2)

Îïåðàòîð V̂ ïðåäïîëàãàåì ìàëûì â ñìûñëå

V̂ = λĤ1 , λ→ 0 , (7.3)

ãäå îïåðàòîð Ĥ1 îò λ íå çàâèñèò.
Ìû áóäåì ïðåäïîëàãàòü, ÷òî îá îïåðàòîðå Ĥ0 ìû âñ¼ çíàåì. Ìû çíàåì åãî ñïåêòð {εi}

è ñîáñòâåííûå ôóíêöèè {φi}

Ĥ0φi = εiφi , (7.4)

〈φi|φi′〉 = δii′ . (7.5)

Äëÿ êðàòêîñòè èçëîæåíèÿ áóäåì ïðåäïîëàãàòü, ÷òî âåñòü ñïåêòð íåâîçìóù¼ííîãî ãàìèëü-
òîíèàíà äèñêðåòíûé.

Îïåðàòîð V̂ íàçûâàþò âîçìóùåíèåì, îïåðàòîð Ĥ0 íàçûâàþò íåâîçìóù¼ííûì ãàìèëü-
òîíèàíîì, λ � ïàðàìåòð ìàëîñòè.
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Íàøà çàäà÷à ñîñòîèò â ïîèñêå ïðèáëèæ¼ííîãî ðåøåíèÿ Óð. (7.81): ïîèñê ïðèáëè-
æ¼ííîé ñîáñòâåííîé ôóíêöèè {Ψn} è ñîáñòâåííîãî çíà÷åíèÿ (ýíåðãèè) {En} äëÿ êàêîãî-
òî ôèêñèðîâàííîãî n. Äëÿ ýòîãî áóäåì èñïîëüçîâàòü îñîáûé ìåòîä � òåîðèþ âîçìóùå-
íèé (pertubation theory). Áóäåì èñêàòü ñîáñòâåííóþ ôóíêöèþ è ñîáñòâåííîå çíà÷åíèå
Óð. (7.81) â âèäå ðÿäà òåîðèè âîçìóùåíèé

En = E(0)
n + ∆E(1)

n + ∆E(2)
n + . . . (7.6)

= e(0)
n + λe(1)

n + λ2e(2)
n + . . . , (7.7)

Ψn = Ψ(0)
n + ∆Ψ(1)

n + ∆Ψ(2)
n + . . . (7.8)

= ψ(0)
n + λψ(1)

n + λ2ψ(2)
n + . . . . (7.9)

×ëåíû ðÿäà òåîðèè âîçìóùåíèé èìåþò âèä

∆E(k)
n = λke(k)

n , (7.10)

∆Ψ(k)
n = λkψ(k)

n , (7.11)

ãäå e
(k)
n è ψ

(k)
n íå çàâèñÿò îò λ. Èõ íàçûâàþò ïîïðàâêàìè k-îãî ïîðÿäêà ê ýíåðãèè è

ñîáñòâåííîé ôóíêöèè (èëè ïðîñòî k-ìè ïîïðàâêàìè), ñîîòâåòñòâåííî.
Ïîäñòàâèì ôóíêöèþ Ψn è ýíåðãèþ En â âèäå ðÿäà òåîðèè âîçìóùåíèé â Óð. (7.81)

ĤΨn = EnΨn , (7.12)

(Ĥ0 + λĤ1)Ψn = EnΨn , (7.13)

(Ĥ0 − En)Ψn = −λĤ1Ψn , (7.14)(
Ĥ0 − e(0)

n − λe(1)
n − λ2e(2)

n + . . .
)

Ψn = −λĤ1Ψn . (7.15)(
Ĥ0 − e(0)

n

)
Ψn = −

(
λĤ1 − λe(1)

n − λ2e(2)
n + . . .

)
Ψn . (7.16)(

Ĥ0 − e(0)
n

) (
ψ(0)
n + λψ(1)

n + λ2ψ(2)
n + . . .

)
= −

(
λĤ1 − λe(1)

n − λ2e(2)
n + . . .

)
(7.17)

×
(
ψ(0)
n + λψ(1)

n + λ2ψ(2)
n + . . .

)
. (7.18)

Âûäåëèì ÷ëåíû ñ îäèíàêîâûìè ñòåïåíÿìè λ

λ0 :
(
Ĥ0 − e(0)

n

)
ψ(0)
n = 0 , (7.19)

λ1 :
(
Ĥ0 − e(0)

n

)
ψ(1)
n = −

(
Ĥ1 − e(1)

n

)
ψ(0)
n , (7.20)

λ2 :
(
Ĥ0 − e(0)

n

)
ψ(2)
n = −

(
Ĥ1 − e(1)

n

)
ψ(1)
n + e(2)

n ψ(0)
n , (7.21)

· · · · · · · · · · · · · · · · · · · · · · · · (7.22)

λk :
(
Ĥ0 − e(0)

n

)
ψ(k)
n = −

(
Ĥ1 − e(1)

n

)
ψ(k−1)
n +

k∑
i=2

e(i)
n ψ

(k−i)
n (7.23)

· · · · · · · · · · · · · · · · · · · · · · · · (7.24)
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Çàìåòèì, ÷òî óðàâíåíèþ (7.19) óäîâëåòîðÿþò ñîáñòâåííûå ôóíêöèè íåâîçìóù¼ííîãî
ãàìèëüòîíèàíà (ñì. Óð. (7.4))

Ψ(0)
n = ψ(0)

n = φn . (7.25)

Ñîîòâåòñòâåííî,

E(0)
n = e(0)

n = εn . (7.26)

Çàìåòèì, ÷òî â âèäó ýðìèòîâîñòè îïåðàòîðà Ĥ0 ôóíêöèè, ñòîÿùèå â ïðàâûõ è ëåâûõ
÷àñòÿõ Óð. (7.19)�(7.24) îðòîãîíàëüíû ôóíêöèè ψ

(0)
n . Äåéñòâèòåëüíî,

〈ψ(0)
n |
(
Ĥ0 − e(0)

n

)
ψ(k)
n 〉 = 〈

(
Ĥ0 − e(0)

n

)
ψ(0)
n |ψ(k)

n 〉 = 〈0|ψ(k)
n 〉 = 0 . (7.27)

Ðàññìîòðèì ñêàëÿðíîå ïðîèçâåäåíèå Óð. (7.20) ñ 〈ψ(0)
n |

〈ψ(0)
n |
(
Ĥ0 − e(0)

n

)
ψ(1)
n 〉 = −〈ψ(0)

n |
(
Ĥ1 − e(1)

n

)
ψ(0)
n 〉 , (7.28)

0 = −〈ψ(0)
n |Ĥ1|ψ(0)

n 〉+ e(1)〈ψ(0)
n |ψ(0)

n 〉 (7.29)

Ïîëó÷àåì âûðàæåíèå äëÿ e
(1)
n

e(1)
n = 〈ψ(0)

n |Ĥ1|ψ(0)
n 〉 = 〈φn|Ĥ1|φn〉 (7.30)

è, ñîîòâåòñòâåííî, ïåðâàÿ ïîïðàâêà ê ýíåðãèè èìååò âèä

∆E(1)
n = λe(1)

n = 〈φn|λĤ1|φn〉 = 〈φn|V̂ |φn〉 . (7.31)

Ìû èñïîëüçîâàëè îïðåäåëåíèå V̂ = λĤ1 (ñì. Óð. (7.83)). Ìû ïîëó÷èëè, ÷òî ïåðâàÿ ïî-
ïðàâêà ê ýíåðãèè çà ñ÷¼ò âîçìóùåíèÿ V̂ åñòü ñðåäíåå çíà÷åíèå îò âîçìóùåíèÿ íà íåâîç-
ìóù¼ííîé ôóíêöèè.

Íàéä¼ì òåïåðü ïåðâóþ ïîïðàâêó ê âîëíîâîé ôóíêöèè

∆Ψ(1)
n = λψ(1)

n . (7.32)

Ψn = Ψ(0)
n + ∆Ψ(1)

n + O
(
λ2
)
. (7.33)

Âîëíîâóþ ôóíêöèþ Ψn óäîáíî íîðìèðîâàòü ñëåäóþùèì îáðàçîì

〈Ψn|Ψ(0)
n 〉 = 〈Ψn|φn〉 = 1 . (7.34)

Ïåðâóþ ïîïðàâêó ê âîëíîâîé ôóíêöèè áóäåì èñêàòü â âèäå

ψ(1)
n =

∑
i

ciφi . (7.35)
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1 = 〈Ψn|Ψ(0)
n 〉 = 〈Ψ(0)

n |φn〉+ 〈∆Ψ(1)
n |φn〉 = 〈φn|φn〉+ λ〈ψ(1)

n |φn〉 (7.36)

= 1 + λ
∑
i

ci〈φi|φn〉 = 1 + λcn , (7.37)

cn = 0 . (7.38)

Ìû ïîëó÷àåì, ÷òî èç óñëîâèÿ íîðìèðîâêè (7.34) ñëåäóåò, ÷òî ÷ëåí i = n â ðàçëîæåíèè
(7.35) îòñóòñòâóåò

ψ(1)
n =

∑
i 6=n

ciφi . (7.39)

Çàìåòèì, ÷òî

〈ψ(0)
n |ψ(1)

n 〉 = 0 . (7.40)

Ðàññìîòðèì ÷åìó ðàâíà ñòàíäàðòíàÿ íîðìèðîâêà ôóíêöèè Ψn Óð. (7.33)

〈Ψn|Ψn〉 = 〈Ψ(0)
n + ∆Ψ(1)

n |Ψ(0)
n + ∆Ψ(1)

n 〉+ O
(
λ2
)

(7.41)

= 〈ψ(0)
n + λψ(1)

n |ψ(0)
n + λψ(1)

n 〉+ O
(
λ2
)

(7.42)

= 〈ψ(0)
n |ψ(0)

n 〉+ 〈ψ(0)
n |λψ(1)

n 〉+ 〈λψ(1)
n |ψ(0)

n 〉+ O
(
λ2
)

(7.43)

= 1 + O
(
λ2
)
. (7.44)

Ïîëó÷àåì, ÷òî ñ òî÷íîñòüþ äî ïîïðàâîê O (λ2) ôóíêöèÿ Ψn íîðìèðîâàíà íà åäèíèöó.

×òîáû íàéòè êîýôôèöèåíòû ðàçëîæåíèÿ (7.39) ïîäñòàâèì ôóíêöèþ ψ
(1)
n â Óð. (7.20)(

Ĥ0 − e(0)
n

)
ψ(1)
n = −

(
Ĥ1 − e(1)

n

)
ψ(0)
n , (7.45)∑

i 6=n

ci

(
Ĥ0 − εn

)
φi = −

(
Ĥ1 − e(1)

n

)
φn , (7.46)

∑
i 6=n

ci (εi − εn)φi = −
(
Ĥ1 − e(1)

n

)
φn . (7.47)

Âîçüì¼ì ñêàëÿðíîå ïðîèçâåäåíèå ïîñëåäíåãî ðàâåíñòâà ñ ôóíêöèåé 〈φj|, ãäå j 6= n,

〈φj|
∑
i 6=n

ci (εi − εn)φi〉 = −〈φj|
(
Ĥ1 − ε(1)

n

)
φn〉 , (7.48)∑

i 6=n

ci (εi − εn) 〈φj|φi〉 = −〈φj|Ĥ1|φn〉+ ε(1)
n 〈φj|φn〉 , (7.49)

cj (εj − εn) = −〈φj|Ĥ1|φn〉 . (7.50)
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Ìû èñïîëüçîâàëè, ÷òî

〈φj|φi〉 = δji , (7.51)

〈φj|φn〉 = 0 , j 6= n . (7.52)

Âîñïîëüçóåìñÿ òåì, ÷òî ìû ðàññìàòðèâàåì ñëó÷àé êîãäà óðîâåíü ýíåðãèè (ñîáñòâåííîå
çíà÷åíèå) εn íåâûðîæäåíî. Òîãäà, ìû ìîæåì çàïèñàòü âûðàæåíèå äëÿ êîýôôèöèåíòîâ cj

cj =
〈φj|Ĥ1|φn〉
εn − εj

, j 6= n . (7.53)

Ôóíêöèÿ ψ
(1)
n èìååÿ âèä

ψ(1)
n =

∑
i 6=n

〈φi|Ĥ1|φn〉
εn − εi

φi . (7.54)

Ïåðâàÿ ïîïðàâêà ê âîëíîâîé ôóíêöèè èìååò âèä

∆Ψ(1)
n = λψ(1)

n =
∑
i 6=n

〈φi|λĤ1|φn〉
εn − εi

φi =
∑
i 6=n

〈φi|V̂ |φn〉
εn − εi

φi . (7.55)

Ψn = Ψ(0)
n + ∆Ψ(1)

n + O
(
λ2
)
. (7.56)

Íàéä¼ì âòîðóþ ïîïðàâêó ê ýíåðãèè. Ðàññìîòðèì Óð. (7.21)(
Ĥ0 − e(0)

n

)
ψ(2)
n = −

(
Ĥ1 − e(1)

n

)
ψ(1)
n + e(2)

n ψ(0)
n . (7.57)

Âîçüì¼ì ñêàëÿðíîå ïðîèçâåäåíèå ýòîãî óðàâíåíèÿ ñ ôóíêöèåé 〈ψ(0)
n | . Ïðè ýòîì ó÷ò¼ì,

÷òî ëåâàÿ ÷àñòü Óð. (7.21) îðòîãîíàëüíà ôóíêöèè 〈ψ(0)
n |. Ïîëó÷èì òàêîå óðàâíåíèå

0 = −〈ψ(0)
n |Ĥ1|ψ(1)

n 〉+ e(1)
n 〈ψ(0)

n |ψ(1)
n 〉+ e(2)

n 〈ψ(0)
n |ψ(0)

n 〉 . (7.58)

Âîñïîëüçóåìñÿ Óð. (7.40) è òåì, ÷òî ôóíêöèÿ ψ
(0)
n íîðìèðîâàíà íà åäèíèöó

0 = −〈ψ(0)
n |Ĥ1|ψ(1)

n 〉+ e(2)
n . (7.59)

Ïîëó÷àåì, ÷òî

e(2)
n = 〈ψ(0)

n |Ĥ1|ψ(1)
n 〉 = 〈φn|Ĥ1|ψ(1)

n 〉 . (7.60)
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∆E(2)
n = λ2e(2)

n = 〈φn|λĤ1|λψ(1)
n 〉 (7.61)

= 〈φn|V̂ |∆Ψ(1)
n 〉 . (7.62)

Çàìåòèì, ÷òî, ÷òîáû ïîëó÷èòü ïîïðàâêó âòîðîãî ïîðÿäêà ê ýíåðãèè, äîñòàòî÷íî çíàòü
íóëåâóþ è ïåðâóþ ïîïðàâêó ê âîëíîâîé ôóíêöèè.

Èñïîëüçóÿ âûøå ïîëó÷åííîå âûðàæåíèå äëÿ ∆Ψ
(1)
n (ñì. Óð. (7.55)), ïîëó÷àåì

∆E(2)
n = 〈φn|V̂ |∆Ψ(1)

n 〉 (7.63)

=
∑
i 6=n

〈φn|V̂ |φi〉〈φi|V̂ |φn〉
εn − εi

. (7.64)

Èñïîëüçóÿ ýðìèòîâîñòü îïåðàòîðà âîçìóùåíèÿ (V̂ ), ìû ìîæåì íàïèñàòü

〈φn|V̂ |φi〉 = 〈φi|V̂ |φn〉∗ . (7.65)

Òîãäà âûðàæåíèå äëÿ âòîðîé ïîïðàâêè ê ýíåðãèè ïðèìåò âèä

∆E(2)
n =

∑
i 6=n

∣∣∣〈φi|V̂ |φn〉∣∣∣2
εn − εi

. (7.66)

Ñõîäèìîñòü ðÿäà òåîðèè âîçìóùåíèé. Ðÿä òåîðèè âîçìóùåíèé (áûñòðî) ñõîäèòñÿ åñëè

|∆E(K)
n | � |∆E(K+1)

n | , (7.67)

|∆Ψ(K)
n | � |∆Ψ(K+1)

n | . (7.68)

Ýòî áóäåò èìåòü ìåñòî, åñëè ∣∣∣∣∣〈φi|V̂ |φn〉εn − εi

∣∣∣∣∣ � 1 , ∀i 6= n . (7.69)

Çàìå÷àíèå: äëÿ ïðîñòîòû èçëîæåíèÿ ìû ðàññìàòðèâàëè ïðåäåë λ → 0 äëÿ ðåàëüíûõ
âîçìóùåíèÿõ λ êîíå÷íî.

ĤΨn = (Ĥ0 + V̂ )Ψn = EnΨn . (7.70)

Ĥ0φi = εiφi , {φi} , {εi} . (7.71)
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Ψn = Ψ(0)
n + ∆Ψ(1)

n + O
(
λ2
)
, (7.72)

Ψ(0)
n = φn , (7.73)

∆Ψ(1)
n =

∑
i 6=n

〈φi|V̂ |φn〉
εn − εi

φi , (7.74)

〈Ψn|Ψ(0)
n 〉 = 〈Ψn|φn〉 = 1 , (7.75)

〈Ψn|Ψn〉 = 1 + O
(
λ2
)
. (7.76)

En = E(0)
n + ∆E(1)

n + ∆E(2)
n + O

(
λ3
)
, (7.77)

E(0)
n = εn , (7.78)

∆E(1)
n = 〈φn|V̂ |φn〉 , (7.79)

∆E(2)
n =

∑
i 6=n

〈φn|V̂ |φi〉〈φi|V̂ |φn〉
εn − εi

. (7.80)

7.2 Êâàçèâûðîæäåííàÿ ñòàöèîíàðíàÿ òåîðèÿ âîçìóùå-

íèé

Ìû ðàññìàòðèâàåì ñòàöèîíàðíîå óðàâíåíèå Øð¼äèíãåðà

ĤΨn = EnΨn , (7.81)

ãäå ãàìèëüòîíèàí çàäàí â âèäå

Ĥ = Ĥ0 + V̂ . (7.82)

Îïåðàòîð V̂ ïðåäïîëàãàåì ìàëûì â ñìûñëå

V̂ = λĤ1 , λ→ 0 , (7.83)

ãäå îïåðàòîð Ĥ1 îò λ íå çàâèñèò.
Îïåðàòîð V̂ íàçûâàþò âîçìóùåíèåì, îïåðàòîð Ĥ0 íàçûâàþò íåâîçìóù¼ííûì ãàìèëü-

òîíèàíîì, λ � ïàðàìåòð ìàëîñòè.
Ìû áóäåì ïðåäïîëàãàòü, ÷òî îá îïåðàòîðå Ĥ0 ìû âñ¼ çíàåì. Ìû çíàåì åãî ñïåêòð {εi}

è ñîáñòâåííûå ôóíêöèè {φi}

Ĥ0φi = εiφi , (7.84)

〈φi|φi′〉 = δii′ . (7.85)
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Äëÿ êðàòêîñòè èçëîæåíèÿ áóäåì ïðåäïîëàãàòü, ÷òî âåñòü ñïåêòð íåâîçìóù¼ííîãî ãàìèëü-
òîíèàíà äèñêðåòíûé.

Ðàññìîòðèì ñëó÷àé, êîãäà ó íåâûðîæäåííîãî ãàìèëüòîíèàíà èìåþòñÿ äâà áëèçêèõ
óðîâíÿ

ε1 ≈ ε2 (7.86)

è íàñ èíòåðåñóþò ýíåðãèè ïîëíîãî ãàìèëüòîíèàíà (Ĥ), ñîîòâåòñòâóþùèå ýòèì ïðèáëè-
æ¼ííûì óðîâíÿì ýíåðãèè

E1 = ε1 + O (λ) , (7.87)

E2 = ε2 + O (λ) . (7.88)

Äîïóñòèì, ÷òî ýòè óðîâíè íàñòîëüêî áëèçêè, ÷òî ïðè ôèêñèðîâàííîì ïàðàìåòðå ìàëîñòè
λ ðÿä òåîðèè âîçìóùåíèé èëè ðàñõîäèòñÿ èëè ñõîäèòñÿ ìåäëåííî. Â ðåàëüíûõ àòîìíûõ
ðàñ÷¼òàõ ìû îáû÷íî îãðàíè÷èâàåìñÿ ðàññìîòðåíèåì ïåðâûõ, âòîðûõ è èíîãäà òðåòüèõ
ïîïðàâîê ê ýíåðãèè, ïîýòîìó áûñòðàÿ ñõîäèìîñòü ðÿäà òåîðèè âîçìóùåíèé î÷åíü âàæíà.

Îãðàíè÷èìñÿ ñëó÷àåì, êîãäà ó íàñ òîëüêî äâà êâàçèâûðîæäåííûõ óðîâíÿ, è ïóñòü ýòè
óðîâíè èìåþò íîìåðà 1 è 2.

Âûðàæåíèÿ äëÿ âòîðûõ ïîïðàâîê ê ýíåðãèè èìåþò âèä (äëÿ n = 1) (7.63)

∆E
(2)
1 =

∑
i 6=1

〈φ1|V̂ |φi〉〈φi|V̂ |φ1〉
ε1 − εi

. (7.89)

Òàê êàê i ïðîáåãàåò ïî âñåì ñîáñòâåííûì çíà÷åíèÿì íåâîçìóù¼ííîãî ãàìèëüòîíèàíà (Ĥ0)
êðîìå i = α, îí, â ÷àñòíîñòè, ìîæåò ðàâíÿòüñÿ i = 2. Â ýòîì ñëó÷àå çíàìåíàòåëü (ε1− εi)
ñòàíåò ìàëåíüêèì, ÷òî ïðèâåä¼ò ê íåïðèìåíèìîñòè òåîðèè âîçìóùåíèé, ðàññìîòðåííîé
âûøå.

Òàê êàê ó íàñ òîëüêî äâà êâàçèâûðîæäåííûõ óðîâíÿ ïðîáëåìíûå ÷ëåíû èìåþò âèä

∆E
(2)
1 =

〈φ1|V̂ |φ2〉〈φ2|V̂ |φ1〉
ε1 − ε2

, (7.90)

∆E
(2)
2 =

〈φ2|V̂ |φ1〉〈φ1|V̂ |φ2〉
ε2 − ε1

. (7.91)

Èäåÿ êâàçèâûðîæäåííîé òåîðèè âîçìóùåíèé çàêëþ÷àåòñÿ â òîì, ÷òîáû çàíóëèòü ÷èñ-
ëèòåëè ó ïðîáëåìíûõ ÷ëåíîâ, òîãäà ìàëîñòü çíàìåíàòåëåé íå áóäåò èãðàòü ðîëè.

×òîáû ðåàëèçîâàòü ýòó èäåþ, âîñïîëüçóåìñÿ ìàòðè÷íûì ïðåäñòàâëåíèåì äëÿ îïåðà-
òîðîâ Ĥ, Ĥ0 è V̂ (ñì. ïàðàãðàô 3.16). Óêàçàííûå îïåðàòîðû ñíà÷àëà áóäåì ðàññìàòðèâàòü
â áàçèñå ñîáñòâåííûõ ôóíêöèé îïåðàòîðà Ĥ0, ôóíêöèé {φi}.

Ïðåäñòàâèì áåñêîíå÷íóþ ìàòðèöó, îòâå÷àþùóþ îïåðàòîðó Ĥ, â áëî÷íîì âèäå

H =

(
H(11) H(12)

H(21) H(22)

)
, (7.92)
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ãäå H(11) � ìàòðèöà ðàçìåðíîñòè 2× 2

H(11) =

(
〈φ1|Ĥ|φ1〉 〈φ1|Ĥ|φ2〉
〈φ2|Ĥ|φ1〉 〈φ2|Ĥ|φ2〉

)
(7.93)

(H(11))i,j = 〈φi|Ĥ|φj〉 , i = 1, 2 ; j = 1, 2 , (7.94)

H(12) � ìàòðèöà ðàçìåðíîñòè 2×∞

(H(12))i,j = 〈φi|Ĥ|φj〉 , i = 1, 2 ; j = 3, . . . ,∞ , (7.95)

H(21) � ìàòðèöà ðàçìåðíîñòè ∞× 2

(H(21))i,j = 〈φi|Ĥ|φj〉 , i = 3, . . . ,∞ ; j = 1, 2 , (7.96)

H(22) � ìàòðèöà ðàçìåðíîñòè ∞×∞

(H(22))i,j = 〈φi|Ĥ|φj〉 , i = 3, . . . ,∞ ; j = 3, . . . ,∞ . (7.97)

Â òàêîì æå âèäå ïðåäñòàâèì îïåðàòîðû Ĥ0 è V̂

H0 =

(
H

(11)
0 H

(12)
0

H
(21)
0 H

(22)
0

)
=

(
H

(11)diag
0 0

0 H
(22)diag
0

)
. (7.98)

Ìàòðèöà H0 â áàçèñå {φi} ÿâëÿåòñÿ äèàãîíàëüíî ìàòðèöåé

(H0)ij = εi δij . (7.99)

Èíäåñîì diag ÿ ïîìåòèë, ÷òî ñîîòâåòñòâóþùàÿ ìàòðèöà ÿâëÿåòñÿ äèàãîíàëüíîé.

V =

(
V (11) V (12)

V (21) V (22)

)
. (7.100)

Òîãäà ìàòðèöà H ìîæíî çàïèñàòü êàê

H =

(
H

(11)diag
0 + V (11) V (12)

V (21) H
(22)diag
0 + V (22)

)
. (7.101)

Ðàçîáü¼ì ìàòðèöó H íà äâå ìàòðèöû ñëåäóþùèì îáðàçîì

H =

(
H

(11)diag
0 + V (11) 0

0 H
(22)diag
0

)
+

(
0 V (12)

V (21) V (22)

)
(7.102)

= H̃0 + Ṽ . (7.103)
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H̃0 =

(
H

(11)diag
0 + V (11) 0

0 H
(22)diag
0

)
=

(
H̃

(11)
0 0

0 H
(22)diag
0

)
, (7.104)

Ṽ =

(
0 V (12)

V (21) V (22)

)
. (7.105)

Îïåðàòîðû, ñîîòâåòñòâóþùèå ýòèì ìàòðèöàì, áóäåì îáîçíà÷àòü ˆ̃H0 è
ˆ̃V .

Íàéä¼ì ñîáñòâåííûå ôóíêöèè îïåðàòîðà ˆ̃H0

ˆ̃H0ϕi = εiϕi . (7.106)

Ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ĥ0 {φi} ñ íîìåðàìè i ≥ 3 ÿâëÿþòñÿ òàêæå ñîáñòâåí-

íûìè äëÿ îïåðàòîðà ˆ̃H0

ϕi = φi , i = 3, 4, . . . , (7.107)

εi = εi , i = 3, 4, . . . . (7.108)

Îñòàâøèåñÿ äâå ñîáñòâåííûå ôóíêöèè ÿâëÿþòñÿ ëèíåéíîé êîìáèíàöèåé ôóíêöèé φ1

è φ2

ϕ1 = b11φ1 + b21φ2 , (7.109)

ϕ2 = b12φ1 + b22φ2 . (7.110)

Ýòî ÿâëÿåòñÿ ñëåäñòâèåì òîãî, ÷òî ëþáàÿ ýðìèòîâñêàÿ ìàòðèöà ðàçìåðíîñòè n×n èìååò
n øòóê ñîáñòâåííûõ âåêòîðîâ. Èëè, ÷òî òî æå ñàìîå, ëþáàÿ ýðìèòîâñêàÿ ìàòðèöà ìîæåò
áûòü ïðèâåäåíà ê äèàãîíàëüíîìó âèäó ïðåîáðàçîâàíèåì ïîäîáèÿ

B+H̃
(11)
0 B = B+(H

(11)diag
0 + V (11))B =

(
ε1 0
0 ε2

)
, (7.111)

B+B = I . (7.112)

Êîýôôèöèåíòû bij â Óð. (7.109), (7.110) åñòü ýëåìåíòû ìàòðèöû B

B =

(
b11 b12

b21 b22

)
. (7.113)

Òàê êàê áëîê (11) ÿâëÿåòñÿ êîíå÷íîé ìàòðèöåé (ó íàñ ìàòðèöà 2× 2), ìàòðèöà B ìîæåò
áûòü ëåãêî íàéäåíà àíàëèòè÷åñêè èëè ÷èñëåííî.

Ðàññìîòðèì òåïåðü îïåðàòîðû ˆ̃H0 è Ṽ â áàçàñå ôóíêöèé {ϕi}

H̃0 =

(
(H

(11)
0 + V (11))diag 0

0 H
(22)diag
0

)
, (7.114)

(H̃0)ij = δijεi , (7.115)
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Ṽ =

(
0 V (12)

V (21) V (22)

)
, (7.116)

(Ṽ )ij =

{
0 , åñëè i, j = 1, 2

〈ϕi|V̂ |ϕj〉 , èíà÷å
. (7.117)

Çäåñü âàæíî, ÷òî ìàòðèöà H̃0 äèàãîíàëüíà, è ÷òî áëîê (11) ó ìàòðèöû Ṽ ðàâåí íóëþ
(V (11) = 0).

Ïîïðàâêè ê âîëíîâîé ôóíêöèè è ê ýíåðãèè â áàçèñå ôóíêöèé {ϕi} ïðèìóò âèä (α =
1, 2)

Ψα = Ψ(0)
α + ∆Ψ(1)

α + O
(
λ2
)
, (7.118)

Ψ(0)
α = ϕα , (7.119)

∆Ψ(1)
α =

∑
i 6=1,2

〈ϕi|V̂ |ϕα〉
εα − εi

ϕi . (7.120)

Eα = E(0)
α + ∆E(1)

α + ∆E(2)
α + O

(
λ3
)
, (7.121)

E(0)
α = εα , (7.122)

∆E(1)
α = 0 , (7.123)

∆E(2)
α =

∑
i 6=1,2

〈ϕα|V̂ |ϕi〉〈ϕi|V̂ |ϕα〉
εα − εi

. (7.124)

Ìû ïîëó÷èëè ðÿä òåîðèè âîçìóùåíèé, ãäå ÷ëåíû ñ ìàëûìè çíàìåíàòåëÿìè îòñóòñòâó-
þò.

Çàìå÷àíèå: ìû ìîæåì ôîðìàëüíî çàïèñàòü ðÿä òåîðèè âîçìóùåíèé äëÿ áëîêà (11)
â áàçèñå {φi}. Ðÿä áóäåò ðàñõîäÿùèìñÿ (èëè ìåäëåííî ñõîäÿùèìñÿ). Êàæäûé ÷ëåí òåî-
ðèè âîçìóùåíèé îïèñûâàåò âçàèìîäåéñòâèå ìåæäó ñîñòîÿíèÿìè 1 è 2 â ñîîòâåòñòâóþùåì
ïîðÿäêå. Ãîâîðÿò, ÷òî, êîãäà ìû äèàãîíàëèçóåì áëîê (11) òî÷íî (÷èñëåííî èëè àíàëèòè-
÷åñêè) èëè ïåðåõîäèì îò áàçèñà {φi} ê áàçèñó {ϕi}, ìû ó÷èòûâàåì âçàèìîäåéñòâèå ìåæäó
ñîñòîÿíèÿìè 1 è 2 âî âñåõ ïîðÿäêàõ òåîðèè âîçìóùåíèé. Òàêæå ãîâîðÿò, ÷òî ýòî âçàèìî-
äåéñòâèå ó÷òåíî íåïåðòóðáàòèâíî.

7.3 Íèçøèé ïîðÿäîê òåîðèè âîçìóùåíèé äëÿ ñëó÷àÿ

äâóõ êâàçèâûðîæäåííûõ óðîâíåé

18.02.2022

Êàê è â ïðåäûäóùèõ äâóõ ïàðàãðàôàõ ìû ðàññìàòðèâàåì çàäà÷ó, äëÿ ðåøåíèÿ êîòîðîé
ìû ìîæåì ïðèìåíÿòü òåîðèþ âîçìóùåíèé.
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Ìû ðàññìàòðèâàåì ñòàöèîíàðíîå óðàâíåíèå Øð¼äèíãåðà

ĤΨn = EnΨn , (7.125)

ãäå ãàìèëüòîíèàí çàäàí â âèäå

Ĥ = Ĥ0 + V̂ . (7.126)

Îïåðàòîð V̂ ïðåäïîëàãàåì ìàëûì â ñìûñëå

V̂ = λĤ1 , λ→ 0 , (7.127)

ãäå îïåðàòîð Ĥ1 îò λ íå çàâèñèò. Îïåðàòîð V̂ íàçûâàþò âîçìóùåíèåì, îïåðàòîð Ĥ0 íà-
çûâàþò íåâîçìóù¼ííûì ãàìèëüòîíèàíîì, λ � ïàðàìåòð ìàëîñòè.

Ìû áóäåì ïðåäïîëàãàòü, ÷òî îá îïåðàòîðå Ĥ0 ìû âñ¼ çíàåì. Ìû çíàåì åãî ñïåêòð {εi}
è ñîáñòâåííûå ôóíêöèè {φi}

Ĥ0φi = εiφi , (7.128)

〈φi|φi′〉 = δii′ . (7.129)

Äëÿ êðàòêîñòè èçëîæåíèÿ áóäåì ïðåäïîëàãàòü, ÷òî âåñòü ñïåêòð íåâîçìóù¼ííîãî ãàìèëü-
òîíèàíà äèñêðåòíûé.

Ðàññìîòðèì ñëó÷àé, êîãäà ó íåâûðîæäåííîãî ãàìèëüòîíèàíà èìååòñÿ äâà êâàçèâû-
ðîæäåííûõ óðîâíÿ

ε1 ≈ ε2 (7.130)

è íàñ èíòåðåñóþò ýíåðãèè ïîëíîãî ãàìèëüòîíèàíà (Ĥ), ñîîòâåòñòâóþùèå ýòèì íåâîçìó-
ù¼ííûì óðîâíÿì ýíåðãèè

E1 = ε1 + O (λ) , (7.131)

E2 = ε2 + O (λ) . (7.132)

Èñïîëüçóÿ ðåçóëüòàòû ïðåäûäóùåãî ïàðàãðàôà íàì íàäî íàéòè ñîáñòâåííûå âåêòîðà
è ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû (ñì. Óð. (7.104), (7.111))

H̃
(11)
0 = H

(11)diag
0 + V (11) =

(
h11 h12

h21 h22

)
, (7.133)

ïðåäñòàâëÿþùåé ìàòðè÷íûå ýëåìåíòû îïåðàòîðîâ Ĥ0 è V̂ â áàçèñå ôóíêöèé φ1, φ2.
Ðàññìîòðèì ìàòðè÷íûå ýëåìåíòû ýòîé ìàòðèöû

h11 = 〈φ1|Ĥ0 + V̂ |φ1〉 = 〈φ1|Ĥ0|φ1〉+ 〈φ1|V̂ |φ1〉 = ε1 + v11 , (7.134)

h22 = 〈φ2|Ĥ0 + V̂ |φ2〉 = 〈φ2|Ĥ0|φ2〉+ 〈φ2|V̂ |φ2〉 = ε2 + v22 , (7.135)

h12 = 〈φ1|Ĥ0 + V̂ |φ2〉 = 〈φ1|Ĥ0|φ2〉+ 〈φ1|V̂ |φ2〉 = v12 , (7.136)

h21 = 〈φ2|Ĥ0 + V̂ |φ1〉 = 〈φ2|Ĥ0|φ1〉+ 〈φ2|V̂ |φ1〉 = v21 . (7.137)
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Ìû ââåëè ñëåäóþùèå îáîçíà÷åíèÿ äëÿ ìàòðè÷íûõ ýëåìåíòîâ îïåðàòîðà V̂

vij = 〈φi|V̂ |φj〉 , i, j = 1, 2 . (7.138)

Çàìåòèì, ÷òî â âèäó ýðìèòîâîñòè îïåðàòîðà âîçìóùåíèÿ (V̂ + = V̂ )

v12 = v∗21 , (7.139)

h12 = h∗21 . (7.140)

Íàéä¼ì ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû H̃
(11)
0 â îáùåì âèäå

det{H̃(11)
0 − EI} = det

(
h11 − E h12

h21 h22 − E

)
= 0 , (7.141)

ãäå I � åäèíè÷íàÿ ìàòðèöà 2× 2.,

(h11 − E)(h22 − E)− h12h21 = 0 , (7.142)

E2 − E(h11 + h22) + h11h22 − h12h21 = 0 . (7.143)

Ïîëó÷àåì óðîâíè ýíåðãèè ñ ó÷¼òîì âîçìóùåíèÿ V̂ äëÿ ñîñòîÿíèé φ1 è φ2

E1,2 =
h11 + h22 ±

√
(h11 + h22)2 − 4h11h22 + 4h12h21

2
(7.144)

=
h11 + h22 ±

√
(h11 − h22)2 + 4h12h21

2
(7.145)

=
h11 + h22

2
±

√(
h11 − h22

2

)2

+ |h12|2 . (7.146)

Ýòè óðîâíè ýíåðãèè òàêæå ìîæíî ïðåäñòàâèòü â âèäå

E1,2 =
ε1 + v11 + ε2 + v22

2
±

√(
ε1 + v11 − ε2 − v22

2

)2

+ |v12|2 . (7.147)

Ðàññìîòðèì äâà ïðåäåëüíûé ñëó÷àÿ.

1. |v12| � |ε1−ε2|, ò.å., âîçìóùåíèå ìàëî ïî ñðàâíåíèþ ñ ðàñùåïëåíèåì íåâîçìóù¼ííûõ
óðîâíåé.

E1,2 ≈
ε1 + v11 + ε2 + v22

2
±

√(
ε1 + v11 − ε2 − v22

2

)2

(7.148)

=
ε1 + v11 + ε2 + v22

2
±
∣∣∣∣ε1 + v11 − ε2 − v22

2

∣∣∣∣ . (7.149)
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E1 ≈
ε1 + v11 + ε2 + v22

2
+
ε1 + v11 − ε2 − v22

2
= ε1 + v11 , (7.150)

E2 ≈
ε1 + v11 + ε2 + v22

2
− ε1 + v11 − ε2 − v22

2
= ε2 + v22 . (7.151)

Çàìåòèì, ÷òî â ýòîì ñëó÷àå ìû ïîëó÷àåì ôîðìóëû äëÿ íåâûðîæäåííîé òåîðèè
âîçìóùåíèé (Óð. (7.31), (7.79)). Îíà îêàçûâàåòñÿ ïðèìåíèìîé, òàê êàê èç-çà óñëîâèÿ
|v12| � |ε1 − ε2| óñëîâèå ñõîäèìîñòè ðÿäà òåîðèè âîçìóùåíèé Óð. (7.69) âûïîëíåíî.

2. |v12| � |ε1 − ε2|, ò.å., âîçìóùåíèå áîëüøîå ïî ñðàâíåíèþ ñ ðàñùåïëåíèåì íåâîçìó-
ù¼ííûõ óðîâíåé.

E1,2 ≈
ε1 + v11 + ε2 + v22

2
±
√
|v12|2 (7.152)

=
ε1 + v11 + ε2 + v22

2
± |v12| . (7.153)

E1 ≈
ε1 + v11 + ε2 + v22

2
+ |v12| , (7.154)

E2 ≈
ε1 + v11 + ε2 + v22

2
− |v12| . (7.155)

7.4 Ýôôåêò Çååìàíà. Áåññïèíîâàÿ ÷àñòèöà

Ýôôåêò Çååìàíà çàêëþ÷àåòñÿ â ðàñùåïëåíèè óðîâíåé ýíåðãèè â ìàãíèòíîì ïîëå (H).
Ìû áóäåì ðàññìàòðèâàòü ñëåäóþùóþ çàäà÷ó: â íåâîçìóù¼ííîì ãàìèëüòîíèàíå íåò âû-
äåëåííîãî íàïðàâëåíèÿ è óðîâíè ýíåðãèè âûðîæäåíû ïî ïðîåêöèÿì îðáèòàëüíîãî èëè
ïîëíîãî óãëîâîãî ìîìåíòà; â ìàãíèòíîì ïîëå (H) ïîÿâëÿåòñÿ âûäåëåííîå íàïðàâëåíèå
è óðîâíè ýíåðãèè íà÷èíàþò çàâèñåòü îò ïðîåêöèé îðáèòàëüíîãî èëè ïîëíîãî óãëîâîãî
ìîìåíòà.

Â ïàðàãðàôå 6.5 ìû ïîëó÷èëè óðàâíåíèå Ïàóëè (7.156)(
1

2me

(
p̂− e

c
A
)2

− e~
2mec

Hŝ+ U

)
ϕ = εϕ . (7.156)

Ñîîòâåòñòâåííî, ãàìèëüòîíèàí áåññïèíîâîé ÷àñòèöû â ìàãíèòíîì ïîëå èìååò âèä (e <
0)

Ĥ =
1

2me

(
p̂− e

c
A
)2

+ U (7.157)

=
1

2me

(
p̂2 − e

c
p̂A− e

c
Ap̂+

e2

c2
A2

)
+ U . (7.158)
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Ïóñòü U(r) = U(r) çàäà¼ò öåíòðàëüíî-ñèììåòðè÷íîå ïîëå.
Ðàññìîòðèì îòäåëüíî ñëåäóþùèé ÷ëåí

p̂A = −i~∇A = −i~(∇A)− i~A∇ = −i~div(A) +Ap̂ . (7.159)

Ãàìèëüòîíèàí ïðèìåò âèä

Ĥ =
1

2me

(
p̂2 + i

e

c
~div(A)− 2

e

c
Ap̂+

e2

c2
A2

)
+ U . (7.160)

Ðàññìîòðèì ñëó÷àé ïîñòîÿííîãî ìàãíèòíîãî ïîëÿ (H), îíî ìîæåò áûòü ïðåäñòàâëåíî
ïîòåíöèàëîì ýëåêòðîìàãíèòíîãî ïîëÿ A â âèäå

A =
1

2
[H × r] , (7.161)

ãäå H � ïîñòîÿííûé âåêòîð. Ïðîâåðèì ýòî. Äåéñòâèòåëüíî, ìàãíèòíîå ïîëå âûðàæàåòñÿ
÷åðåç ïîòåíöèàë ýëåêòðîìàãíèòíîãî ïîëÿ A (V = eA0 íå çàâèñèò îò âðåìåíè) êàê

H = rot(A) = [∇×A] =
1

2
[∇× [H × r]] (7.162)

=
1

2
(H(∇r)− (H∇)r) . (7.163)

(∇r) =

(
∂

∂x
ex +

∂

∂y
ey +

∂

∂z
ez+

)
(xex + yey + zez) (7.164)

=
∂

∂x
x+

∂

∂y
y +

∂

∂z
z = 3 . (7.165)

(H∇)r =

(
Hx

∂

∂x
+Hy

∂

∂y
+Hz

∂

∂z

)
(xex + yey + zez) (7.166)

= Hxex +Hyey +Hzez = H . (7.167)

Ïîëó÷àåì,

H =
1

2
(H(∇r)− (H∇)r) =

1

2
(3H −H) = H . (7.168)

Ìû äîêàçàëè, ÷òî ïîñòîÿííîå ìàãíèòíîå ïîëå H ìîæåò áûòü ïðåäñòàâëåíî ïîòåíöèàëîì
ýëåêòðîìàãíèòíîãî ïîëÿ Óð. (7.161)

Âåðí¼ìñÿ ê ãàìèëüòîíèàíó Óð. (7.160)

div(A) = ∇A =
1

2
∇[H × r] (7.169)

=
1

2

(
∂

∂x
(Hyz −Hzy) +

∂

∂y
(Hzx−Hxz) +

∂

∂z
(Hxy −Hyx)

)
= 0 . (7.170)
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Ap =
1

2
[H × r]p̂ =

1

2
H [r × p̂] =

1

2
~Hl̂ , (7.171)

~l̂ = [r × p̂] . (7.172)

Çäåñü ìû ââåëè îïåðàòîð îðáèòàëüíîãî ìîìåíòà Óð. (5.2).
Ãàìèëüòîíèàí Óð. (7.160) ïðèìåò âèä

Ĥ =
1

2me

(
p̂2 − 2

e

c

1

2
~Hl̂ +

e2

c2
A2

)
+ U (7.173)

=
p̂2

2me

− e~
2mec

Hl̂ +
e2

2mec2
A2 + U . (7.174)

Çàìåòèì, ÷òî ýòîò ãàìèëüòîíèàí ïîõîæ íà ãàìèëüòîíèàí Ïàóëè Óð. (6.327), êîòîðûé
ìû ïîëó÷èëè êàê íåðåëÿòèâèñòñêèé ïðåäåë óðàâíåíèÿ Äèðàêà (óðàâíåíèÿ, îïèñûâàþùåå
ýëåêòðîí � ÷àñòèöó ñî ñïèíîì s = 1

2
).

Áóäåì ñ÷èòàòü, ÷òî ìàãíèòíîå ïîëå ñëàáîå è ìû ìîæåì ïðåíåáðå÷ü ÷ëåíîì, êâàäðà-
òè÷íûì ïî ïîëþ ( e2

2mec2
A2).

Íàïðàâèì îñü z ïî ïîëþ H òàê, ÷òîáû H = Hez è, ñîîòâåòñòâåííî, Hl̂ = Hl̂z.
Ðàññìîòðèì ñòàöèîíàðíûå ñîñòîÿíèÿ ýòîãî ãàìèëüòîíèàíà

Ĥψ = Eψ , (7.175)(
p̂2

2me

+ U − e~
2mec

Hl̂z
)
ψ = Eψ . (7.176)

Çàïèøåì îïåðàòîð êèíåòè÷åñêîé ýíåðãèè ÷åðåç îïåðàòîð îðáèòàëüíîãî ìîìåíòà (ñì.
Óð. (3.407)) (

− ~2

2me

1

r2

∂

∂r
r2 ∂

∂r
+

~2

2me

l̂2

r2
+ U − e~

2mec
Hl̂z

)
ψ = Eψ . (7.177)

Ïóñòü çàäàííûé íàì ïîòåíöèàë U òàêîé, ÷òî ìû âñ¼ çíàåì î ãàìèëüòîíèàíå Ĥ0 (åãî
ñïåêòð {εnl} è ñîáñòâåííûå ôóíêöèè {φnlm})

Ĥ0 = − ~2

2me

1

r2

∂

∂r
r2 ∂

∂r
+

~2

2me

l̂2

r2
+ U (7.178)

Ĥ0φnlml = εnlφnlml , (7.179)

〈φnlml |φn′l′m′l〉 = δnn′δll′δmlm′l . (7.180)

Çàìåòèì, ÷òî óðîâíè ýíåðãèè εnl âûðîæäåíû ïî ïðîåêöèÿì îðáèòàëüíîãî ìîìåíòà m =
−l, . . . , l, ò.å., óðîâíè ýíåðãèè (2l+1)-êðàòíî âûðîæäåíû. Ðàç â íåâîçìóù¼ííîì ãàìèëüòî-
íèàíå íåò âûäåëåííîãî íàïðàâëåíèÿ, òî óðîâíè ýíåðãèè íå ìîãóò çàâèñåòü îò íàïðàâëåíèÿ
îñè êâàíòîâàíèÿ.
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Ãàìèëüòîíèàí Ĥ0 (è Ĥ) êîììóòèðóåò ñ îïåðàòîðàìè l̂ è l̂z. Çíà÷èò, ìû ìîæåì íàéòè
åãî ñòàöèîíàðíûå ñîñòîÿíèÿ â âèäå

φnlml(r) =
1

r
Pnl(r)Ylml(θ, ϕ) , (7.181)

ãäå Ylml(θ, ϕ) � øàðîâûå ôóíêöèè, n � ãëàâíîå êâàíòîâîå ÷èñëî.
Òîãäà äëÿ ïîèñêà ñîáñòâåííûõ çíà÷åíèé ãàìèëüòîíèàíà (7.177) ìîæíî âîñïîëüçîâàòü-

ñÿ òåîðèåé âîçìóùåíèé. Âçàèìîäåéñòâèå ñ ìàãíèòíûì ïîëåì áóäåò èãðàòü ðîëü âîçìó-
ùåíèÿ

Ĥ = Ĥ0 + V̂ , (7.182)

V̂ = − e~
2mec

Hl̂z . (7.183)

Çàìåòèì, ÷òî âîçìóùåíèå äèàãîíàëüíî íà ôóíêöèÿõ φnlm

〈φnlml |V̂ |φn′l′m′l〉 = − e~
2mec

H〈φnlml |l̂z|φn′l′m′l〉 (7.184)

= − e~
2mec

Hml δnn′δll′δmlm′l . (7.185)

Òàêèì îáðàçîì, ñîãëàñíî Óð. (7.31), (7.79) ïåðâàÿ ïîïðàâêà ê ýíåðãèè áóäåò èìåòü âèä

∆Enlml = 〈φnlml |V̂ |φnlml〉 = − e~
2mec

Hml . (7.186)

Ìû ïîëó÷èëè, ÷òî ìàãíèòíîå ïîëå H çàäàëî âûäåëåííîå íàïðàâëåíèå è ñíÿëî âû-
ðîæäåíèå ïî êâàíòîâîìó ÷èñëó m

Enlml ≈ E(0) + ∆Enlml (7.187)

= εnl −
e~

2mec
Hml . (7.188)

Ýòî åñòü ïðèáëèæ¼ííîå (ñ òî÷íîñòüþ äî ïîïðàâîê ïåðâîãî ïîðÿäêà) âûðàæåíèå äëÿ âîç-
ìóù¼ííûõ óðîâíåé ýíåðãèè. Óðîâíè ýíåðãèè, ðàíåå (2l + 1)-êðàòíî âûðîæäåííûå, ðàñ-
ùåïèëèñü íà ýêâèäèñòàíòíûå óðîâíè. Âûðîæäåíèå ïî m ïîëíîñòüþ ñíÿëîñü. Âåëè÷èíà
ðàñùåïëåíèÿ ïðîïîðöèîíàëüíà íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ (H).
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Ðèñ. 7.1: Ýôôåêò Çååìàíà äëÿ áåññïèíîâîé ÷àñòèöû

7.5 Àíîìàëüíûé ýôôåêò Çååìàíà

Àíîìàëüíûé ýôôåêò Çååìàíà � ýòî ýôôåêò Çååìàíà (ðàñùåïëåíèå óðîâíåé ýíåðãèè â
ìàãíèòíîì ïîëå) äëÿ ýëåêòðîíà ñ ó÷¼òîì ðåëÿòèâèñòñêèõ ïîïðàâîê.

Ðàíåå ìû âûâåëè óðàâíåíèå Ïàóëè äëÿ ýëåêòðîíà â ýëåêòðè÷åñêîì (E = −∇U) è
ïîñòîÿííîì ìàãíèòíîì (H = rotA èH � ïîñòîÿííûé âåêòîð) ïîëÿõ (Óð. (6.327)), êîòîðîå
ó÷èòûâàåò ïîïðàâêè ïîðÿäêà (αZ)2 (â ðåëÿòèâèñòñêèõ åäèíèöàõ, α ≈ 1

137
). Çàòåì ìû

ðàññìîòðåëè ðåëÿòèâèñòñêèå ïîïðàâêè (relativistic corrections (rel cor)) äëÿ ýëåêòðîíà â
òîëüêî ýëåêòðè÷åñêîì ïîëå ñ òî÷íîñòüþ äî ïîïðàâîê ïîðÿäêà (αZ)4, ïîëó÷èâ óðàâíåíèå
Áðåéòà-Ïàóëè (Óð. (6.382)).

Îáúåäèíèì ýòî ãàìèëüòîíèàíû, ó÷òÿ âçàèìîäåéñòèå ýëåêòðîíà ñ ìàãíèòíûì ïîëåì ñ
òî÷íîñòüþ äî ïîïðàâîê (αZ)2 (ïîòîìó ÷òî ñ÷èòàåì ìàãíèòíîå ïîëå ñëàáûì) è ñ ýëåêòðè-
÷åñêèì ïîëåì ñ òî÷íîñòüþ äî ïîïðàâîê (αZ)4.

Ãàìèëüòîíèàí Ïàóëè (6.327)

ĥP =
p̂2

2me

+ U − e~
2mec

H(l̂ + 2ŝ) +
e2

2mec2
A2 . (7.189)

Ãàìèëüòîíèàí Áðåéòà-Ïàóëè (6.383)

ĥBP =
p̂2

2me

+ U − p̂4

8m3
ec

2
+

~
4m2

ec
2
σ[∇U × p̂] +

~2

8m2
ec

2
∆U . (7.190)

Ìû áóäåì ðàññìàòðèâàòü ñëåäóþùèé ãàìèëüòîíèàí

Ĥ =
p̂2

2me

+ U − e~
2mec

H(l̂ + 2ŝ) +
e2

2mec2
A2 + Ĥrel cor , (7.191)

Ĥrel cor = − p̂4

8m3
ec

2
+

~
4m2

ec
2
σ[∇U × p̂] +

~2

8m2
ec

2
∆U . (7.192)

Ñ÷èòàÿ ìàãíèòíîå ïîëå ñëàáûì, ïðåíåáðåæ¼ì êâàäðàòè÷íûì ïî ïîëþ ÷ëåíîì ( e2

2mec2
A2)

Ĥ =
p̂2

2me

+ U − e~
2mec

H(l̂ + 2ŝ) + Ĥrel cor . (7.193)
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Ìû ñ÷èòàåì, ÷òî ðåëÿòèâèñòñêèå ïîïðàâêè äîñòàòî÷íî áîëüøèå, ÷òî èõ íåîáõîäèìî ó÷è-
òûâàòü.

Íàïðàâèì îñü z ïî ïîëþ H òàê, ÷òîáû H = Hez, òîãäà ãàìèëüòîíèàí ïðèìåò âèä

Ĥ =
p̂2

2me

+ U − e~
2mec

H(l̂z + 2ŝz) + Ĥrel cor . (7.194)

Áóäåì ñ÷èòàòü íåâîçìóù¼ííûì ãàìèëüòîíèàíîì ãàìèëüòîíèàí áåç ìàãíèòíîãî ïîëÿ,
à âçàèìîäåéñòâèå ñ ìàãíèòíûì ïîëåì áóäåì ñ÷èòàòü âîçìóùåíèåì

Ĥ = Ĥ0 + V̂ , (7.195)

Ĥ0 =
p̂2

2me

+ U + Ĥrel cor , (7.196)

V̂ = − e~
2mec

H(l̂z + 2ŝz) . (7.197)

Â òåîðèè Äèðàêà îðáèòàëüíûé ìîìåíò (l) è ñïèíîâûé ìîìåíò (s) ïî îòäåëüíîñòè
íå ñîõðàíÿþòñÿ (èõ ïðîåêöèè íà îñü êâàíòîâàíèÿ � îñü z), îäíàêî ñîõðàíÿåòñÿ (ìîæåò
ïðèíèìàòü îïðåäåë¼ííûå çíà÷åíèÿ) ïîëíûé óãëîâîé ìîìåíò (j = l + s), ñì. Óð. (6.195),
(6.196).

Çàìåòèì, ÷òî ãàìèëüòîíèàí Äèðàêà íå êîììóòèðóåò ñ îïåðàòîðîì l̂2, ïîýòîìó åãî
ñîáñòâåííûå ôóíêöèè îïèñûâàþò ñîñòîÿíèÿ, â êîòîðûõ l íå èìååò îïðåäåë¼ííîãî çíà÷å-
íèÿ (îäíàêî ÷¼òíîñòü (−1)l îïðåäåë¼íà). Ãàìèëüòîíèàí Ĥ0 ÿâëÿåòñÿ ïðèáëèæ¼ííûì äëÿ
ãàìèëüòîíèàíà Äèðàêà, îí êîììóòèðóåò ñ l̂2, è l äëÿ íåãî èìååò îïðåäåë¼ííûå çíà÷åíèÿ.

Áóäåì ñ÷èòàòü, ÷òî ìû âñ¼ çíàåì î íåâîçìóù¼ííîì ãàìèëüòîíèàíå (åãî ñïåêòð {εnjl}
è ñîáñòâåííûå ôóíêöèè {φnjlm})

Ĥ0φnjmls = εnjlφnjmls , (7.198)

〈φnjmls|φn′j′m′l′s〉 = δnn′δjj′δmm′δll′ , (7.199)

|jmls〉 = φnjmls , (7.200)

ãäå j � ïîëíûé óãëîâîé ìîìåíò ýëåêòðîíà, m � ïðîåêöèÿ ïîëíîãî óãëîâîãî ìîìåíòà íà
îñü z, l � îðáèòàëüíûé ìîìåíò, s � ñïèí (äëÿ ýëåêòðîíà s = 1

2
). Òàê êàê â íåâîçìóù¼ííîì

ãàìèëüòîíèàíå íåò âûäåëåííîãî íàïðàâëåíèÿ, òî ñîáñòâåííûå çíà÷åíèÿ (2j + 1)-êðàòíî
âûðîæäåíû ïî ïðîåêöèè ïîëíîãî óãëîâîãî ìîìåíòà (m = −j, . . . , j). Ãëàâíîå êâàíòîâîå
÷èñëî n è îðáèòàëüíûé ìîìåíò l áóäåì ñ÷èòàòü ôèêñèðîâàííûìè.

Íèæå ìû ïîêàæåì (Óð. (7.226)), ÷òî ìàòðèöà âîçìóùåíèÿ íà ôóíêöèÿõ |njmls〉 �
äèàãîíàëüíàÿ ìàòðèöà. Â ýòîì ñëó÷àå ìàòðèöà H̃

(11)
0 òàêæå ÿâëÿåòñÿ äèàãîíàëüíîé, à å¼

äèàãîíàëüíûå ýëåìåíòû è åñòü ïîïðàâêè ê ýíåðãèè.
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Òàêèì îáðàçîì, ïîïðàâêó ê ýíåðãèè ýëåêòðîíà â àòîìå çà ñ÷¼ò âçàèìîäåéñòâèÿ ñ ìàã-
íèòíûì ïîëåì ìîæíî ïðåäñòàâèòü â âèäå

∆Ejmls = 〈jmls|V̂ |jmls〉 = − e~H
2mec

〈jmls|l̂z + 2ŝz|jmls〉 (7.201)

= − e~H
2mec

〈jmls|ĵz + ŝz|jmls〉 (7.202)

= − e~H
2mec

(
〈jmls|ĵz|jmls〉+ 〈jmls|ŝz|jmls〉

)
. (7.203)

Âåêòîðà |jmls〉 ÿâëÿþòñÿ ñîáñòâåííûìè âåêòîðàìè äëÿ îïåðàòîðîâ
ĵ2|jmls〉 = j(j + 1)|jmls〉 , (7.204)

ĵz|jmls〉 = m|jmls〉 , (7.205)

l̂2|jmls〉 = l(l + 1)|jmls〉 , (7.206)

ŝ2|jmls〉 = s(s+ 1)|jmls〉 . (7.207)

Ïåðâûé ìàòðè÷íûé ýëåìåíò ëåãêî íàõîäèòñÿ

〈jmls|ĵz|jmls〉 = m, (7.208)

çàäà÷à ñâåëàñü ê íàõîæäåíèþ ìàòðè÷íîãî ýëåìåíòà îïåðàòîðà ŝz.

Áåç äîêàçàòåëüñòâà: îïåðàòîðû ïîëíîãî ìîìåíòà (ĵ) è ñïèíà (ŝ) ÿâëÿþòñÿ òåíçîðíû-
ìè îïåðàòîðàìè ïåðâîãî ðàíãà, ñëåäîâàòåëüíî, ïðèìåíÿÿ òåîðåìó Âèãíåðà-Ýêêàðòà, èõ
ìàòðè÷íûå ýëåìåíòû ìîæíî ïðåäñòàâèòü â âèäå

〈jmls|ŝk|jm′ls〉 = A〈jmls|ĵk|jm′ls〉 , k = −1, 0, 1 , (7.209)

ãäå ìíîæèòåëü A = A(jls) íå çàâèñèò îò ïðîåêöèé m, k, m′. Çäåñü k � êîâàðèàíòíûå
öèêëè÷åñêèå êîìïîíåíòû âåêòîðîâ (ñì. Óð. (5.199), (5.201)). Ñêàëÿðíîå ïðîèçâåäåíèå
âåêòîðîâ èìååò âèä

js =
1∑

k=−1

(−1)kjks−k . (7.210)

Ðàññìîòðèì ìàòðè÷íûé ýëåìåíò

〈jmls|ĵŝ|jm′ls〉 =
1∑

k=−1

(−1)k〈jmls|ĵkŝ−k|jm′ls〉 (7.211)

=
1∑

k=−1

(−1)k
∑
j′′m′′

〈jmls|ĵk|j′′m′′ls〉〈j′′m′′ls|ŝ−k|jm′ls〉 . (7.212)
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Çäåñü ñêàëÿðíîå ïðîèçâåäåíèå ĵŝ çàïèñàíî â âèäå Óð. (7.210). Ìû òàêæå ââåëè åäèíè÷íûé
îïåðàòîð â ïðîñòðàíñòâå ôóíêöèé |jmls〉 (ïðè ôèñèðîâàííûõ l è s)

Ê =
∑
j′′m′′

|j′′m′′ls〉〈j′′m′′ls| . (7.213)

Âîñïîëüçîâàâøèñü ñâîéñòâîì îïåðàòîðà ìîìåíòà ([ĵ2, ĵk] = 0) ìîæåì çàïèñàòü

〈jmls|ĵk|j′′m′′ls〉 ∼ δjj′′ (7.214)

è óáðàòü ñóììèðîâàíèå ïî j′′. Äåéñòâèòåëüíî, åñëè |j′′m′′ls〉 � ñîáñòâåííûé âåêòîð äëÿ
ĵ2, òî è |ĵk|j′′m′′ls〉 áóäåò ñîáñòâåííûì âåêòîðîì ñ òåì æå ñîáñòâåííûì ÷èñëîì j′′ (ñì.
Óð. (5.138)). Ïîëó÷àåì

〈jmls|ĵŝ|jm′ls〉 =
1∑

k=−1

(−1)k
∑
m′′

〈jmls|ĵk|jm′′ls〉〈jm′′ls|ŝ−k|jm′ls〉 . (7.215)

Èñïîëüçóÿ Óð. (7.209) è (7.210) ïðèõîäèì ê âûðàæåíèþ

〈jmls|ĵŝ|jm′ls〉 = A
1∑

k=−1

(−1)k
∑
m′′

〈jmls|ĵk|jm′′ls〉〈jm′′ls|ĵ−k|jm′ls〉 (7.216)

= A
1∑

k=−1

(−1)k〈jmls|ĵkĵ−k|jm′ls〉 (7.217)

= A〈jmls|ĵ2|jm′ls〉 = Aj(j + 1)δmm′ . (7.218)

Ìû çäåñü èñïîëüçîâàëè, ÷òî â ïðîñòðàíñòâå ôóíêöèé |jmls〉 (ïðè ôèêñèðîâàííûõ j, l è
s) åäèíè÷íûé îïåðàòîð ìîæíî ïðåäñòàâèòü êàê

Ê =
∑
m′′

|jm′′ls〉〈jm′′ls| . (7.219)

Ñëåäîâàòåëüíî, ìíîæèòåëü A ìîæíî ïðåäñòàâèòü êàê

A =
〈jmls|ĵŝ|jmls〉

j(j + 1)
. (7.220)

Âîñïîëüçîâàâøèñü ðàâåíñòâàìè

l̂2 = (ĵ − ŝ)2 = ĵ2 + ŝ2 − ĵŝ− ŝĵ = ĵ2 + ŝ2 − 2ĵŝ , (7.221)

ĵŝ = ŝĵ =
1

2
(ĵ2 + ŝ2 − l̂2) , (7.222)
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âû÷èñëèì ìàòðè÷íûé ýëåìåíò

〈jmls|ĵŝ|jmls〉 = 〈jmls|1
2

(ĵ2 + ŝ2 − l̂2)|jmls〉 , (7.223)

=
1

2
[j(j + 1)− l(l + 1) + s(s+ 1)] . (7.224)

Âûðàæåíèå äëÿ ìíîæèòåëÿ A ïðèíèìàåò âèä

A =
j(j + 1)− l(l + 1) + s(s+ 1)

2j(j + 1)
. (7.225)

Ìàòðè÷íûé ýëåìåíò â Óð. (7.201) ìîæíî ïðåäñòàâèòü â âèäå

〈jmls|l̂z + 2ŝz|jm′ls〉 = 〈jmls|ĵz + ŝz|jm′ls〉 (7.226)

= (1 + A)〈jmls|ĵz|jm′ls〉 = δmm′gm , (7.227)

ãäå g � ìíîæèòåëü Ëàíäå èëè g-ôàêòîð, ðàâíûé

g = 1 +
j(j + 1)− l(l + 1) + s(s+ 1)

2j(j + 1)
. (7.228)

Ìû ïîàçàëè, ÷òî ìàòðè÷íûé ýëåìåíò (7.226) äèàãîíàëåí, òåì ñàìûì, ôîðìóëà (7.201)
âåðíà.

Ïîïðàâêà ê ýíåðãèè ýëåêòðîíà çà ñ÷¼ò âçàèìîäåéñòâèÿ ñ ìàãíèòíûì ïîëåì èìååò âèä

∆Ejmls = − e~H
2mec

〈jmls|l̂z + 2ŝz|jmls〉 = − e~H
2mec

gm . (7.229)

Òàêèì îáðàçîì â ìàãíèòíîì ïîëå (2j + 1)-êðàòî âûðîæäåííûå óðîâíè ýíåðãèè εnjl
ðàñùåïëÿþòñÿ íà (2j + 1) ýêâèäèñòàíòíûõ óðîâíÿ. Âûðîæäåíèå ïîëíîñòüþ ñíèìàåòñÿ.
Âåëè÷èíà ðàñùåïëåíèÿ ïðîïîðöèîíàëüíà íàïðÿæ¼ííîñòè ìàãíèòíîãî ïîëÿ H, ìíîæèòå-
ëåì Ëàíäå (g) è ïðîåêöèè ïîëíîãî óãëîâîãî ìîìåíòà (m).

Enjmls = E
(0)
njls + ∆E

(1)
jmls (7.230)

= εjls −
e~H
2mec

〈jmls|l̂z + 2ŝz|jmls〉 (7.231)

= εjls −
e~H
2mec

gm . (7.232)

Ýòî ïðèáëèæ¼ííûå âûðàæåíèÿ äëÿ óðîâíåé ýíåðãèè â ìàãíèòíîì ïîëå ñ òî÷íîñòüþ äî
ïîïðàâîê ïåðâîãî ïîðÿäêà ïî ïîëþ H . Ïîëó÷åííîå ðàñùåïëåíèå óðîâíåé ýíåðãèè, ïðî-
ïîðöèîíàëüíîå ìíîæèòåëþ Ëàíäå g, íàçûâàþò àíîìàëüíûì ýôôåêòîì Çååìàíà

s1/2 : j = 1/2 , l = 0 , g = 2
p1/2 : j = 1/2 , l = 1 , g = 2/3
p3/2 : j = 3/2 , l = 1 , g = 4/3
d3/2 : j = 3/2 , l = 2 , g = 4/5
d5/2 : j = 5/2 , l = 2 , g = 6/5

. (7.233)

331



Äëÿ ÷àñòèö ñ íóëåâûì ñïèíîì g = 1, òàêîå ðàñùåïëåíèå íàçûâàþò îáû÷íûì ýôôåêòîì
Çååìàíà (ñì. ïðåäûäóùèé ïàðàãðàô).

Íàëè÷èå ó ýëåêòðîíà ñïèíà ïðèâîäèò ê îòëè÷íûì îò åäèíèöû ìíîæèòåëÿì Ëàíäå.
Ýòî ñ÷èòàëîñü àíîìàëèåé è äàëî íàçâàíèå àíîìàëüíîìó ýôôåêòó Çååìàíà.

Àíîìàëüíûé ýôôåêò Çååìàíà îñîáåííî ñèëüíî ïðîÿâëÿåòñÿ â ñëó÷àå∣∣∣〈ψ|Ĥrel cor|ψ〉
∣∣∣ � ∣∣∣∣〈ψ| e~2mec

H(l̂ + 2ŝ)|ψ〉
∣∣∣∣ . (7.234)

Â ýòîì ñëó÷àå ðàñùåïëåíèå óðîâíåé ýíåðãèè çà ñ÷¼ò âçàèìîäåéñòâèÿ ñ ìàãíèòíûì ïîëåì
èìååò ñëåäóþùèé âèä

Ðèñ. 7.2: Àíîìàëüíûé ýôôåêò Çååìàíà

7.6 Ýôôåêò Ïàøåíà-Áàêà

25.02.2022

Ýôôåêò Ïàøåíà-Áàêà � ýòî ýôôåêò Çååìàíà (ðàñùåïëåíèå óðîâíåé ýíåðãèè â ìàãíèòíîì
ïîëå) äëÿ ýëåêòðîíà ïðè ìàëîñòè ðåëÿòèâèñòêèõ ïîïðàâîê.

Ðàññìîòðèì óðàâíåíèå Ïàóëè äëÿ ýëåêòðîíà â ïîñòîÿííîì ìàãíèòíîì (H = rotA è
H � ïîñòîÿííûé âåêòîð) ïîëå (Óð. (6.327)), êîòîðîå ó÷èòûâàåò ïîïðàâêè ïîðÿäêà (αZ)2

(â ðåëÿòèâèñòñêèõ åäèíèöàõ, α ≈ 1
137
)

ĥP =
p̂2

2me

+ U − e~
2mec

H(l̂ + 2ŝ) +
e2

2mec2
A2 . (7.235)
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Òåì ñàìûì ìû ïðåíåáðåãàåì ðåëÿòèâèñòñêèìè ïîïðàâêàìè äëÿ ýëåêòðîíà (ïîïðàâêè
ïîðÿäêà (αZ)4), êîòîðûå ïðèñóòñòâóþò â óðàâíåíèè Áðåéòà-Ïàóëè (Óð. (6.382)). Òî åñòü,
ìû ñ÷èòàåì, ÷òî ýòè ïîïðàâêè çíà÷èòåëüíî ìåíüøå, ÷åì ðàñùåïëåíèå, âûçâàííîå ìàã-
íèòíûì ïîëåì. Áóäåì òàêæå ñ÷èòàòü, ÷òî êâàäðàòè÷íûì ïî ïîëþ ÷ëåíîì ( e2

2mec2
A2) âñ¼

åù¼ ìîæíî ïðåíåáðå÷ü ∣∣∣〈ψ|Ĥrel cor|ψ〉
∣∣∣ � ∣∣∣∣〈ψ| e~2mec

H(l̂ + 2ŝ)|ψ〉
∣∣∣∣ , (7.236)∣∣∣∣〈ψ| e2

2mec2
A2|ψ〉

∣∣∣∣ � ∣∣∣∣〈ψ| e~2mec
H(l̂ + 2ŝ)|ψ〉

∣∣∣∣ , (7.237)

ãäå Ĥrel cor îïðåäåëÿåò ðåëÿòèâèñòêèå ïîïðàâêè ïîðÿäêà (αZ)4 (ñì. Óð. (7.192)).
Íàïðàâèì îñü z ïî ïîëþ H òàê, ÷òîáû H = Hez, òîãäà ðàññìàòðèâàåìûé íàìè ãà-

ìèëüòîíèàí ïðèìåò âèä

Ĥ =
p̂2

2me

+ U − e~
2mec

H(l̂z + 2ŝz) . (7.238)

Áóäåì ðàññìàòðèâàòü âçàèìîäåéñòâèå ñ ìàãíèòíûì ïîëåì ïî òåîðèè âîçìóùåíèé

Ĥ = Ĥ0 + V̂ , (7.239)

Ĥ0 =
p̂2

2me

+ U , (7.240)

V̂ = − e~
2mec

H(l̂z + 2ŝz) . (7.241)

Ó÷ò¼ì âçàèìîäåéñòâèå ñ ìàãíèòíûì ïîëåì â ïåðâîì ïîðÿäêå òåîðèè âîçìóùåíèé.
Çàìåòèì, ñïèí-îðáèòàëüíîå âçàèìîäåéñòâèå îòñóòñòâóåò â ãàìèëüòîíèàíå Óð. (7.238)

(ñì. (6.387), (6.393)). Ïîýòîìó ñîáñòâåííûå ôóíêöèè íåâîçìóù¼ííîãî ãàìèëüòîíèàíà (Ĥ0)
óäîáíî èñêàòü â âèäå

Ĥ0φnlmlms = εnlφnlmlms (7.242)

φnlmlms(r) =
1

r
Pnl(r)Ylml(θ, ϕ)ηms , (7.243)

〈φnlmlms|φnlm′lm′s〉 = δnn′δmlm′lδmsm′s , (7.244)

ãäå Ylml(θ, ϕ) � øàðîâûå ôóíêöèè (Óð. (5.96)), ηms � ñïèíîðû (Óð. (6.179)).

l̂2Ylml(θ, ϕ) = l(l + 1)Ylml(θ, ϕ) , (7.245)

l̂zYlml(θ, ϕ) = mlYlml(θ, ϕ) , (7.246)

ŝ2ηms =
1

2

(
1

2
+ 1

)
ηms =

3

4
ηms , (7.247)

ŝzηms = msηms . (7.248)

333



Ðàç â íåâîçìóù¼ííîì ãàìèëüòîíèàíå íåò âûäåëåííîãî íàïðàâëåíèÿ è íåò ñïèíîâîé çà-
âèñèìîñòè, åãî ñîáñòâåííûå çíà÷åíèÿ εnl íå ìîãóò çàâèñåòü îò óãëîâûõ êâàíòîâûõ ÷èñåë
(ml è ms).

Ìàòðèöà, îòâå÷àþùàÿ âîçìóùåíèþ, äèàãîíàëüíà íà íåâîçìóù¼ííûõ ôóíêöèÿõ
{φnlmlms}

〈φnlmlms|V̂ |φnlm′lm′s〉 = −〈φnlmlms|
e~

2mec
H(l̂z + 2ŝz)|φnlm′lm′s〉 (7.249)

= − e~
2mec

H(ml + 2ms)δmlm′lδmsm′s . (7.250)

Ýíåðãèÿ ñ òî÷íîñòüþ äî ïîïðàâîê ïåðâîãî ïîðÿäêà ïî H èìååò âèä (ñì. Óð. (7.31),
(7.79))

∆E
(1)
nlmlms

= 〈φnlmlms|V̂ |φnlmlms〉 , (7.251)

Enlmlms = εnl −
e~

2mec
H(ml + 2ms) + O

(
H2
)
. (7.252)

Èç ôîðìóëû âèäíî, ÷òî äâà ñàìûõ âåðõíèõ è äâà ñàìûõ íèæíèõ óðîâíÿ íåâûðîæäåíû,
îñòàëüíûå óðîâíè äâóêðàòíîâûðîäåíû. Âûðîæäåíèå ñíèìàåòñÿ íå ïîëíîñòüþ.

Â Òàáëèöå 7.1 ïîêàçàíî ðàñùåïëåíèå óðîâíåé ýíåðãèè â ýôôåêòå Ïàøåíà-Áàêà äëÿ
l = 1 è l = 2.

Òàáëèöà 7.1: Ðàñùåïëåíèå óðîâíåé ýíåðãèè â ýôôåêòå Ïàøåíà-Áàêà äëÿ l = 1 è l = 2.

ml ms ml + 2ms

1 1/2 2
1 -1/2 0
0 1/2 1
0 -1/2 -1
-1 1/2 0
-1 -1/2 -2

ml ms ml + 2ms

2 1/2 3
2 -1/2 1
1 1/2 2
1 -1/2 0
0 1/2 1
0 -1/2 -1
-1 1/2 0
-1 -1/2 -2
-2 1/2 -1
-2 -1/2 -3

334



Ðèñ. 7.3: Ýôôåêò Ïàøåíà-Áàêà

7.7 Ýôôåêò Øòàðêà

Ýôôåêò Øòàðêà � ýòî ðàñùåïëåíèå óðîâíåé ýíåðãèè âî âíåøíåì ýëåêòðè÷åñêîì ïîëå. Â
ýòîì ñëó÷àå âûäåëåííîå íàïðàâëåíèå çàäà¼ò íàïðÿæ¼ííîñòü ýëåêòðè÷åñêîãî ïîëÿ E.

Â ýòîì ïàðàãðàôå ìû áóäåì ïðåíåáðåãàòü ñïèíîì.
Â ïåðâîé ÷àñòè ìû ðàññìîòðèì ñëó÷àé óðîâíÿ ýíåðãèè âûðîæäåííîãî ïî óãëîâûì

êâàíòîâûì ÷èñëàì (ïðîåêöèÿì îðáèòàëüíîãî ìîìåíòà ml), íî íåâûðîæäåííîãî ïî îðáè-
òàëüíîìó ìîìåíòó (l). Â ýòîì ñëó÷àå ýôôåêò Øòàðêà êâàäðàòè÷åí ïî E.

Çàòåì, âî âòîðîé ÷àñòè ïàðàãðàôà, ìû ðàññìîòðèì ÷àñòíûé ñëó÷àé, êîãäà óðîâíè
ýíåðãèè âûðîæäåíû (êâàçèâûðîæäåíû) ïî îðáèòàëüíîìó ìîìåíòó (l). Çäåñü ýôôåêò
Øòàðêà áóäåò ëèíååí ïî E.

7.7.1 Êâàäðàòè÷íûé ýôôåêò Øòàðêà

Ðàññìîòðèì ýëåêòðè÷åñêîå ïîëå ñ ïîñòîÿííûì âåêòîðîì íàïðÿæ¼ííîñòè (E)

E = −∇A0 � ïîñòîÿííûé âåêòîð . (7.253)

Ñêàëÿðíûé ïîòåíöèàë ýëåêòðîìàãíèòíîãî ïîëÿ ìîæíî âûáðàòü â âèäå

A0 = −rE . (7.254)

Ïîòåíöèàëüíàÿ ýíåðãèÿ, îòâå÷àþùàÿ âçàèìîäåéñòâèþ ýëåêòðîíà ñ ïîñòîÿííûì ýëåêòðè-
÷åñêèì ïîëåì èìååò âèä (ñì. Óð. (6.218))

V = eA0 = −erE . (7.255)

Âçàèìîäåéñòâèå ñ âíåøíèì ýëåêòðè÷åñêèì ïîëåì (E) áóäåì ó÷èòûâàòü ïî òåîðèè
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âîçìóùåíèé, ðàññìàòðèâàÿ åãî êàê âîçìóùåíèå,

Ĥ = Ĥ0 + V̂ , (7.256)

Ĥ0 =
p2

2me

+ U(r) , (7.257)

V̂ = −erE . (7.258)

Òàêæå áóäåì ñ÷èòàòü, ÷òî U(r) = U(r) îïèñûâàåò öåíòðàëüíîå ïîëå.
Â ñëó÷àå öåíòðàëüíîãî ïîëÿ ñîáñòâåííûå ôóíêöèè íåâîçìóù¼ííîãî ãàìèëüòîíèàíà

ìîæíî èñêàòü â âèäå (ñì. Óð. (5.558))

Ĥ0φnlml = εnlφnlml , (7.259)

φnlml(r) =
1

r
Pnl(r)Ylml(θ, ϕ) , (7.260)

〈φnlml |φn′l′m′l〉 = δnn′δll′δmlm′l . (7.261)

Ïîïðàâêà ïåðâîãî ïîðÿäêà ïî âîçìóùåíèþ ê ýíåðãèè èìååò âèä (ñì. Óð. (7.31), (7.79))

∆E
(1)
nlml

= −e〈φnlml |rE|φnlml〉 = 0 . (7.262)

Çàìåòèì, ÷òî ýòîò ìàòðè÷íûé ýëåìåíò ðàâåí íóëþ. Äåéñòâèòåëüíî, ïðåäñòàâèì øàðîâûå
ôóíêöèè êàê ôóíêöèè îò åäèíè÷íîãî âåêòîðà n = r/r

〈φnlml |rE|φnlml〉 =

∫
d3r φ∗nlmlrEφnlml (7.263)

=

∫
d3r

1

r
P ∗nl(r)Y

∗
lml

(n)rE
1

r
Pnl(r)Ylml(n) . (7.264)

Ñäåëàåì çàìåíó ïåðåìåííûõ r = −r′ (òîãäà n = −n′) è âîñïîëüçóåìñÿ òåì, ÷òî øàðîâûå
ôóíêöèè èìåþò îïðåäåë¼ííóþ ÷¼òíîñòü (ñì. Óð. (5.116)) (Ylml(−n′) = (−1)lYlml(n

′)),

〈φnlml |rE|φnlml〉 =

∫
d3r′

1

r
P ∗nl(r)Y

∗
lml

(−n′)(−r′)E 1

r
Pnl(r)Ylml(−n′) (7.265)

= (−1)2l+1

∫
d3r′

1

r
P ∗nl(r)Y

∗
lml

(n′)r′E
1

r
Pnl(r)Ylml(n

′) (7.266)

= −〈φnlml |rE|φnlml〉 . (7.267)

Ïîëó÷àåì, ÷òî ìàòðè÷íûé ýëåìåíò ðàâåí íóëþ.
Íàïðàâèì îñü z ïî íàïðàâëåíèþ íàïðÿæ¼ííîñòè ýëåêòðè÷åñêîãî ïîëÿ òàê, ÷òî E =

Eez. Òîãäà íåíóëåâûå ìàòðè÷íûå ýëåìåíòû âîçìóùåíèÿ áóäóò èìåòü âèä

〈φnlml |zE|φnl′m′l〉 ∼ δl′,l±1δm′lml . (7.268)
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Äîêàæåì ýòî óòâåðæäåíèå. Äåéñòâèòåëüíî, (ñì. Óð. (5.178))

z = r

√
4π

3
Y10(n) , (7.269)

l̂zz = 0 , (7.270)

l̂zφnl′m′l = m′lφnl′m′l , (7.271)

l̂zzφnl′m′l = m′lzφnl′m′l . (7.272)

Â Óð. (7.272) ìû èñïîëüçîâàëè ïðàâèëî ñëîæåíèÿ ìîìåíòîâ Óð. (5.460). Ïîëó÷àåì, ÷òî
ôóíêöèÿ zφnl′m′l åñòü ñîáñòâåííàÿ ôóíêöèÿ ýðìèòîâñêîãî îïåðàòîðà l̂z ñ ñîáñòâåííûì ÷èñ-
ëîì m′l. Îíà îðòîãîíàëüíà âñåì ôóíêöèÿì φnlml ñ ml 6= m′l.

Ôóíêöèÿ z � ñîáñòâåííàÿ ôóíêöèÿ îïåðàòîðà l̂2

l̂2z = 2z , (7.273)

ò.å., îíà îïèñûâàåò ñèñòåìó ñ îðáèòàëüíûì ìîìåíòîì l = 1. Ïî ïðàâèëàì ñëîæåíèÿ ìî-
ìåíòîâ Óð. (5.466) ôóíêöèÿ zφnl′m′l åñòü ëèíåéíàÿ êîìáèíàöèÿ ôóíêöèé ñ îðáèòàëüíûì
ìîìåíòîì L

|1− l′| ≤ L ≤ 1 + l′ , (7.274)

L = l′ , l′ ± 1 . (7.275)

Ñ ó÷¼òîì Óð. (7.262) ïîëó÷àåì, ÷òî íåíóëåâûå ìàòðè÷íûå ýëåìåíòû áóäóò òîëüêî ïðè

L = l′ ± 1 . (7.276)

Óòâåðæäåíèå (7.268) äîêàçàëè.
Òàêèì îáðàçîì, ìû ïîëó÷àåì, ÷òî â öåíòðàëüíîì ïîëå ïîïðàâêà ïåðâîãî ïîðÿäêà ïî

íàïðÿæ¼ííîñòè ýëåêòðè÷åñêîãî ïîëÿ ðàâíà íóëþ.
Ïîïðàâêà âòîðîãî ïîðÿäêà óæå íå ðàâíà íóëþ (ñì. Óð. (7.63))

∆E
(2)
nlml

=
∑

(n′,l′,m′l)6=(n,l,ml)

|〈φn′l′m′l |V̂ |φnlml〉|
2

εnl − εn′l′
(7.277)

= e2E2
∑
n′

∑
l′=l±1

|〈φn′l′ml |z|φnlml〉|2

εnl − εn′l′
. (7.278)

Çàìåòèì, ÷òî â ðàìêàõ ñòàíäàðòíîé (íåâûðîæäåííîé) òåîðèè âîçìóùåíèé

Enlml = εnl + ∆E
(2)
nlml

+ O
(
E3
)
, (7.279)

∆E
(2)
nlml

∼ E2 . (7.280)

Òàêèì îáðàçîì, ýôôåêò Øòàðêà ÿâëÿåòñÿ êâàäðàòè÷íûì ïî íàïðÿæ¼ííîñòè ýëåêòðè÷å-
ñêîãî ïîëÿ.
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7.7.2 Ëèíåéíûé ýôôåêò Øòàðêà

Ðàññìîòðèì ÷àñòíûé ñëó÷àé, êîãäà óðîâíè ýíåðãèè âûðîæäåííû (èëè êâàçèâûðîæäåííû)
ïî îðáèòàëüíîìó ìîìåíòó.

Äëÿ ïðîñòîòû èçëîæåíèÿ áóäåì ñ÷èòàòü, ÷òî óðîâíè ýíåðãèè ñòðîãî âûðîæäåíû.
Çàìåòèì, ÷òî â êóëîíîâñêîì ïîëå (U = −αZ

r
, ðåëÿòèâèñòñêèå åäèíèöû) íåâîçìóù¼í-

íûå óðîâíè ýíåðãèè âûðîæäåíû ïî îðáèòàëüíîìó ìîìåíòó (l) (ñì. Óð. (5.608)). Â ýòîì
ñëó÷àå íàäî ïðèìåíÿòü âûðîæäåííóþ òåîðèþ âîçìóùåíèé. Ðàññìîòðèì ñëó÷àé 2s (l = 0)
è 2p (l = 1) ýëåêòðîíîâ. Ñîãëàñíî ôîðìóëå Áîðà ýòè ýëåêòðîíû èìåþò îäèíàêîâóþ ýíåð-
ãèþ

εn=2,l,ml = εn=2 = −mec
2 (αZ)2

2n2
= −mec

2 (αZ)2

8
, l = 0, 1 ,ml = −l, . . . , l .(7.281)

Ìû èìååì ÷åòûðå ñîñòîÿíèÿ ñ îäèíàêîâîé ýíåðãèåé: (l = 0, ml = 0), (l = 1, ml = 1),
(l = 1, ml = 0), (l = 1, ml = −1). Íà ôóíêöèÿõ φl=0,ml=0, φl=1,ml=0, φl=1,ml=1, φl=1,ml=−1

ìàòðèöà H̃0 (ñì. Óð. (7.104)) èìååò âèä

(H̃0)lml,l′m′l = 〈lml|Ĥ0|l′m′l〉+ 〈lml|V̂ |l′m′l〉 (7.282)

H̃0 =


(H̃0)00,00 (H̃0)00,10 (H̃0)00,11 (H̃0)00,1−1

(H̃0)10,00 (H̃0)10,10 (H̃0)10,11 (H̃0)10,1−1

(H̃0)11,00 (H̃0)11,10 (H̃0)11,11 (H̃0)11,1−1

(H̃0)1−1,00 (H̃0)1−1,10 (H̃0)1−1,11 (H̃0)1−1,1−1

 (7.283)

=


εn −eE〈00|z|10〉 0 0

−eE〈10|z|00〉 εn 0 0
0 0 εn 0
0 0 0 εn

 (7.284)

=


εn −eEξ 0 0
−eEξ∗ εn 0 0

0 0 εn 0
0 0 0 εn

 , (7.285)

ãäå

ξ = 〈00|z|10〉 = 〈l = 0,ml = 0|z|l = 1,ml = 0〉 . (7.286)

Ñîáñòâåííûå çíà÷åíèÿ ýòîé ìàòðöû íàõîäÿòñÿ èç óñëîâèÿ, ÷òî äåòåðìèíàíò ñëåäóþ-
ùåé ìàòðèöû äîëæåí ðàâíÿòüñÿ íóëþ (ò.å., ìàòðèöà äîëæíà áûòü âûðîæäåííîé)

det{H̃0 − EI} = det


εn − E −eEξ 0 0
−eEξ∗ εn − E 0 0

0 0 εn − E 0
0 0 0 εn − E

 (7.287)

=
(
(εn − E)2 − e2E2|ξ|2

)
(εn − E)2 (7.288)

= (εn − E − eE|ξ|) (εn − E + eE|ξ|) (εn − E)2 = 0 . (7.289)
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Ïîëó÷àåì óðîâíè ýíåðãèè ñ ó÷¼òîì âçàèìîäåéñòâèÿ ñ âíåøíèì ýëåêòðè÷åñêèì ïîëåì
÷àñòè÷íî ðàñùåïëÿþòñÿ (ïî l)

Eml=0 = εn + eE|ξ| , (7.290)

Eml=0 = εn − eE|ξ| , (7.291)

El=1,ml=1 = εn , (7.292)

El=1,ml=−1 = εn . (7.293)

Â êóëîíîâñêîì ïîëå âåëè÷èíà ðàñùåïëåíèÿ ëèíåéíà ïî ïîëþ � ëèíåéíûé ýôôåêò Øòàð-
êà.

Ïðè îòñóòñâèè âûðîæäåíèÿ (èëè êâàçèâûðîæäåíèÿ) ïî îðáèòàëüíîìó ìîìåíòó (l)
ðàñùåïëåíèå êâàäðàòè÷íî ïî ïîëþ (ñì. Óð. (7.280)).

7.8 Òåîðèÿ íåñòàöèîíàðíûõ âîçìóùåíèé

Â ýòîì ïàðàãðàôå ìû áóäåì ðàññìàòðèâàòü èçìåíåíèå ñîñòîÿíèÿ êâàíòîâîé ñèñòåìû çà
ñ÷¼ò âçàèìîäåéñòâèÿ ñ ïåðåìåííûì âíåøíèì ïîëåì. Âçàèìîäåéñòâèå ñ âíåøíèì ïîëåì
áóäåì ó÷èòûâàòü ïî òåîðèè âîçìóùåíèé.

Ìû áóäåì ðàññìàòðèâàòü îäíîìåðíûé ñëó÷àé.
Â ñëó÷àå âçìóùåíèÿ, çàâèñÿùåãî îò âðåìåíè, ìû íå ìîæåì ãîâîðèòü î ñòàöèîíàðíûõ

ñîñòîÿíèÿõ ñèñòåìû. Ñîîòâåòñòâåííî, ìû áóäåì ðàññìàòðèâàòü (íåñòàöèîíàðíîå) óðàâíå-
íèå Øð¼äèíãåðà ñëåäóþùåãî âèäà

i~
∂

∂t
ψ(x, t) = Ĥ(x, t)ψ(x, t) , (7.294)

Ĥ(x, t) = Ĥ0(x) + V̂ (x, t) . (7.295)

Îïåðàòîð Ĥ0 áóäåì ðàññìàòðèâàòü êàê íåâîçìóù¼ííûé ãàìèëüòîíèàí. Îïåðàòîð V̂ (x, t)
ÿâëÿåòñÿ âîçìóùåíèåì, êîòîðîå ìû áóäåì ñ÷èòàòü ìàëûì.

Ìû áóäåì ïðåäïîëàãàòü, ÷òî îá îïåðàòîðå Ĥ0 ìû âñ¼ çíàåì. Ìû çíàåì åãî ñïåêòð {εi}
è ñîáñòâåííûå ôóíêöèè {φi}

Ĥ0φi = εiφi , (7.296)

〈φi|φi′〉 = δii′ . (7.297)

Äëÿ êðàòêîñòè èçëîæåíèÿ áóäåì ïðåäïîëàãàòü, ÷òî âåñòü ñïåêòð íåâîçìóù¼ííîãî ãàìèëü-
òîíèàíà äèñêðåòíûé. Ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ĥ0 îáðàçóþò ïîëíóþ ñèñòåìó∑

i

|φi〉〈φi| = Ê . (7.298)
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Ïóñòü âîçìóùåíèå �âêëþ÷èëîñü� â íóëåâîé ìîìåíò âðåìåíè

V̂ (x, t) =

{
0 , t < 0

V̂ (x, t) , t ≥ 0
. (7.299)

Òàêæå ïóñòü ñîñòîÿíèå â íóëåâîé ìîìåíò âðåìåíè ñîâïàäàåò ñ îäíèì èç ñòàöèîíàðíûõ
ñîñòîÿíèé íåâîçìóù¼ííîãî îïåðàòîðà

ψ(x, 0) = φn(x) . (7.300)

Áóäåì èñêàòü âîëíîâóþ ôóíêöèþ ψ(x, t) â âèäå ðàçëîæåíèÿ ïî ïîëíîìó íàáîðó ôóíê-
öèé {φi}

ψ(x, t) =
∑
i

ai(t)e
− i

~ εit φi(x) . (7.301)

Èç óñëîâèÿ îðòîãîíàëüíîñòè ôóíêöèé {φi} Óð. (7.297) è óñëîâèÿ Óð. (7.300) ñëåäóåò, ÷òî

ψ(x, 0) =
∑
i

ai(0)φi(x) = φn(x) , (7.302)

ai(0) = δni . (7.303)

Ïîäñòàâèì ôóíêöèþ ψ(x, t) â âèäå Óð. (7.301) â óðàâíåíèå Øð¼äèíãåðà (7.294)

i~
∂

∂t
ψ(x, t) = Ĥ(x, t)ψ(x, t) , (7.304)

i~
∂

∂t

∑
i

ai(t)e
− i

~ εit φi(x) = Ĥ(x, t)
∑
i

ai(t)e
− i

~ εit φi(x) . (7.305)

Ðàñïèøåì ïî îòäåëüíîñòè ïðàâóþ è ëåâóþ ÷àñòü óðàâíåíèÿ

i~
∂

∂t

∑
i

ai(t)e
− i

~ εit φi(x) = i~
∑
i

(
∂

∂t
ai(t)

)
e−

i
~ εitφi(x) +

∑
i

ai(t)εie
− i

~ εit φi(x),(7.306)

Ĥ
∑
i

ai(t)e
− i

~ εit φi(x) = Ĥ0

∑
i

ai(t)e
− i

~ εit φi(x) + V̂
∑
i

ai(t)e
− i

~ εit φi(x) (7.307)

=
∑
i

ai(t)e
− i

~ εit εiφi(x) + V̂
∑
i

ai(t)e
− i

~ εit φi(x) . (7.308)

Çàìåòèì, ÷òî ïîä÷¼ðêíóòûå ÷ëåíû ñîâïàäàþò. Ñîêðàòèâ èõ, ïîëó÷àåì óðàâíåíèå

i~
∑
i

(
∂

∂t
ai(t)

)
e−

i
~ εit φi(x) = V̂

∑
i

ai(t)e
− i

~ εit φi(x) . (7.309)
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Ðàññìîòðèì ñêàëÿðíîå ïðîèçâåäåíèå ýòîãî óðàâíåíèÿ ñ áðà-âåêòîðîì 〈φk|

i~
∑
i

(
∂

∂t
ai(t)

)
e−

i
~ εit 〈φk|φi〉 =

∑
i

ai(t)e
− i

~ εit 〈φk|V̂ |φi〉 . (7.310)

Ñ ó÷¼òîì Óð. (7.297) ïîëó÷àåì

i~
(
∂

∂t
ak(t)

)
e−

i
~ εkt =

∑
i

ai(t)e
− i

~ εit 〈φk|V̂ |φi〉 , (7.311)

i~
(
∂

∂t
ak(t)

)
=

∑
i

ai(t)e
i
~ (εk−εi)t 〈φk|V̂ |φi〉 . (7.312)

Ââåä¼ì ÷àñòîòó ïåðåõîäà

ωki =
1

~
(εk − εi) (7.313)

è ñëåäóþùåå îáîçíà÷åíèå äëÿ ìàòðè÷íûõ ýëåìåíòîâ

Vki(t) = 〈φk|V̂ (t)|φi〉 . (7.314)

Ðàññìîòðèì ÷àñòíûé ñëó÷àé âîçìóùåíèÿ

〈φi|V̂ |φi〉 = 0 , (7.315)

äëÿ êîòîðîãî äèàãîíàëüíûå ìàòðè÷íûå ýëåìåíòû ðàâíû íóëþ.
Ïîëó÷àåì óðàâíåíèå (ñì. Óð. (7.303))

i~
(
∂

∂t
ak(t)

)
=

∑
i 6=k

ai(t)e
iωkit Vki(t) , (7.316)

ak(0) = δnk . (7.317)

Áóäåì èñêàòü êîýôôèöèåíòû ak(t) ïî òåîðèè âîçìóùåíèé, ñ÷èòàÿ ìàòðè÷íûå ýëåìåí-
òû âîçìóùåíèÿ Vki(t) ìàëûìè

ak(t) = a
(0)
k + a

(1)
k (t) + O (V ) . (7.318)

Â íóëåâîì ïîðÿäêå ïî âîçìóùåíèþ êîýôôèöèåíòû èìåþò âèä

a
(0)
k = δnk , (7.319)

îíè íå çàâèñÿò îò âðåìåíè. Ñîîòâåòñòâåííî, ìû ìîæåì íàïèñàòü

a
(1)
k (0) = 0 , a

(l)
k (0) = 0 , l ≥ 2 . (7.320)
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Ïîäñòàâèì ðàçëîæåíèå (7.318) â Óð. (7.323) è îãðàíè÷èìñÿ ÷ëåíàìè íóëåâîãî è ïåðâîãî
ïîðÿäêà ìàëîñòè ïî V

i~
(
∂

∂t

(
a

(0)
k + a

(1)
k (t)

))
=

∑
i 6=k

(
a

(0)
i + a

(1)
i (t)

)
eiωkit Vki(t) , (7.321)

ak(0) = δnk . (7.322)

Çàìåòèì, ÷òî ÷ëåí a
(1)
k (t)Vki(t) íàäî îïóñòèòü, òàê êàê èìååò âòîðîé ïîðÿäîê ìàëîñòè.

Ïîëó÷àåì óðàâíåíèå

i~
∂

∂t
a

(1)
k (t) =

∑
i 6=k

(
a

(0)
i

)
eiωkit Vki(t) = eiωknt Vkn(t) , (7.323)

ak(0) = δnk . (7.324)

Ïðîèíòåãðèðîâàâ Óð. (7.323) ñ ó÷¼òîì Óð. (7.320), ïîëó÷àåì âûðàæåíèÿ äëÿ êîýôôèöè-
åíòîâ ak(t)

a
(1)
k (t) =

1

i~

t∫
0

dt′ eiωknt
′
Vkn(t′) , (7.325)

a
(0)
k = δkn . (7.326)

Ìû ïîëó÷èëè, ÷òî âîëíîâàÿ ôóíêöèÿ ψn(x, t) ñîñòîÿíèÿ, êîòîðîå äî âêëþ÷åíèÿ âîç-
ìóùåíèÿ îïèñûâàëîñü íåâîçìóù¼ííîé ôóíêöèåé φn (ñì. Óð. (7.300)), ìîæåò áûòü ïðåä-
ñòàâëåíà â âèäå ðÿäà íåñòàöèîíàðíîé òåîðèè âîçìóùåíèé

ψn(x, t) =
∑
k

akn(t)e−
i
~ εkt φk(x) , (7.327)

akn(t) = a
(0)
kn + a

(1)
kn (t) + O

(
V 2
)
, (7.328)

a
(0)
kn = δkn , (7.329)

a
(1)
kn (t) =

1

i~

t∫
0

dt′ eiωknt
′
Vkn(t′) , (7.330)

ψn(x, t) = φn(x) , t ≤ 0 . (7.331)

Ôèçè÷åñêèé ñìûñë êîýôôèöèåíòîâ akn åñòü òî, ÷òî |akn(t)|2 � ýòî âåðîÿòíîñòü íàéòè ñè-
ñòåìó, îïèñûâàåìóþ ôóíêöèåé ψn(x, t), â ñîñòîÿíèè φk â ìîìåíò âðåìåíè t. Ñîîòâåòñâåíî,
ýòà âåðîÿòíîñòü äëÿ k 6= n ñ òî÷íîñòüþ äî ïåðâûõ ïîïðàâîê ïî âîçìóùåíèþ V èìååò âèä

Wn→k(t) = |akn(t)|2 =

∣∣∣∣∣∣
t∫

0

dt′ eiωknt Vkn(t)

∣∣∣∣∣∣
2

. (7.332)

Çàìåòèì, ÷òî èñïîëüçîâàííàÿ òåîðèÿ âîçìóùåíèé èìååò ñìûñë òîëüêî äî òîãî ìîìåí-
òà âðåìåíè, ïîêà âåðîÿòíîñòè ìåíüøå åäèíèöû: Wn→k(t) < 1.
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7.9 Êâàíòîâûå ïåðåõîäû ïîä äåéñòâèåì ãàðìîíè÷åñêî-

ãî âî âðåìåíè âîçìóùåíèÿ

04.03.2022

Ìû ðàññìàòðèâàåì ðåøåíèå óðàâíåíèå Øð¼äèíãåðà ñ ïîòåíöèàëîì, çàâèñÿùèì îò âðå-
ìåíè,

i~
∂

∂t
ψn(x, t) = Ĥψn(x, t) (7.333)

Ĥ = Ĥ0 + V̂ (t) . (7.334)

Ñ÷èòàåì, ÷òî î íåâîçìóù¼ííîì ãàìèëüòîíèàíå ìû âñ¼ çíàåì

Ĥ0φi = εiφi , (7.335)

〈φi|φi′〉 = δii′ . (7.336)

Â ïðåäûäóùåì ïàðàãðàôå ìû ïîëó÷èëè, ÷òî ïðè âêëþ÷åíèè â ìîìåíò âðåìåíè t = 0
âîçìóùåíèÿ âîëíîâàÿ ôóíêöèÿ ñîñòîÿíèÿ φn (ñì. Óð. (7.300)), ýâîëþöèîíèðóåò ñëåäóþ-
ùèì îáðàçîì

ψn(x, t) =
∑
k

akn(t)e−
i
~ εkt φk(x) , (7.337)

akn(t) = a
(0)
kn + a

(1)
kn (t) + O

(
V 2
)
, (7.338)

a
(0)
kn = δkn , (7.339)

a
(1)
kn (t) =

1

i~

t∫
0

dt′ eiωknt
′
Vkn(t′) , (7.340)

ψn(x, t) = φn(x) , t ≤ 0 , (7.341)

ãäå

Vkn(t) = 〈φk|V̂ (t)|φn〉 . (7.342)

Êâàäðàò ìîäóëÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ (akn(t)) èìååò ñìûñë âåðîÿòíîñòè íàéòè
ñèñòåìó â ñîñòîÿíèè φk â ìîìåíò âðåìåíè t

Wn→k(t) = |akn(t)|2 =

∣∣∣∣∣∣ 1

i~

t∫
0

dt′ eiωknt Vkn(t)

∣∣∣∣∣∣
2

. (7.343)
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Ðàññìîòðèì âîçìóùåíèå ñëåäóþùåãî âèäà

V̂ (x, t) = F̂ (x)eiωt + F̂+(x)e−iωt . (7.344)

Îïåðàòîð V̂ (x, t) ýðìèòîâñêèé

V̂ +(x, t) = V̂ (x, t) . (7.345)

Ìàòðè÷íûå ýëåìåíòû îïåðàòîðà V̂ (x, t) èìåþò âèä

V̂kn(t) = 〈φk|
(
F̂ (x)eiωt + F̂+(x)e−iωt

)
|φn〉eiωt (7.346)

= 〈φk|F̂ |φn〉eiωt + 〈φk|F̂+|φn〉e−iωt . (7.347)

Àìïëèòóäà ïåðåõîäà n → k â ïåðâîì ïîðÿäêå íåñòàöèîíàðíîé òåîðèè âîçìóùåíèé
ðàâíà (íóëåâîé ïîðÿäîê ðàâåí íóëþ)

a
(1)
kn (t) =

1

i~

t∫
0

dt′ eiωknt
′
Vkn(t) (7.348)

=
1

i~

t∫
0

dt′ eiωknt
′
(
〈φk|F̂ |φn〉eiωt + 〈φk|F̂+|φn〉e−iωt

)
(7.349)

=
1

i~
〈φk|F̂ |φn〉

t∫
0

dt′ ei(ωkn+ω)t′ +
1

i~
〈φk|F̂+|φn〉

t∫
0

dt′ ei(ωkn−ω)t′ (7.350)

=
1

i~
〈φk|F̂ |φn〉

1

i(ωkn + ω)
(ei(ωkn+ω)t − 1) (7.351)

+
1

i~
〈φk|F̂+|φn〉

1

i(ωkn − ω)
(ei(ωkn−ω)t − 1) (7.352)

=
1

i~
〈φk|F̂ |φn〉

1

i(ωkn + ω)

(
ei
ωkn+ω

2
t − e−i

ωkn+ω

2
t
)
ei
ωkn+ω

2
t (7.353)

+
1

i~
〈φk|F̂+|φn〉

1

i(ωkn − ω)

(
ei
ωkn−ω

2
t − e−i

ωkn−ω
2

t
)
ei
ωkn−ω

2
t (7.354)

=
1

i~
〈φk|F̂ |φn〉

2

(ωkn + ω)
sin

(
ωkn + ω

2
t

)
ei
ωkn+ω

2
t (7.355)

+
1

i~
〈φk|F̂+|φn〉

2

(ωkn − ω)
sin

(
ωkn − ω

2
t

)
ei
ωkn−ω

2
t . (7.356)
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Âåðîÿòíîñòü ïåðåõîäà èìååò âèä

Wn→k =
∣∣∣a(1)
kn (t)

∣∣∣2 (7.357)

=
∣∣∣〈φk|F̂ |φn〉∣∣∣2 4

~2(ωkn + ω)2
sin2

(
ωkn + ω

2
t

)
(7.358)

+
∣∣∣〈φk|F̂+|φn〉

∣∣∣2 4

~2(ωkn − ω)2
sin2

(
ωkn − ω

2
t

)
(7.359)

+〈φk|F̂ |φn〉〈φk|F̂+|φn〉∗
4

~2(ωkn + ω)(ωkn − ω)
(7.360)

× sin

(
ωkn + ω

2
t

)
sin

(
ωkn − ω

2
t

)
eiωt (7.361)

+〈φk|F̂ |φn〉∗〈φk|F̂+|φn〉
4

~2(ωkn + ω)(ωkn − ω)
(7.362)

× sin

(
ωkn + ω

2
t

)
sin

(
ωkn − ω

2
t

)
e−iωt . (7.363)

Ââåä¼ì äâå ôóíêöèè

Ft(x) =
sin2

(
xt
2

)
π x

2t
2

, (7.364)

Φt(x) =
sin
(
xt
2

)
πx

. (7.365)

Ðàññìîòðèì íåêîòîðûå ñâîéñòâà ýòèõ ôóíêöèé

Ft(0) =
t

2π
, (7.366)

Φt(0) =
t

2π
, (7.367)

Ft(t) ∝
1

t
, t→∞ , åñëè x 6= 0 . (7.368)

∞∫
−∞

dxFt(x) =
1

π

∞∫
−∞

dx
sin2

(
xt
2

)
x2t
2

=
1

π

∞∫
−∞

d

(
xt

2

)
sin2

(
xt
2

)(
xt
2

)2 (7.369)

=
1

π

∞∫
−∞

dy
sin2 y

y2
= 1 , (7.370)

lim
t→∞

Ft(x) = δ(x) . (7.371)

345



Ïîñòðîåíèå δ-îáðàçíûõ ïîñëåäîâàòåëüíîñòåé îáñóæäàëàñü â ïàðàãðàôå 2.8.4
(ñì. Óð. (2.236)).

∞∫
−∞

dxΦt(x) =
1

π

∞∫
−∞

dx
sin
(
xt
2

)
x

=
1

π

∞∫
−∞

d

(
xt

2

)
sin
(
xt
2

)
xt
2

(7.372)

=
1

π

∞∫
−∞

dy
sin y

y
= 1 , (7.373)

lim
t→∞

Φt(x) = δ(x) . (7.374)

Òàêàÿ δ-ôóíêöèÿ îáñóæäàëàñü â ïàðàãðàôå 2.8.3. Çàìåòèì, ÷òî

lim
t→∞

1

t
Φt(ωkn + ω)Φt(ωkn − ω) = 0 , åñëè ωkn 6= 0 . (7.375)

Äåéñòâèòåëüíî, äàæå ïðè ω = ωkn 6= 0 ìû èìååì

lim
t→∞

1

t
Φt(ωkn + ω)Φt(ωkn − ω) = lim

t→∞

1

t

sin
(

(ωkn+ω)t
2

)
π(ωkn + ω)

sin
(

(ωkn−ω)t
2

)
π(ωkn − ω)

(7.376)

= lim
t→∞

1

t

sin
(

(ωkn+ω)t
2

)
π(ωkn + ω)

t

2π
(7.377)

=
1

2π
lim
t→∞

sin
(

(ωkn+ω)t
2

)
π(ωkn + ω)

(7.378)

=
1

2π
δ(ωkn + ω) = 0 . (7.379)

Âåðîÿòíîñòü ïåðåõîäà ìîæíî çàïèñàòü êàê

Wn→k =
∣∣∣a(1)
kn (t)

∣∣∣2 (7.380)

=
∣∣∣〈φk|F̂ |φn〉∣∣∣2 2π

~2
tFt(ωkn + ω) (7.381)

+
∣∣∣〈φk|F̂+|φn〉

∣∣∣2 2π

~2
tFt(ωkn − ω) (7.382)

+〈φk|F̂ |φn〉〈φk|F̂+|φn〉∗
4π2

~2
Φt(ωkn + ω)Φt(ωkn − ω)eiωt (7.383)

+〈φk|F̂ |φn〉∗〈φk|F̂+|φn〉
4π2

~2
Φt(ωkn + ω)Φt(ωkn − ω)e−iωt . (7.384)

Ðàññìîòðèì ñëó÷àé, êîãäà ÷àñòîòà, ñ êîòîðîé ïîëå ìåíÿåòñÿ ñî âðåìåíåì (ω) áëèçêà
ê |ωkn|

ω ≈ |ωkn| . (7.385)
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Â ýòîì ñëó÷àå ÷ëåíàìè (7.383), (7.384) ìîæíî ïðåíåáðå÷ü.

Wn→k(t) ≈
∣∣∣〈φk|F̂ |φn〉∣∣∣2 2π

~2
tFt(ωkn + ω) (7.386)

+
∣∣∣〈φk|F̂+|φn〉

∣∣∣2 2π

~2
tFt(ωkn − ω) . (7.387)

Çàìå÷àíèå: ìû ðàññìàòðèâàåì ñëó÷àé, êîãäà âîçìóùåíèå ìàëî è, ñîîòâåòñòâåííî, âå-
ðîÿòíîñòè ïåðåõîäîâ Wn→k ìàëû, òî åñòü âîçìóùåíèå íàñòîëüêî ñëàáî, ÷òî ñêîðåå âñåãî
ñèñòåìà îñòàíåòñÿ â ñîñòîÿíèè φn. Ìû ïðåäïîëàãàåì, ÷òî âåðîÿòíîñòü ïåðåõîäîâ íàñòîëü-
êî ìàëà, ÷òî ñäåëàâ ïåðåõîä φn → φk ñèñòåìà îñòàíåòñÿ â ñîñòîÿíèè φk. Âåðîÿòíîñòü
ñîâåðøèòü åù¼ îäèí ïåðåõîä (òî åñòü ê ìîìåíòó âðåìåíè t ñîâåðøèòü óæå äâà ïåðåõîäà
n → k → k′) ïðåíåáðåæèìà ìàëà. Ïðè ýòîì ìû äîëæíû, êîíå÷íî æå, ñ÷èòàòü, ÷òî âðå-
ìÿ t äîñòàòî÷íî ìàëî. ×òîáû îïèñûâàòü äâà è áîëåå ïåðåõîäîâ íåîáõîäèìî ó÷èòûâàòü
ñëåäóþùèå ïîðÿäêè òåîðèè âîçìóùåíèé.

Èç ôîðìóëû (7.386) âèäíî, ÷òî âåðîÿòíîñòü íàéòè ñèñòåìó â ñîñòîÿíèè φk ïðîïîðöè-
îíàëüíî:

1. êâàäðàòó ìîäóëÿ ìàòðè÷íîãî ýëåìåíòà âîçìóùåíèÿ
∣∣∣〈φk|F̂ |φn〉∣∣∣2 èëè ∣∣∣〈φk|F̂+|φn〉

∣∣∣2.
×åì ñèëüíåå âîçìóùåíèå, òåì áîëüøå âåðîÿòíîñòü ñîâåðøèòü ïåðåõîä.

2. âðåìåíè t. ×åì äîëüøå äëèòñÿ âîçìóùåíèå, òåì áîëüøå âåðîÿòíîñòü ñîâåðøèòü
ïåðåõîä.

3. ôóíêöèè Ft. ×åì áëèæå ÷àñòîòà ω ê ÷àñòîòå ïåðåõîäà ωkn (ñì. Óð (7.313)), òåì
áîëüøå âåðîÿòíîñòü ñîâåðøèòü ïåðåõîä. Ðàññìîòðèì ýòîò ïóíêò ïîäðîáíåå.

Ôèçè÷åñêèé èíòåðåñ ïðåäñòàâëÿåò âåðîÿòíîñòü ïåðåõîäà â åäèíèöó âðåìåíè (êîòîðóþ
÷àñòî òîæå íàçûâàþò âåðîÿòíîñòüþ)

Pn→k(t) =
1

t
Wkn(t) =

1

t

∣∣∣a(1)
kn (t)

∣∣∣2 (7.388)

=
2π

~2

∣∣∣〈φk|F̂ |φn〉∣∣∣2 Ft(ωkn + ω) +
2π

~2

∣∣∣〈φk|F̂+|φn〉
∣∣∣2 Ft(ωkn − ω) (7.389)

+ Re

{
〈φk|F̂ |φn〉〈φk|F̂+|φn〉∗

8π2

~2t
Φt(ωkn + ω)Φt(ωkn − ω)eiωt

}
. (7.390)

Îïÿòü ïðåíåáðåãàÿ ïîñëåäíèì ÷ëåíîì (ñ ó÷¼òîì (7.385), (7.375)) ïîëó÷àåì

Pn→k(t) =
1

t
Wkn(t) =

1

t

∣∣∣a(1)
kn (t)

∣∣∣2 (7.391)

=
2π

~2

∣∣∣〈φk|F̂ |φn〉∣∣∣2 Ft(ωkn + ω) +
2π

~2

∣∣∣〈φk|F̂+|φn〉
∣∣∣2 Ft(ωkn − ω) . (7.392)
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Ðàññìîòðèì êàê âûãëÿäèò ôóíêöèÿ Ft(x) (ñì. Ðèñ. 7.4)

Ft(x) =
sin2

(
xt
2

)
π x

2t
2

. (7.393)

Ðèñ. 7.4:

Äàâàéòå ðàññìîòðèì ýòîò ïðîöåññ êàê ñïîñîá îïðåäåëåíèÿ ÷àñòîòû ïåðåõîäà ωkn. Ìû
âèäèì, ÷òî çà âðåìÿ èçìåðåíèÿ t (èëè ëó÷øå ∆t = t) ìû ñìîæåì îïðåäåëèòü ðåçîíàíñ ñ
òî÷íîñòüþ

∆ω = |ωkn − ω| >
2π

t
=

2π

∆t
, (7.394)

∆ε = |εk − εn − ~ω| > 2π~
t

=
2π~
∆t

. (7.395)

Ïîëó÷àåì, ÷òî çà âðåìÿ èçìåðåíèÿ ∆t (èëè, ÷òî òî æå ñàìîå, t) ìû ìîæåì èçìåðèòü
ðàçíîñòü óðîâíåé ýíåðãèè εk − εn ñ òî÷íîñòüþ, îïðåäåëÿåìîé íåðàâåíñòâîì

∆ε∆t > 2~ , (7.396)

Îáû÷íî ýòî óñëîâèå çàïèñûâàþò â âèäå

∆ε∆t ≥ ~
2
. (7.397)
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Ýòî íåðàâåíñòâî íàçûâàþò ñîîòíîøåíèåì íåîïðåäåë¼ííîñòè äëÿ ýíåðãèè è âðåìåíè. Ýòî
ñîîòíîøåíèå íàäî ñðàâíèòü ñ ñîîòíîøåíèåì íåîïðåäåë¼ííîñòè äëÿ èìïóëüñà è êîîðäè-
íàòû (ñì. Óð. (3.219))

∆p∆x ≥ ~
2
. (7.398)

Ñîîòíîøåíèå íåîïðåäåë¼ííîñòè äëÿ ýíåðãèè è âðåìåíè (7.397) î÷åíü âàæíî. Çàìåòèì,
÷òî, åñëè ðàçíîñòü ìåæäó óðîâíÿìè |εn − εk| ìàëà, òî ∆ε òîæå ìàëî. Ïîýòîìó ñîîòíîøå-
íèå íåîïðåäåë¼ííîñòè äëÿ ýíåðãèè è âðåìåíè ïîêàçûâàåò, ÷òî âðåìÿ, íåîáõîäèìîå íà òî,
÷òîáû âåðîÿòíîñòü ïåðåõîäà ìåæäó óðîâíÿìè ýíåðãèè εn è εk ñòàëà çàìåòíî îòëè÷íà îò
íóëÿ, îïðåäåëÿåòñÿ êàê

∆t ≥ ~
2∆ε

. (7.399)

Òî åñòü ïåðåõîäû ìåæäó áëèçêèìè óðîâíÿìè ïðîèñõîäÿò ðåæå (ñ ìåíüøåé âåðîÿòíîñòüþ),
÷åì ìåæäó äàëüíèìè.

Ñ äðóãîé ñòîðîíû, ñîîòíîøåíèå íåîïðåäåë¼ííîñòè äëÿ ýíåðãèè è âðåìåíè ïîêàçûâàåò,
÷òî, åñëè âîçìóùåíèå äëèëîñü âðåìÿ ∆t, òî çà ýòî âðåìÿ âîçìîæíû òîëüêî ïåðåõîäû

∆ε ≈ |εn − εk| ≥
~

2∆t
. (7.400)

Çàìå÷àíèå: ñ÷èòàåòñÿ, ÷òî êâàíòîâûå ïåðåõîäû ïðîèñõîäÿò ìãíîâåííî. Òî åñòü â åäè-
íèöó âðåìåíè ïðîèñõîäèò îãðàíè÷åííîå êîëè÷åñòâî ìãíîâåííûõ êâàíòîâûõ ïåðåõîäîâ.

Ðàññìîòðèì ïðîöåññ ðîæäåíèÿ ýëåêòîðîí-ïîçèòðîííîé ïàðû. Äëÿ ýòîãî ïðîöåññà íåîá-
õîäèìà ýíåðãèÿ 2mec

2. Äåéñòâèòåëüíî, ïîçèòðîí � ýòî äûðêà â îòðèöàòåëüíîì ýëåêòðîí-
íîì ñïåêòðå óðàâíåíèÿ Äèðàêà (ñ ýíåðãèåé ìåíüøå −mec

2). Ýëåêòðîí íåïðåðûâíîãî ñïåê-
òðà èìååò ýíåðãèþ áîëüøå mec

2. Äëÿ âîçáóæäåíèÿ ýëåêòðîíà, èçíà÷àëüíî ñ ýíåðãèåé
εi < −mec

2, â ñîñòîÿíèå ñ ýíåðãèåé εf > mec
2 íóæíà ýíåðãèÿ áîëüøå εf − εi > 2mec

2. Â
ðåçóëüòàòå ýòîãî ïåðåõîäà îáðàçóþòñÿ äâå ÷àñòèöû: äûðêà â îòðèöàòåëüíîì ýëåêòðîííîì
ñïåêòðå (ïîçèòðîí) è ýëåêòðîí â ïîëîæèòåëüíîì íåïðåðûâíîì ñïåêòðå. Âðåìÿ, íåîáõî-
äèìîå íà òàêîé ïðîöåññ, ìîæíî îöåíèòü êàê

∆t ≥ ~
2∆ε

=
~

4mec2
≈ 6.6 · 10−16 eV · s

4 · 0.511 · 106 eV
≈ 0.3 · 10−21 s . (7.401)

Òî åñòü äëÿ ðîæäåíèÿ ýëåêòðîí-ïîçèòðîííîé ïàðû íåîáõîäèìî âîçìóùåíèå, êîòîðîå áó-
äåò äëèòüñÿ áîëåå 10−21 s. Ïîìèìî ýòîãî, âîçìóùåíèå äîëæíî áûòü äîñòàòî÷íî ñèëüíîå,
÷òîá ïåðåäàòü çà ýòî âðåìÿ íåîáõîäèìóþ ýíåðãèþ.
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Ðàññìîòðèì ôîðìàëüíî ïðåäåë t→∞, ñ ó÷¼òîì Óð. (7.371), (7.375) , ìû ïîëó÷àåì èç
Óð. (7.390)

Pn→k = lim
t→∞

Pkn(t) (7.402)

=
2π

~2

∣∣∣〈φk|F̂ |φn〉∣∣∣2 δ(ωkn + ω) +
2π

~2

∣∣∣〈φk|F̂+|φn〉
∣∣∣2 δ(ωkn − ω) (7.403)

=
2π

~

∣∣∣〈φk|F̂ |φn〉∣∣∣2 δ(~ωkn + ~ω) +
2π

~

∣∣∣〈φk|F̂+|φn〉
∣∣∣2 δ(~ωkn − ~ω) . (7.404)

Ñ ó÷¼òîì îïðåäåëåíèÿ (7.313)

ωkn =
1

~
(εk − εn) (7.405)

âåðîÿòíîñòü ïåðåõîäà â åäèíèöó âðåìåíè çàïèøåòñÿ êàê

Pn→k =
2π

~

∣∣∣〈φk|F̂ |φn〉∣∣∣2 δ(εk + ~ω − εn) +
2π

~

∣∣∣〈φk|F̂+|φn〉
∣∣∣2 δ(εk − εn − ~ω) .(7.406)

Âûðàæåíèÿ â àðãóìåíòàõ δ-ôóíêöèÿõ ðåàëèçóþò çàêîí ñîõðàíåíèÿ ýíåðãèè. Çäåñü ω > 0.
Ïåðâûé ÷ëåí ýòîé ôîðìóëû îòâå÷àåò ðàñïàäó ñîñòîÿíèÿ φn â ñîñòîÿíèå ñ áîëåå íèçêîé
ýíåðãèåé φk: εn > εk. Âòîðîé ÷ëåí ýòîé ôîðìóëû îòâå÷àåò âîçáóæäåíèþ ñîñòîÿíèÿ φn â
ñîñòîÿíèå ñ áîëåå âûñîêîé ýíåðãèåé φk: εn < εk.

Çàìå÷àíèå: â íàøåé ïîñòàíîâêå çàäà÷è íà÷àëüíîå ñîñòîÿíèå φn ôèêñèðîâàíî, ñîîòâåò-
ñòâåííî, ôèêñèðîâàíà åãî ýíåðãèÿ (εn). ×àñòîòà, ñ êîòîðîé èçìåíÿåòñÿ âíåøíåå ïîëå âî
âðåìåíè (ω), òîæå ôèêñèðîâàíà. Êîíå÷íîå ñîñòîÿíèå ìîæíî ðàññìàòðèâàòü êàê ïðîèç-
âîëüíîå, îäíàêî, äàæå â ýòîì ñëó÷àå, åãî ýíåðãèÿ ìîæåò ïðèíèìàòü òîëüêî îïðåäåë¼ííûå
äèñêðåòíûå çíà÷åíèÿ εk ∈ {εi} èç ñïåêòðà íåâîçìóù¼ííîãî ãàìèëüòîíèàíà. Òàêèì îáðà-
çîì, ìû ïîëó÷èì íåíóëåâûå âåðîÿòíîñòè ïåðåõîäà â åäèíèöó âðåìåíè (Pn→k) òîëüêî äëÿ
ïåðåõîäîâ â ñîñòîÿíèÿ ñ ýíåðãèåé εk = εn ± ω, åñëè îíè ñóùåñòâóþò.

Òàêæå íàäî îáðàòèòü âíèìàíèå, ÷òî ïðè ω = |ωkn| âåðîÿòíîñòü ñòàíîâèòñÿ áåñêîíå÷íîé
(δ-ôóíêöèÿ â íóëå). Ýòî ñâÿçàíî ñ ïðåäåëîì t→∞.

Îäíàêî, ýòè âûðàæåíèÿ äëÿ âåðîÿòíîñòåé ìîãóò èìåòü ôèçè÷åñêèé ñìûñë. Ìû ðàñ-
ñìîòðåëè ñëó÷àé êîãåðåíòíîãî âîçáóæäåíèÿ, ó êîòîðîãî ÷àñòîòà ω èìååò îïðåäåë¼ííîå
çíà÷åíèå. Ðåàëüíûå âîçìóùåíèÿ èìåþò íåêîòîðîå ðàñïðåäåëåíèå ïî ÷àñòîòå ω. Åñëè ìû
ïðîèíòåãðèðóåì ïî ÷àñòîòå ω ïîëó÷åííîå âûðàæåíèå äëÿ âåðîÿòíîñòåé â åäèíèöó âðåìå-
íè, òî δ-ôóíêöèè óéäóò.

Ðàçíîñòü óðîâíåé ýíåðãèè èìååò íåîïðåäåë¼ííîñòü êàê çà ñ÷¼ò êîíå÷íîñòè âðåìåíè
èçìåðåíèÿ t, òàê è çà ñ÷¼ò íåîïðåäåë¼ííîñòè ÷àñòîòû âîçìóùåíèÿ ω. Åñëè ðàçìàçàííîñòü
âîçìóùåíèÿ ïî ω âåëèêà, ìû ñìîæåì ïðèìåíÿòü ôîðìóëó Óð. (7.406). Ðàáîòàòü ñ δ-
ôóíêöèÿìè çíà÷èòåëüíî óäîáíåå, ÷åì ñ ôóíêöèÿìè Ft.

Çà ôèçè÷åñêè ïðîçðà÷íîå ñîäåðæàíèå è èñêëþ÷èòåëüíî øèðîêóþ ñôåðó ïðèìåíåíèÿ
ôîðìóëó Óð. (7.406) íàçûâàþò �çîëîòûì ïðàâèëîì Ôåðìè�.
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Åñëè ìû ïîëîæèì F̂+ = F̂ , ÷òî îáû÷íî èìååò ìåñòî, ìû ïîëó÷èì âàæíîå ñëåäñòâèå
Óð. (7.406) � ïðèíöèï äåòàëüíîãî áàëàíñà, óòâåðæäàþùèé, ÷òî âåðîÿòíîñòü êâàíòîâîãî
ïåðåõîäà n→ k ðàâíà âåðîÿòíîñòè îáðàòíîãî ïåðåõîäà k → n.

7.10 Êâàíòîâûå ïåðåõîäû ïîä âëèÿíèåì âîçìóùåíèÿ,

äåéñòâóþùåãî â òå÷åíèå êîíå÷íîãî âðåìåíè

11.03.2022

Ìû ðàññìàòðèâàåì ðåøåíèå óðàâíåíèå Øð¼äèíãåðà ñ ïîòåíöèàëîì, çàâèñÿùèì îò âðå-
ìåíè,

i~
∂

∂t
ψn(x, t) = Ĥψn(x, t) (7.407)

Ĥ = Ĥ0 + V̂ (x, t) . (7.408)

Ñ÷èòàåì, ÷òî î íåâîçìóù¼ííîì ãàìèëüòîíèàíå ìû âñ¼ çíàåì

Ĥ0φi = εiφi , (7.409)

〈φi|φi′〉 = δii′ . (7.410)

Ðàññìîòðèì âîçìóùåíèå, äåéñòâóþùåå ìàëûé èíòåðâàë âðåìåíè

V̂ (x, t) =


0 , t < 0

V̂ (x, t) , 0 ≤ t ≤ τ
0 , t > τ

. (7.411)

Ïðåäïîëàãàåì, ÷òî τ ìàëî.
Áóäåì ñ÷èòàòü, ÷òî äî âêëþ÷åíèÿ âîçìóùåíèÿ, ñèñòåìà íàõîäèëàñü â ñòàöèîíàðíîì

ñîñòîÿíèè φn.
Â ïàðàãðàôå 7.8 ìû ïîëó÷èëè, ÷òî âîëíîâàÿ ôóíêöèÿ ψn(x, t) ñîñòîÿíèÿ, êîòîðîå

äî âêëþ÷åíèÿ âîçìóùåíèÿ îïèñûâàëîñü íåâîçìóù¼ííîé ôóíêöèåé φn (ñì. Óð. (7.300)),
ìîæåò áûòü ïðåäñòàâëåíà â âèäå ðÿäà íåñòàöèîíàðíîé òåîðèè âîçìóùåíèé

ψn(x, t) =
∑
k

akn(t)e−
i
~ εkt φk(x) , (7.412)

akn(t) = a
(0)
kn + a

(1)
kn (t) + O

(
V 2
)
, (7.413)

a
(0)
kn = δkn , (7.414)

a
(1)
kn (t) =

1

i~

t∫
0

dt′ eiωknt
′
Vkn(t′) , (7.415)

ψn(x, t) = e−
i
~ εntφn(x) , t ≤ 0 , (7.416)

ωkn =
εk − εn

~
. (7.417)
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Ôèçè÷åñêèé ñìûñë êîýôôèöèåíòîâ akn åñòü òî, ÷òî |akn(t)|2 � ýòî âåðîÿòíîñòü íàéòè ñè-
ñòåìó, îïèñûâàåìóþ ôóíêöèåé ψn(x, t), â ñîñòîÿíèè φk â ìîìåíò âðåìåíè t. Ñîîòâåòñâåíî,
ýòà âåðîÿòíîñòü äëÿ k 6= n ñ òî÷íîñòüþ äî ïåðâûõ ïîïðàâîê ïî âîçìóùåíèþ V èìååò âèä

Wn→k(t) = |akn(t)|2 =

∣∣∣∣∣∣ 1

i~

t∫
0

dt′ eiωknt
′
Vkn(t′)

∣∣∣∣∣∣
2

. (7.418)

Çàìåòèì, ÷òî èñïîëüçîâàííàÿ òåîðèÿ âîçìóùåíèé èìååò ñìûñë òîëüêî äî òîãî ìîìåí-
òà âðåìåíè, ïîêà âåðîÿòíîñòè ìåíüøå åäèíèöû: Wn→k(t) < 1.

Íàñ áóäóò èíòåðåñîâàòü âåðîÿòíîñòè ïðè t → ∞. Â ýòîì ñëó÷àå Óð. (7.418) ïðèìåò
âèä

Wn→k(∞) = |akn(∞)|2 =

∣∣∣∣∣∣ 1

i~

τ∫
0

dt′ eiωknt
′
Vkn(t′)

∣∣∣∣∣∣
2

. (7.419)

Åñëè âîçìóùåíèå V̂ ìàëî, èëè, åñëè îíî äåéñòâóåò â òå÷åíèå êîðîòêîãî ìîìåíòà âðåìå-
íè, òî èíòåãðàë â Óð. (7.419) áóäåò ìàë è ìû ñìîæåì ïðèìåíÿòü íåñòàöèîíàðíóþ òåîðèþ
âîçìóùåíèé.

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà âîçìóùåíèå âêëþ÷àåòñÿ â íóëåâîé ìîìåíò âðåìåíè
è ïðîäîëæàåò çàòåì äåéñòâîâàòü áåñêîíå÷íî äîëãî, ñòðåìÿñü ê ïîñòîÿííîìó îïåðàòîðó V̂
ïðè t→∞

V̂ (x, t) =

{
0 , t ≤ 0

V̂ (x, t) , t > 0
, (7.420)

ãäå

lim
t→∞

V̂ (x, t) = V̂ (x) 6= 0 . (7.421)

Òàê êàê îïåðàòîð V̂ (x) íå çàâèñèò îò âðåìåíè, ìû ìîæåì ðàññìîòðåòü ñòàöèîíàðíûå
ñîñòîÿíèÿ ãàìèëüòîíèàíà (

Ĥ0 + V̂ (x)
)
φ̃i(x) = ε̃iφ̃i(x) , (7.422)

〈φ̃i|φ̃i′〉 = δii′ . (7.423)

Â ýòîì ñëó÷àå ôîðìóëà (7.415) îêàçûâàåòñÿ íåïðèìåíèìîé, òàê êàê ñòîÿùèé òàì èí-
òåãðàë ïî âðåìåíè ÿâëÿåòñÿ íåîïðåäåë¼ííûì. Òåì íå ìåíåå, ýòà ôîðìóëà èìååò ÿñíûé
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ôèçè÷åñêèé ñìûñë. Äåéñòâèòåëüíî, ðàññìîòðèì

a
(1)
kn (t) =

1

i~

t∫
0

dt′ eiωknt
′
Vkn(t′) =

1

i~
1

iωkn

t∫
0

dt′
(
∂

∂t′
eiωknt

′
)
Vkn(t′) (7.424)

=
1

i~
1

iωkn
eiωknt

′
Vkn(t′)

∣∣∣∣t
0

− 1

i~
1

iωkn

t∫
0

dt′ eiωknt
′
(
∂

∂t′
Vkn(t′)

)
(7.425)

= − 1

~ωkn
eiωkntVkn(t) +

1

~ωkn

t∫
0

dt′ eiωknt
′
(
∂

∂t′
Vkn(t′)

)
(7.426)

=
e
i
~ (εk−εn)tVkn(t)

εn − εk
+

1

~ωkn

t∫
0

dt′ eiωknt
′
(
∂

∂t′
Vkn(t′)

)
. (7.427)

Çìåòèì, ÷òî ïåðâûé ÷ëåí â (7.427) ñîâïàäàåò ñ ïîïðàâêîé ê âîëíîâîé ôóíêöèè, ó÷è-
òûâàþùåé ïîñòîÿííîå âîçìóùåíèå V̂ (x) (ñì. Óð. (7.53), (7.54)). Ïðèñóòñòâèå ìíîæèòå-

ëÿ e
i
~ (εk−εn)t ÿâëÿåòñÿ ñëåäñòâèåì òîãî, ÷òî ôóíêöèÿ ψn(x, t) ðàñêëàäûâàåòñÿ ïî áàçèñó

{e− i
~ εktφk(x)} (ñì. Óð. (7.412)), à íå ïî áàçèñó {φk(x)}, êàê â Óð. (7.54). Ïîýòîìó ïåðâûé

÷ëåí îïðåäåëÿåò ïîïðàâêó ê ôóíêöèè ψn(t < 0) = φne
− i

~ εnt çà ñ÷¼ò ïîñòîÿííîãî âîçìóùå-
íèÿ V̂ (x).

Âåðîÿòíîñòü ïåðåõîäà îïðåäåëÿåòñÿ âòîðûì ÷ëåíîì ïðè t→∞

Wn→k =
1

~2ω2
kn

∣∣∣∣∣∣
∞∫

0

dt′ eiωknt
′
(
∂

∂t′
Vkn(t′)

)∣∣∣∣∣∣
2

. (7.428)

Èíòåãðàë â ýòîé ôîðìóëå äîëæåí ñõîäèòüñÿ è ìîæåò áûòü ìàë, òàê êàê â âèäó Óð. (7.421)

∂

∂t′
Vkn(t′) → 0 , t′ →∞ . (7.429)

Âàæíûì ñëó÷àåì ÿâëÿåòñÿ ïîñòàíîâêà çàäà÷è, êîãäà ïåðåõîä îñóùåñòâëÿåòñÿ â èç
ñîñòîÿíèÿ äèñêðåòíîãî ñïåêòðà â ñîñòîÿíèå íåïðåðûâíîãî ñïåêòðà. Ïîëó÷åííûå ôîðìóëû
îñòàþòñÿ âåðíû è â ñëó÷àå, êîãäà φ̃k îïèñûâàåò ñîñòîÿíèå íåïðåðûâíîãî ñïåêòðà. Îäíàêî
â ýòîì ñëó÷àå ôèçè÷åñêèé ñìûñë èìååò âåðîÿòíîñòü ïåðåõîäà â ñîñòîÿíèÿ íåïðåðûâíîãî
ñïåêòðà â èíòåðâàëå ýíåðãèé [εk, εk + dεk]

dWn→k =
1

~2

∣∣∣∣∣∣
∞∫

0

dt′ eiωknt
′
Vkn(t′)

∣∣∣∣∣∣
2

dεk . (7.430)
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Íîðìèðîâêà ôóíêöèé íåïðåðûâíîãî ñïåêòðà îïðåäåëÿåòñÿ óñëîâèåì∫
dεk〈φεk |φεk′ 〉 = 1 . (7.431)

×àñòî ðàññìàòðèâàþò ïåðåõîä â ñîñòîÿíèÿ ñ èìïóëüñîì â îïðåäåë¼ííîì èíòåðâàëå èëè
êàêîé-òî äðóãîé ôèçè÷åñêîé âåëè÷èíû. Ïðè ýòîì óñëîâèå íîðìèðîâêè áóäåò ìåíÿòüñÿ,
ñîîòâåòñòâåííî.

Ðàññìîòðèì ìåäëåííîå âêëþ÷åíèå âîçìóùåíèÿ. Åñëè âîçìóùåíèå V̂ (x, t) ìàëî ìåíÿ-
åòñÿ çà ïðîìåæóòêè âðåìåíè ∼ 1/ωkn, òî çíà÷åíèå èíòåãðàëà â Óð. (7.428) è (7.430) áóäåò
ìàëî. Â ïðåäåëå áåñêîíå÷íî ìåäëåííîãî âêëþ÷åíèÿ âîçìóùåíèÿ âåðîÿòíîñòü ïåðåõîäîâ
ñ èçìåíåíèåì ýíåðãèè (ñ íåíóëåâîé ÷àñòîòîé ωkn) ñòðåìèòñÿ ê íóëþ. Òàêèì îáðàçîì, ïðè
äîñòàòî÷íî ìåäëåííîì (àäèàáàòè÷åñêîì) âêëþ÷åíèÿ âîçìóùåíèÿ ñèñòåìà, íàõîäèâøàÿñÿ
â íåêîòîðîì íåâûðîæäåííîì ñòàöèîíàðíîì ñîñòîÿíèè, áóäåò îñòàâàòüñÿ â òîì æå ñîñòî-
ÿíèè.

Ðàññìîòðèì áûñòðîå âêëþ÷åíèå âîçìóùåíèÿ.

∂

∂t
V̂ (x, t) =


0 , t ≤ 0
∂
∂t
V̂ (x, t) , 0 < t ≤ τ

0 , t > τ

. (7.432)

Ïðåäïîëàãàåì, ÷òî τ ìàëî.
Â ñëó÷àå âíåçàïíîãî âêëþ÷åíèÿ âîçìóùåíèÿ ïðîèçâîäíàÿ ∂

∂t′
Vkn(t′) â ìîìåíò âêëþ÷å-

íèÿ ñòàíîâèòñÿ î÷åíü áîëüøîé. Òîãäà ìû ìîæåì âûíåñòè ìåäëåííî ìåíÿþùèéñÿ ìíîæè-
òåëü eiωknt

′
(t′ = 0) íà èíòåðâàëå âðåìåíè, çà êîòîðûé ïðîèñõîäèò âêëþ÷åíèå,

Wn→k =
1

~2ω2
kn

∣∣∣∣∣∣
∞∫

0

dt′ eiωknt
′
(
∂

∂t′
Vkn(t′)

)∣∣∣∣∣∣
2

(7.433)

=
1

~2ω2
kn

∣∣∣∣∣∣
τ∫

0

dt′ eiωknt
′
(
∂

∂t′
Vkn(t′)

)∣∣∣∣∣∣
2

(7.434)

=
1

~2ω2
kn

∣∣∣∣∣∣eiωknτ
τ∫

0

dt′
(
∂

∂t′
Vkn(t′)

)∣∣∣∣∣∣
2

(7.435)

=
|Vkn|2

~2ω2
kn

. (7.436)
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Ðàññìîòðèì âåðîÿòíîñòè ïåðåõîäà ïîä âëèÿíèåì âíåçàïíî âêëþ÷èâøåãîñÿ âîçìóùå-
íèÿ ñ äðóãîé òî÷êè çðåíèÿ. Ïóñòü äî âêëþ÷åíèÿ âîçìóùåíèÿ ñèñòåìà îïèñûâàëàñü ôóíê-
öèåé φn

Ĥ0φn = εnφn . (7.437)

Ïóñòü âðåìÿ âêëþ÷åíèÿ âîçìóùåíèÿ î÷åíü ìàëî τ � 1/ωkn. Òîãäà çà âðåìÿ τ âîëíîâàÿ
ôóíêöèÿ φn íå óñïåâàåò èçìåíèòüñÿ. Îäíàêî ãàìèëüòîíèàí ñèñòåìû óæå óñïåë èçìåíèòü-
ñÿ

Ĥ = Ĥ0 + V̂ (x) . (7.438)

Â íîâîì ãàìèëüòîíèàíå ñîñòîÿíèå φn óæå íå ÿâëÿåòñÿ ñòàöèîíàðíûì. Âåðîÿòíîñòü íàéòè
ñèñòåìó â ñòàöèîíàðíîì ñîñòîÿíèè φ̃k (ñì. Óð. (7.422)) åñòü

Wn→k =
∣∣∣〈φ̃k|φn〉∣∣∣2 (7.439)

Ïîêàæåì, ÷òî ïðè äîñòàòî÷íî ìàëîì âîçìóùåíèè ýòà ôîðìóëà ïåðåõîäèò â Óð. (7.436).
Ðàññìîòðèì ñëåäóþùèå ðàâåíñòâà

Ĥ0|φn〉 = εn|φn〉 , (7.440)

〈φ̃k|Ĥ0|φn〉 = εn〈φ̃k|φn〉 (7.441)

è

〈φ̃k|Ĥ = 〈φ̃k|ε̃k , (7.442)

〈φ̃k|Ĥ|φn〉 = ε̃k〈φ̃k|φn〉 , (7.443)

〈φ̃k|Ĥ0|φn〉+ 〈φ̃k|V̂ |φn〉 = ε̃k〈φ̃k|φn〉 . (7.444)

Âû÷òåì ðàâåíñòâà (7.441) è (7.444)

〈φ̃k|V̂ |φn〉 = (ε̃k − εn)〈φ̃k|φn〉 . (7.445)

Âîñïîëüçóåìñÿ ìàëîñòüþ âîçìóùåíèÿ. Ñ òî÷íîñòüþ äî ïîïðàâîê ïîðÿäêà V 2 ìû ìîæåì
çàïèñàòü

〈φk|V̂ |φn〉 = (εk − εn)〈φ̃k|φn〉+ O
(
V 2
)
. (7.446)

〈φ̃k|φn〉 ≈
〈φk|V̂ |φn〉
εk − εn

=
〈φk|V̂ |φn〉

~ωkn
. (7.447)

Ïîëó÷àåì ñäåäóþùåå âûðàæåíèå äëÿ âåðîÿòíîñòè ïåðåõîäà

Wn→k =
∣∣∣〈φ̃k|φn〉∣∣∣2 =

|〈φk|V̂ |φn〉|2

~2ω2
kn

. (7.448)

Îíî ñîâïàäàåò ñ Óð. (7.436).

355



7.11 Ïðèìåðû âíåçàïíîãî âêëþ÷åíèÿ âîçìóùåíèÿ: òîë-

÷îê ÿäðà àòîìà

Ðàññìîòðèì ïàðó ïðîöåññîâ, ïðåäñòàâëåííûõ â [1] �41.
ßäðî àòîìà, íàõîäÿùåãîñÿ â îñíîâíîì ñîñòîÿíèè, èñïûòûâàåò âíåçàïíûé òîë÷îê, â

ðåçóëüòàòå êîòîðîãî îíî ïðèîáðåòàåò ñêîðîñòü v, äëèòåëüíîñòü òîë÷êà τ ïðåäïîëàãàåòñÿ
ìàëîé êàê ïî ñðàâíåíèþ ñ ýëåêòðîííûìè ïåðèîäàìè, òàê è ïî ñðàâíåíèþ ñ a/v, ãäå a
� àòîìíûå ðàçìåðû. Îïðåäåëèòü âåðîÿòíîñòü âîçáóæäåíèÿ àòîìà ïîä âëèÿíèåì òàêîãî
�âñòðÿõèâàíèÿ�.

Ïåðåõîäèì ê ñèñòåìå îòñ÷¼òà O′, äâèæóùåéñÿ âìåñòå ñ ÿäðîì ïîñëå óäàðà. Â ñèëó
óñëîâèÿ τ � a/v ÿäðî ìîæíî ñ÷èòàòü ïðàêòè÷åñêè íå ñìåñòèâøèìñÿ çà âðåìÿ óäàðà, òàê
÷òî êîîðäèíàòû ýëåêòðîíîâ â ñèñòåìå O′ è â èñõîäíîé ñèñòåìå O íåïîñðåäñòâåííî ïîñëå
âîçìóùåíèÿ ñîâïàäàþò. Íà÷àëüíàÿ âîëíîâàÿ ôóíêöèÿ â ñèñòåìå O′ åñòü

φ̃0 = φ0 exp

(
−iq

Z∑
α=1

rα

)
, q =

mev

~
, (7.449)

ãäå φ0 � âîëíîâàÿ ôóíêöèÿ îñíîâíîãî ñîñòîÿíèÿ ïðè íåïîäâèæíîì ÿäðå, à ñóììèðîâàíèå
â ýêñïîíåíòå ïðîèçâîäèòñÿ ïî âñåì Z ýëåêòðîíàì â àòîìå. Èñêîìàÿ âåðîÿòíîñòü ïåðåõîäà
â k-å ñîñòîÿíèå îïðåäåëÿåòñÿ òåïåðü, ñîãëàñíî Óð. (7.439), ôîðìóëîé

W0→k =
∣∣∣〈φ̃k|φ0〉

∣∣∣2 =

∣∣∣∣∣〈φk| exp

(
−iq

Z∑
α=1

rα

)
|φ0〉

∣∣∣∣∣
2

. (7.450)

Â ÷àñòíîñòè, åñëè qa � 1, òî, ðàçëàãàÿ ýêñïîíåíöèàëüíûé ìíîæèòåëü ïîä çíàêîì
èíòåãðàëà è çàìå÷àÿ, ÷òî èíòåãðàë 〈φk|φ0〉 = 0, ïîëó÷èì

W0→k =
∣∣∣〈φ̃k|φ0〉

∣∣∣2 =

∣∣∣∣∣〈φk|q
Z∑
α=1

rα|φ0〉

∣∣∣∣∣
2

. (7.451)

Îïðåäåëèì òåïåðü ïîëíóþ âåðîÿòíîñòü âîçáóæäåíèÿ è èîíèçàöèè àòîìà âîäîðîäà ïðè
âíåçàïíîì �âñòðÿõèâàíèè�.

Èñêîìóþ âåðîÿòíîñòü ìîæíî âû÷èñëèòü êàê ðàçíîñòü

1−W0→0 = 1−
∣∣∣∣∫ d3r φ2

0e
−iqr

∣∣∣∣2 , (7.452)

ãäå W0→0 � âåðîÿòíîñòü àòîìó îñòàòüñÿ â îñíîâíîì ñîñòîÿíèè. Âîëíîâàÿ ôóíêöèÿ îñíîâ-
íîãî ñîñòîÿíèÿ èìååò âèä

φ(r) = (πa3
0)−1/2e−r/a0 , (7.453)
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ãäå a0 = 0.529 · 10−10 m � áîðîâñêèé ðàäèóñ.
Âû÷èñëèì èíòåãðàë

∫
d3r φ2

0e
−iqr =

1

πa3
0

∞∫
0

dr r2

1∫
−1

d cos θ

2π∫
0

ϕe−2r/a0e−iqr (7.454)

=
1

πa3
0

∞∫
0

dr r2

1∫
−1

d cos θ

2π∫
0

dϕ e−2r/a0e−iqr cos θ (7.455)

=
1

πa3
0

2π

∞∫
0

dr r2e−2r/a0

1∫
−1

d cos θ e−iqr cos θ (7.456)

=
1

πa3
0

2π

∞∫
0

dr r2e−2r/a0
1

(−iqr)
(e−iqr − eiqr) (7.457)

=
1

πa3
0

2π
1

(−iq)

∞∫
0

dr r(e−r(2/a0+iq) − e−r(2/a0−iq)) (7.458)

=
1

πa3
0

2π
1

(−iq)
(7.459)

×

 1

(2/a0 + iq)2

∞∫
0

dr(2/a0 + iq) · r(2/a0 + iq)e−r(2/a0+iq) (7.460)

− 1

(2/a0 − iq)2

∞∫
0

dr(2/a0 − iq) · r(2/a0 − iq)e−r(2/a0−iq)
 (7.461)

=
1

πa3
0

2π
1

(−iq)

[
Γ(2)

(2/a0 + iq)2
− Γ(2)

(2/a0 − iq)2

]
(7.462)

=
1

πa3
0

2π
1

(−iq)
(2/a0 − iq)2 − (2/a0 + iq)2

(2/a0 + iq)2(2/a0 − iq)2
(7.463)

=
1

πa3
0

2π
1

(−iq)
(−8iq)/a0

(4/a2
0 + q2)2

=
16

a4
0(4/a2

0 + q2)2
=

1(
1 + 1

4
q2a2

0

)2 . (7.464)

Ìû èñïîëüçîâàëè èíòåãðàëüíîå ïðåäñòàâëåíèå Γ-ôóíêöèè

Γ(z) =

∞∫
0

dx xz−1e−x , (7.465)

Γ(n) = (n− 1)! . (7.466)
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Ïîëó÷àåì, ÷òî âåðîÿòíîñòü ïåðåõîäà â k-å ñîñòîÿíèå èìååò âèä

1−W0→0 = 1− 1(
1 + 1

4
q2a2

0

)2 . (7.467)

Â ïðåäåëå qa0 � 1 ýòà âåðîÿòíîñòü ñòðåìèòüñÿ ê íóëþ êàê

1−W0→0 = q2a2
0 . (7.468)

Âåðîÿòíîñòü âîçáóæäåíèÿ î÷åíü ìàëà.
Â ïðåäåëå qa0 →∞ âåðîÿòíîñòü âîçáóæäåíèÿ ñòðåìèòüñÿ ê åäèíèöå

1−W0→0 = 1−
(

2

qa0

)8

. (7.469)

Àòîì âîäîðîäà ñêîðåå âñåãî ïåðåéä¼ò â âîçáóæä¼ííîå ñîñòîÿíèå.

7.12 Ïðèìåðû âíåçàïíîãî âêëþ÷åíèÿ âîçìóùåíèÿ: β-

ðàñïàä ÿäðà àòîìà

Ðàññìîòðèì ïðîöåññ, ïðåäñòàâëåííûé â [1] �41.
Îïðåäåëèì âåðîÿòíîñòü âûëåòà ýëåêòðîíà èç K-îáîëî÷êè àòîìà (1s-ýëåêòðîíû) ñ

áîëüøèì àòîìíûì íîìåðîì Z ïðè β-ðàñïàäå ÿäðà (n→ p+ e−+ ν̄e). Ñêîðîñòü β-÷àñòèöû
ïðåäïîëàãàåòñÿ áîëüøîé ïî ñðàâíåíèþ ñî ñêîðîñòüþ K-ýëåêòðîíà.

Â óêàçàííûõ óñëîâèÿõ äëèòåëüíîñòü ïðîõîæäåíèÿ ýëåêòðîíà ÷åðåç K-îáîëî÷êó ìàëà
ïî ñðàâíåíèþ ñ ïåðèîäîì îáðàùåíèÿ ýëåêòðîíà, òàê ÷òî èçìåíåíèå çàðÿäà ÿäðà ìîæíî
ñ÷èòàòü ìãíîâåííûì. Ðîëü âîçìóùåíèÿ èãðàåò ïðè ýòîì èçìåíåíèå

V = −1

r
(7.470)

ïîëÿ ÿäðà ïðè ìàëîì (1 ïî ñðàâíåíèþ ñ Z) èçìåíåíèè åãî çàðÿäà. Òî åñòü çàðÿä ÿäðà
ïî÷òè ìãíîâåííî ìåíÿåòñÿ íà åäèíèöó.

Ñîãëàñíî Óð. (7.436), (7.473) âåðîÿòíîñòü ïåðåõîäà îäíîãî èç äâóõ ýëåêòðîíîâ K-
îáîëî÷êè ñ ýíåðãèåé

E0 = E1s = −Z
2

2
. (7.471)

â ñîñòîÿíèå íåïðåðûâíîãî ñïåêòðà ñ ýíåðãèåé

E =
p2

2
(7.472)
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â èíòåðâàëå dE = [E,E + dE] åñòü

dW1s→E = 2
|〈φE|V̂ |φ1s〉|2

~2ω2
EE0

dE = 2
|〈φE|V̂ |φ1s〉|2

(E − E0)2
dE (7.473)

= 2
4|〈φE|V̂ |φ1s〉|2

(p2 + Z2)2
dE . (7.474)

Ìíîæèòåëü 2 ïðèñóòñòâóåò ïîòîìó, ÷òî â K-îáîëî÷êå åñòü äâà ýëåêòðîíà (1s-ýëåêòðîíû).
Âîëíîâûå ôóíêöèè ýëåêòðîíà íåïðåðûâíîãî ñïåêòðà äîëæíû íîðìèðîâàòüñÿ íà δ-ôóíêöèþ
îò ýíåðãèè.

Çäåñü èñïîëüçóåòñÿ àòîìíàÿ ñèñòåìà åäèíèö ~ = 1, |e| = 1, me = 1. Â àòîìíîé ñèñòåìå
åäèíèö c = 1/α, ãäå α = e2

~c ≈
1

137
� ïîñòîÿííàÿ òîíêîé ñòðóêòóðû.

Â èíòåãðàëå, îïðåäåëÿþùåì ìàòðè÷íûé ýëåìåíò 〈φE|V̂ |φ1s〉, ñóùåñòâåííà îáîáëàñòü
áëèçêèõ (∼ 1/Z, ñì. Óð. (5.626))) ðàññòîÿíèé îò ÿäðà, â êîòîðîé äëÿ âîëíîâîé ôóíêöèè
1s-ýëåêòðîíà è ñîñòîÿíèÿ íåïðåðûâíîãî ñïåêòðà ìîæíî ïîëüçîâàòüñÿ âîäîðîäîïîäîáíûì
âûðàæåíèåì. Êîíå÷íîå ñîñòîÿíèå ýëåêòðîíà äîëæíî èìåòü ìîìåíò l = 0 (ñîâïàäàþùèé
ñ ìîìåíòîì íà÷àëüíîãî ñîñòîÿíèÿ, òàê êàê âîçìóùåíèå ñêàëÿð).

Âîëíîâûå ôóíêöèè 1s-ýëåêòðîíà (â àòîìíûõ åäèíèöàõ) èìååò âèä (ñì. Óð. (5.616),
(5.617))

ψ1s(r) =
1

r
P10(r)Y00(θ, ϕ) = 2Z3/2e−Zr

1√
4π

, (7.475)

Pn=1,l=0(r) = P10(r) = 2Z3/2re−Zr . (7.476)

Ñïèíîâóþ çàâèñèìîñòü âîëíîâûõ ôóíêöèé áóäåì îïóñêàòü.
Âîëíîâûå ôóíêöèè ýëåêòðîíà íåïðåðûâíîãî ñïåêòðà (â àòîìíûõ åäèíèöàõ) èìååò âèä

(ñì. Óð. (5.676) Âîëíîâàÿ ôóíêöèÿ P (r) èìååò âèä

φElml(r) =
1

r
PEl(r)Ylml(θ, ϕ) , (7.477)

PEl(r) =
[
(2π)−1/2 p−1/2

]
e
πZ
2p

|Γ(l + 1− iZ
p

)|
(2l + 1)!

(2pr)l+1e−ipr (7.478)

×F (l + 1 +
iZ

p
; 2l + 2; 2ipr) , (7.479)

〈φElml |φE′l′m′l〉 = δll′δmlm′l

∞∫
0

dr P ∗E(r)PE′(r) = δll′δmlm′lδ(E − E
′) , (7.480)

p =
√

2E . (7.481)
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Äëÿ ñëó÷àÿ l = 0 âîëíîâàÿ ôóíêöèÿ èìååò âèä

PE0(r) =
[
(2π)−1/2 p−1/2

]
e
πZ
2p

∣∣∣∣Γ(1− iZ

p

)∣∣∣∣ (2pr)e−ipr (7.482)

×F (1 +
iZ

p
; 2; 2ipr) . (7.483)

Ðàññìîòðèì îòäåëüíî Γ-ôóíêöèþ∣∣∣∣Γ(1− iZ

p

)∣∣∣∣ =

[
Γ

(
1− iZ

p

)
Γ

(
1 +

iZ

p

)]1/2

(7.484)

=

[
Γ

(
1− iZ

p

)
Γ

(
iZ

p

)
iZ

p

]1/2

(7.485)

Èñïîëüçóÿ ôîðìóëû

Γ(1 + z) = zΓ(z) , (7.486)

Γ(1− z)Γ(z) =
π

sin(πz)
, (7.487)

ïîëó÷àåì

∣∣∣∣Γ(1− iZ

p

)∣∣∣∣ =

iZ
p

π

sin
(
iZπ
p

)
1/2

=

iZ
p

2πi(
e−

πZ
p − e

πZ
p

)
1/2

(7.488)

= e−
πZ
2p

2πZ

p

1(
1− e−

2πZ
p

)
1/2

. (7.489)

Òåïåðü ìîæåì çàïèñàòü ôóíêöèþ PE0 â âèäå

PE0(r) =
[
(2π)−1/2 p−1/2

]
e
πZ
2p e−

πZ
2p

2πZ

p

1(
1− e−

2πZ
p

)
1/2

(2pr)e−ipr

×F (1 +
iZ

p
; 2; 2ipr) (7.490)

=

 4Z(
1− e−

2πZ
p

)
1/2

re−iprF (1 +
iZ

p
; 2; 2ipr) . (7.491)
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〈φE|V̂ |φ1s〉 = 〈φE|
1

r
|φ1s〉 =

∞∫
0

d3r φ+
E0

1

r
φ10 =

∞∫
0

dr P ∗E0

1

r
P10 (7.492)

=

 4Z(
1− e−

2πZ
p

)
1/2

2Z3/2

∞∫
0

dr reiprF (1− iZ

p
; 2;−2ipr)

1

r
re−Zr (7.493)

=

 16Z4(
1− e−

2πZ
p

)
1/2 ∞∫

0

dr e−r(Z−ip)rF (1− iZ

p
; 2;−2ipr) (7.494)

=

 16Z4(
1− e−

2πZ
p

)
1/2

Jγ−1
αγ . (7.495)

Âîñïîëüçóåìñÿ ôîðìóëàìè [1] (f.1), (f.3)

Jναγ =

∞∫
0

dz e−λzzνF (α, γ, kz) , (7.496)

Jγ−1
αγ = Γ(γ)λα−γ(λ− k)−α . (7.497)

Â íàøåì ñëó÷àå

λ = Z − ip , (7.498)

ν = 1 , (7.499)

α = 1− iZ

p
, (7.500)

γ = 2 , (7.501)

k = −2ip , (7.502)

ν = γ − 1 . (7.503)
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Jγ−1
αγ =

∞∫
0

dr e−r(Z−ip)rF (1− iZ

p
; 2;−2ipr) (7.504)

= Γ(2)(Z − ip)−1− iZ
p (Z + ip)−1+ iZ

p (7.505)

=
(Z − ip)−

iZ
p (Z + ip)

iZ
p

(Z − ip)(Z + ip)
=

(1− ip/Z)−
iZ
p (1 + ip/Z)

iZ
p

(Z − ip)(Z + ip)
(7.506)

=

∣∣∣(1 + ip/Z)
iZ
p

∣∣∣2
Z2 + p2

(7.507)

Âîñïîëüçóåìñÿ ôîðìóëîé

∣∣(1 + iα)i/α
∣∣2 = exp

(
−2

arctgα

α

)
, (7.508)

∣∣(1 + iα)i/α
∣∣2 = e

i
α

ln(1+iα)e−
i
α

ln(1−iα) = exp

[
i

α
ln

(
1 + iα

1− iα

)]
(7.509)

= exp

[
i

α
ln

(
ρeiϕ

ρe−iϕ

)]
= exp

[
i

α
ln
(
ei2ϕ
)]

(7.510)

= exp
[
−2

ϕ

α

]
, (7.511)

ρ = |1± iα| , (7.512)

tgϕ =
α

1
, (7.513)

ϕ = arctgα . (7.514)

Òîãäà ìû ìîæåì çàïèñàòü∣∣∣(1 + ip/Z)
iZ
p

∣∣∣2 = exp

(
−2

arctg(p/Z)

p/Z

)
. (7.515)

〈φE|V̂ |φ1s〉 =

 16Z4(
1− e−

2πZ
p

)
1/2

Jγ−1
αγ (7.516)

=

 16Z4(
1− e−

2πZ
p

)
1/2

∣∣∣(1 + ip/Z)
iZ
p

∣∣∣2
Z2 + p2

. (7.517)
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Ïîëó÷àåì ñëåäóþùåå âûðàæåíèå äëÿ âåðîÿòíîñòè (ñì. Óð. (7.474) )

dW1s→E = 2
4|〈φE|V̂ |φ1s〉|2

(p2 + Z2)2
dE (7.518)

=
8

(p2 + Z2)2

 16Z4(
1− e−

2πZ
p

)

∣∣∣(1 + ip/Z)

iZ
p

∣∣∣4
(Z2 + p2)2

(7.519)

=
27Z4

(Z2 + p2)4

1(
1− e−

2πZ
p

) ∣∣∣(1 + ip/Z)
iZ
p

∣∣∣4 . (7.520)

Ââåä¼ì ôóíêöèþ

f(α) =
1

1− e−2π/α
exp

(
−4

arctgα

α

)
, (7.521)

lim
α→0

f(α) = exp(−4) = e−4 , (7.522)

lim
α→∞

f(α) =
α

2π
. (7.523)

Òîãäà ìû ìîæåì çàïèñàòü

f
( p
Z

)
=

1

1− e−2πZ/p

∣∣∣(1 + ip/Z)
iZ
p

∣∣∣4 (7.524)

=
1

1− e−2πZ/p
exp

(
−4

arctg(p/Z)

p/Z

)
. (7.525)

Âûðàæåíèå äëÿ âåðîÿòíîñòè ïðèìåò âèä

dW1s→E =
27Z4

(Z2 + p2)4
f
( p
Z

)
dE =

27

Z4(1 + p2/Z2)4
f
( p
Z

)
dE . (7.526)

Ðàññìîòðèì ïðåäåëüíûå ñëó÷àè

dW1s→E

dE
→ 27

Z4
e−4 , E → 0 , (7.527)

dW1s→E

dE
≈ 27Z4

p8

p

2πZ
=

26Z3

πp7
, E →∞ , p =

√
2E . (7.528)

Ðåçóëüòàòû ïîêàçûâàþò, ÷òî âåðîÿòíåå âûëåò ýëåêòðîíîâ ñ ìàëîé ýíåðãèåé.
Ïîëíàÿ âåðîÿòíîñòü èîíèçàöèèK-îáîëî÷êè ïîëó÷àåòñÿ èíòåãðèðîâàíèåì ïî âñåì ýíåð-

ãèÿì âûëåòàþùåãî ýëåêòðîíà. ×èñëåííûé ðàñ÷¼ò äà¼ò [1]

W =
0.65

Z2
. (7.529)
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Âèäíî, ÷òî ÷åì áîëüøå Z, òåì ñëîæíåå èîíèçèðîâàòü 1s-ýëåêòðîí.
Çàìåòèì, ÷òî ðàäèóñ K-îáîëî÷êè â àòîìíûõ åäèíèöàõ ðàâåí (ñì. Óð. (5.626))

r1s =
1

Z
. (7.530)

Ïîëó÷àåì, ÷òî ïîëíîå ñå÷åíèå èîíèçàöèè ïðîïîðöèîíàëüíî ïëîùàäè êðóãà ðàäèóñà r1s.
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Ãëàâà 8

Äâèæåíèå â ìàãíèòíîì ïîëå

8.1 Ñïèí â ìàãíèòíîì ïîëå

18.03.2022

Â ïàðàãðàôå 6.5 ìû ïîëó÷èëè óðàâíåíèå Ïàóëè, êîòîðîå îïèñûâàåò äâèæåíèå ýëåêòðîíà
ñ ó÷¼òîì åãî ñïèíà (ñì. Óð. (6.327))(

p̂2

2me

+ V − e~
2mec

H0(l̂ + 2ŝ) +
e2

2mec2
A2

)
ϕ = εϕ . (8.1)

Ýòî óðàâíåíèå ïîëó÷àåòñÿ èç óðàâíåíèÿ Äèðàêà â íåðåëÿòèâèñòñêîì ïðåäåëå, ñ òî÷íî-
ñòüþ äî ïîïðàâîê (αZ)4 ru.

Â êà÷åñòâå ïîòåíöèàëà ýëåêòðîìàãíèòíîãî ïîëÿ, êîòîðûé îïèñûâàåò ïîñòîÿííîå ìàã-
íèòíîå ïîëå H0, ìû âûáðàëè (ñì. Óð. (6.308))

A =
1

2
[H0 × r] . (8.2)

Âçàèìîäåéñòâèå ñïèíà ýëåêòðîíà ñ ìàãíèòíûì ïîëåì ìîæåò áûòü ïðåäñòàâëåíî, êàê

− e~
2mec

H02ŝ = 2
|e|~

2mec
H0ŝ = µSH0 = 2µBŝH0 , (8.3)

µS = 2
|e|~

2mec
ŝ = 2µBŝ . (8.4)

ãäå µS � (ñîáñòâåííûé èëè ñïèíîâûé) ìàãíèòíûé ìîìåíò ýëåêòðîíà. Òàêæå ìû ââîäèëè
ìàãíåòîí Áîðà

µB =
|e|~

2mec
. (8.5)
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Ðàññìîòðèì ïîâåäåíèå ñïèíà âî âíåøíåì ïîñòîÿííîì ìàãíèòíîì ïîëå. Áóäåì ñ÷èòàòü,
÷òî äèíàìèêà ñïèíà íå ñâÿçàíà ñ ïåðåìåùåíèåì ÷àñòèöû â ïðîñòðàíñòâå, ò. å. ñïèí �îò-
äåëåí� îò îðáèòàëüíîãî äâèæåíèÿ. Òàêîé ïîäõîä ïðàâîìåðåí, åñëè âíåøíåå ìàãíèòíîå
ïîëå ÿâëÿåòñÿ ïðîñòðàíñòâåííî îäíîðîäíûì. Â ýòîì ñëó÷àå âåëè÷èíà è íàïðàâëåíèå ïî-
ëÿ, äåéñòâóþùåãî íà ÷àñòèöó, â ÷àñòíîñòè íà å¼ ñïèí, íå çàâèñÿò îò òîãî, ãäå ÷àñòèöà
íàõîäèòñÿ.

Â ýòîì ñëó÷àå çà äâèæåíèå ýëåêòðîíà òîëüêî çà ñ÷¼ò ìàãíèòíîãî ïîëÿ îïèñûâàåòñÿ
òàêèì óðàâíåíèåì Øð¼äèíãåðà

i~
∂

∂t
ψ = 2µBŝH0ψ . (8.6)

Íàïðàâèì îñü z ïî ìàãíèòíîìó ïîëþ, òîãäà H0 = Hoez. Óðàâíåíèå Øð¼äèíãåðà ïðèìåò
âèä

i~
∂

∂t
ψ = 2µBH0ŝzψ . (8.7)

Îïåðàòîð ïðîåêöèè ñïèíà íà îñü z èìååò âèä

ŝz =
1

2

(
1 0
0 −1

)
. (8.8)

Åãî ñîáñòâåííûå ôóíêöèè åñòü (ñì. Óð. (5.370))

χ 1
2

=

(
1
0

)
, χ− 1

2
=

(
0
1

)
, (8.9)

ŝzχµ = µχµ . (8.10)

Ðåøåíèå Óð. (8.7) ìîæíî èñêàòü â âèäå

ψµ(t) = aµχµe
−iωt , µ = ±1

2
, (8.11)

ãäå aµ � ñêàëÿðíàÿ ôóíêöèÿ. Ïîëó÷àåì óðàâíåíèå

ω~ψµ = 2µµBH0ψµ , (8.12)

ω = 2µµB
1

~
H0 . (8.13)

Ââåäåì ëàðìîðîâñêóþ ÷àñòîòó

ωH =
µB
~
H0 =

|e|
mec

H0 . (8.14)
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Ðåøåíèÿ Óð. (8.7) ïðèìóò âèä

ψ 1
2
(t) = a 1

2
χ 1

2
e−iωH t , ψ− 1

2
(t) = a− 1

2
χ− 1

2
eiωH t . (8.15)

Îáùåå ðåøåíèå Óð. (8.7) èìååò âèä

ψ(t) =

(
a 1

2
e−iωH t

a− 1
2
eiωH t

)
. (8.16)

Ïóñòü â ìîìåíò âðåìåíè t = 0 ñïèí íàïðàâëåí âäîëü îñè z, ò.å. ýëåêòðîí íàõîäèòñÿ â
ïîëÿðèçîâàííîì ñîñòîÿíèÿ ñ ïðîåêöèåé sz = 1/2. Ýòî çíà÷èò, ÷òî ïðè t = 0

ψ 1
2
(0) =

(
a 1

2

0

)
, ŝzψ 1

2
(0) =

1

2
ψ 1

2
(0) . (8.17)

Â ýòîì ñëó÷àå a− 1
2

= 0. Âîëíîâàÿ ôóíêöèÿ èìååò âèä

ψ 1
2
(t) = ψ 1

2
(0)e−iωH t . (8.18)

Êàê âèäíî, â ýòîì êâàíòîâîì ñîñòîÿíèè îðèåíòàöèÿ ñïèíà ñ òå÷åíèåì âðåìåíè íå ìåíÿ-
åòñÿ � ñïèí îñòàåòñÿ íàïðàâëåííûì âäîëü îñè z. Ýòî íå óäèâèòåëüíî, èáî ñïèíîð ψ(0)
åñòü âîëíîâàÿ ôóíêöèÿ ñòàöèîíàðíîãî ñîñòîÿíèÿ:

Ĥψ 1
2
(0) = Eψ 1

2
(0) , (8.19)

2µBH0ŝzψ 1
2
(0) = µBH0ψ 1

2
(0) , (8.20)

E 1
2

= µBH0 = ~ωH . (8.21)

Åñëè â ìîìåíò âðåìåíè t = 0 ñïèí íàïðàâëåí â ïðîòèâîïîëîæíîì íàïðàâëåíèè îñè z,
ò.å. ýëåêòðîí íàõîäèòñÿ â ïîëÿðèçîâàííîì ñîñòîÿíèÿ ñ ïðîåêöèåé sz = −1/2. Ýòî çíà÷èò,
÷òî ïðè t = 0

ψ− 1
2
(0) =

(
0
a− 1

2

)
, ŝzψ− 1

2
(0) = −1

2
ψ− 1

2
(0) . (8.22)

Âîëíîâàÿ ôóíêöèÿ áóäåò èìåòü âèä

ψ− 1
2
(t) = ψ− 1

2
(0)eiωH t . (8.23)

Çäåñü òàêæå ïðîåêöèÿ ñïèíà èìååò îïðåäåë¼ííîå çíà÷åíèå.

Ĥψ− 1
2
(0) = Eψ− 1

2
(0) , (8.24)

2µBH0ŝzψ− 1
2
(0) = −µBH0ψ− 1

2
(0) , (8.25)

E− 1
2

= −µBH0 = −~ωH . (8.26)
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Ñòîèò îòìåòèòü, ÷òî âêëþ÷åíèå âíåøíåãî ìàãíèòíîãî ïîëÿ ïðèâåëî ê ðàñùåïëåíèþ
ýíåðãåòè÷åñêîãî óðîâíÿ E = 0, êîòîðûé â îòñóòñòâèå ïîëÿ áûë äâóêðàòíî âûðîæäåí
(ýíåðãèÿ ñïèíà íå çàâèñåëà îò åãî îðèåíòàöèè). Âíåøíåå ïîëå íàðóøèëî èçîòðîïèþ ïðî-
ñòðàíñòâà, ïîíèçèâ ñèììåòðèþ äî àêñèàëüíîé, è ñíÿëî âûðîæäåíèå óðîâíÿ E = 0, ðàñ-
ùåïèâ åãî íà ïîäóðîâíè ñ ýíåðãèÿìè E = ±~ωH .

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà â ìîìåíò âðåìåíè t = 0 ñïèí íå èìåë îïðåäåë¼ííîé
ïðîåêöèè íà îñü z

ψ(0) = a

(
1
1

)
. (8.27)

Çàìåòèì, ÷òî ýòà ôóíêöèÿ îïèñûâàåò ñîñòîÿíèå ñ îïðåäåë¼ííîé ïðîåêöèåé ñïèíà íà îñü
x

ŝxψ(0) =
1

2
σxψ(0) =

1

2

(
0 1
1 0

)
a

(
1
1

)
=

1

2
a

(
1
1

)
=

1

2
ψ(0) . (8.28)

Â ýòîì ñëó÷àå îáùåå ðåøåíèå ñâîäèòñÿ ê

ψ(t) = a

(
e−iωH t

eiωH t

)
. (8.29)

Â ýòîì ñëó÷àå ôóíêöèÿ ψ(t) íå ÿâëÿåòñÿ ôóíêöèåé ñòàöèîíàðíîãî ñîñòîÿíèÿ.
Ïóñòü ôóíêöèÿ ψ íîðìèðîâàíà íà åäèíèöó

〈ψ(t)|ψ(t)〉 = a∗(eiωH t, e−iωH t)a

(
e−iωH t

eiωH t

)
= |a|22 = 1 , (8.30)

a =
1√
2
. (8.31)

Çàìåòèì, ÷òî ñðåäíåå çíà÷åíèå ïðîåêöèè ñïèíà íà îñü z â ðàññìàòðèâàåìîì ñîñòîÿíèè
ðàâíî íóëþ ïðè ëþáûõ t

s̄z = 〈ψ(t)|ŝz|ψ(t)〉 = a∗(eiωH t, e−iωH t)
1

2

(
1 0
0 −1

)
a

(
e−iωH t

eiωH t

)
(8.32)

=
1

2
|a|2(eiωH t, e−iωH t)

(
e−iωH t

−eiωH t
)

= 0 . (8.33)

Ñðåäíåå çíà÷åíèå ñïèíà, òàêèì îáðàçîì, îñòàåòñÿ â ïðåäåëàõ ïëîñêîñòè (x, y).
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Ïîñìîòðèì êàê çàâèñÿò îò âðåìåíè ñðåäíèå çíà÷åíèÿ ïðîåêöèé ñïèíà íà îñè x è y.

s̄x = 〈ψ(t)|ŝx|ψ(t)〉 = a∗(eiωH t, e−iωH t)
1

2

(
0 1
1 0

)
a

(
e−iωH t

eiωH t

)
(8.34)

=
1

2
|a|2(eiωH t, e−iωH t)

(
eiωH t

e−iωH t

)
(8.35)

=
1

4
(e2iωH t + e−2iωH t) =

1

2
cos(2ωHt) . (8.36)

s̄y = 〈ψ(t)|ŝy|ψ(t)〉 = a∗(eiωH t, e−iωH t)
1

2

(
0 −i
i 0

)
a

(
e−iωH t

eiωH t

)
(8.37)

=
1

2
|a|2(eiωH t, e−iωH t)

(
−ieiωH t
ie−iωH t

)
(8.38)

=
1

4
i(−e2iωH t + e−2iωH t) =

1

2
sin(2ωHt) . (8.39)

Ìû âèäèì, ÷òî ñïèí âðàùàåòñÿ � â ñðåäíåì, êîíå÷íî � âîêðóã îñè z, ò. å. âîêðóã íàïðàâ-
ëåíèÿ ìàãíèòíîãî ïîëÿ. Ïîäîáíîå äâèæåíèå õîðîøî èçâåñòíî â êëàññè÷åñêîé ìåõàíèêå
è íîñèò íàçâàíèå ïðåöåññèè. Ïðåöåññèÿ, òàêèì îáðàçîì, ñóùåñòâóåò è â ìèêðîìèðå. Åé
ïîäâåðæåíû âñå ìèêðî÷àñòèöû, èìåþùèå ñïèí, â òîì ÷èñëå è â òåõ ñîñòîÿíèÿõ, êîãäà
îíè äâèæóòñÿ ñâîáîäíî. Âàæíî, ÷òî ÷àñòîòà ïðåöåññèè ñïèíà ýëåêòðîíà, êàê ñëåäóåò èç
ïîëó÷åííûõ ôîðìóë, âäâîå ïðåâûøàåò êëàññè÷åñêóþ ÷àñòîòó ëàðìîðîâñêîé ïðåöåññèè
ωH . Ýòî ñâÿçàíî ñ àíîìàëüíîé âåëè÷èíîé ãèðîìàãíèòíîãî îòíîøåíèÿ äëÿ ñïèíà, êîòîðîå
â äâà ðàçà áîëüøå ñâîåãî îðáèòàëüíîãî àíàëîãà: ge = 2 (ge ≈ 2, ñì. Óð. (6.332)).

8.2 Äâèæåíèå â îäíîðîäíîì ìàãíèòíîì ïîëå

Ðàññìîòðèì äâèæåíèå ýëåêòðîíà â îäíîðîäíîì ìàãíèòíîì ïîëå [1], � 112.
Â ïàðàãðàôå 6.5 ìû ïîëó÷èëè óðàâíåíèå Ïàóëè, êîòîðîå îïèñûâàåò äâèæåíèå ýëåê-

òðîíà ñ ó÷¼òîì åãî ñïèíà (ñì. Óð. (6.327))(
p̂2

2me

+ V − e~
2mec

H0(l̂ + 2ŝ) +
e2

2mec2
A2

)
ϕ = εϕ . (8.40)

Ýòî óðàâíåíèå ïîëó÷àåòñÿ èç óðàâíåíèÿ Äèðàêà â íåðåëÿòèâèñòñêîì ïðåäåëå, ñ òî÷íî-
ñòüþ äî ïîïðàâîê (αZ)4 ru.

Â êà÷åñòâå ïîòåíöèàëà ýëåêòðîìàãíèòíîãî ïîëÿ, êîòîðûé îïèñûâàåò ïîñòîÿííîå ìàã-
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íèòíîå ïîëå H0, ìû âûáðàëè (ñì. Óð. (6.308))

A =

 −H0y
0
0

 , (8.41)

H = [∇×A] =

 ∂
∂y
Az − ∂

∂z
Ay

∂
∂z
Ax − ∂

∂x
Az

∂
∂x
Ay − ∂

∂y
Ax

 =

 0
0
H0

 . (8.42)

Ðàññìîòðèì óðàâíåíèå Ïàóëè â âèäå (V = 0) (6.324)(
1

2me

(
p̂− e

c
A
)2

− e~
2mec

σH0

)
ψ = εψ . (8.43)

Ñ ó÷¼òîì Óð. (8.41) ïîëó÷àåì(
1

2me

(
p̂x +

e

c
H0y

)2

+
p̂2
y

2me

+
p̂2
z

2me

− e~
2mec

σzH0

)
ψ = εψ . (8.44)

Ââåä¼ì ëàðìîðîâñêóþ ÷àñòîòó

ωH =
|e|H0

mec
. (8.45)

Ôóíêöèþ ψ áóäåì èñêàòü â âèäå

ψ(r) = e
i
~ (pxx+pzz) f(y)χµ (8.46)

(
1

2me

(px − ωHmey)2 +
p̂2
y

2me

+
p2
z

2me

+ µ~ωH
)
f = εf , (8.47)(

ω2
Hm

2
e

2me

(
px

ωHme

− y
)2

+
p̂2
y

2me

+
p2
z

2me

+ µ~ωH

)
f = εf , (8.48)(

me

2
ω2
H (y − y0)2 +

p̂2
y

2me

+
p2
z

2me

+ µ~ωH
)
f = εf . (8.49)

Ââåä¼ì îïåðàòîð ŷ0

ŷ0 =
p̂x

ωHme

=
p̂xc

|e|H0

, (8.50)

y0 =
px

ωHme

=
pxc

|e|H0

. (8.51)

370



Çàìåòèì, ÷òî îïåðàòîð ŷ0 êîììóòèðóåò ñ ãàìèëüòîíèàíîì â Óð. (8.44), (8.49) è, òåì ñà-
ìûì, âåëè÷èíà y0 ñîõðàíÿåòñÿ (ìîæåò èìåòü îïðåäåë¼ííîå çíà÷åíèå â ñòàöèîíàðíûõ ñî-
ñòîÿíèÿõ).

(
p̂2
y

2me

+
me

2
ω2
H (y − y0)2

)
f =

(
ε− p2

z

2me

− µ~ωH
)
f , (8.52)(

p̂2
y

2me

+
me

2
ω2
H (y − y0)2

)
f = Ef , (8.53)

E = ε− p2
z

2me

− µ~ωH , (8.54)

ε = E +
p2
z

2me

+ µ~ωH . (8.55)

Óðàâíåíèå (8.53) ôîðìàëüíî ñîâïàäàåò ñ óðàâíåíèåì äëÿ ñîáñòâåííûõ ôóíêöèé ãàð-
ìîíè÷åñêîãî îñöèëëÿòîðà (ñì. � 4.8, Óð. (4.220))(

− ~2

2m

d2

dx2
+

1

2
mω2x2

)
Ψ(x) = EΨ(x) . (8.56)

Ñîáñòâåííûå çíà÷åíèÿ îñöèëëÿòîðà èìåþò âèä Óð. (4.252)

En = ~ω
(
n+

1

2

)
, n = 0, 1, 2, . . . (8.57)

Âîëíîâàÿ ôóíêöèÿ n-îãî ñîñòîÿíèÿ ìîæíî ïðåäñòàâèòü êàê (ñì. Óð. (4.292), (4.289),
(8.63))

Ψn(x) =
1√
α
ψn

(x
α

)
, α =

√
~
mω

, (8.58)

〈Ψn|Ψn′〉 =

∞∫
−∞

dxΨ∗n(x)Ψn′(x) = δn,n′ . (8.59)

ψn(ξ) =
(−1)n√
n!2n

ψ0(ξ)Hn(ξ) , (8.60)

ãäå

ψ0(ξ) =
1

π1/4
e−

1
2
ξ2 (8.61)
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è Hn � ïîëèíîìû Ýðìèòà

Hn(ξ) = (−1)neξ
2 dn

dξn
e−ξ

2

. (8.62)

Ââåä¼ì âåëè÷èíó

αH =

√
~

meωH
. (8.63)

Ôóíêöèþ fn(y) ìîæíî ïðåäñòàâèòü êàê

fn(y) =
1

α
1/2
H

ψn

(
y − y0

αH

)
(8.64)

=
1

α
1/2
H π1/4

exp

(
−(y − y0)2

2α2
H

)
(−1)n√
n!2n

Hn

(
y − y0

αH

)
. (8.65)

ε = E +
p2
z

2me

+ ~ωH (8.66)

= ~ωH
(
n+

1

2

)
+

p2
z

2me

+ µ~ωH . (8.67)

Ïåðâûé ÷ëåí â ýòîì âûðàæåíèè äà¼ò äèñêðåòíûå çíà÷åíèÿ ýíåðãèè, îòâå÷àþùèå äâèæå-
íèþ â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé ê ïîëþ (ïëîñêîñòè (x, y)); èõ íàçûâàþò óðîâíÿìè
Ëàíäàó. Âòîðîé ÷ëåí íåïðåðûâíî ìåíÿåòñÿ îò íóëÿ äî áåñêîíå÷íîñòè, òåì ñàìûì, âåñü
ñïåêòð ÿâëÿåòñÿ íåïðåðûâíûì. Òðåòèé ÷ëåí äà¼ò ðàñùåïëåíèå çà ñ÷¼ò âçàèìîäåéñòâèÿ
ñïèíà ýëåêòðîíà ñ ìàãíèòíûì ïîëåì (µ = ±1/2 � ïðîåêöèÿ ñïèíà íà íàïðàâëåíèå H0).

Ìû îáðàùàëè âíèìàíèå íà òî, ÷òî ââåä¼ííàÿ íàìè âåëè÷èíà y0 (8.51) êîììóòèðóåò ñ
ãàìèëüòîíèàíîì è ñîõðàíÿåòñÿ.

Çàìåòèì òàêæå, ÷òî ñëåäóþùàÿ âåëè÷èíà òîæå êîììóòèðóåò ñ ãàìèëüòîíèàíîì Óð. (8.44)
è, òåì ñàìûì, ñîõðàíÿåòñÿ

x̂0 =
c

eH0

p̂y + x . (8.68)

Äåéñòâèòåëüíî,

[p̂x +
eH0

c
y,

c

eH0

p̂y + x] = [p̂x, x] + [y, p̂y] = 0 , (8.69)

[Ĥ,
c

eH0

p̂y + x] = 0 . (8.70)
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Ðàññìîòðèì êëàññè÷åñêîå äâèæåíèå ïî îêðóæíîñòü ðàäèóñà R â ïëîñêîñòè (x, y).
Öåíòð îêðóæíîñòè íàõîäèòñÿ â òî÷êå (x0, y0). Äâèæåíèå ïðîèñõîäèò ñ ïîñòîÿííîé óã-
ëîâîé ñêîðîñòüþ ωH . Óðàâíåíèÿ äâèæåíèÿ áóäóò èìåòü âèä

x = x0 +R cos(ωHt) , (8.71)

y = y0 +R sin(ωHt) . (8.72)

ẋ = −ωHR sin(ωHt) , (8.73)

ẏ = ωHR cos(ωHt) . (8.74)

x = x0 +
ẏ

ωH
= x0 +

py
ωHme

= x0 −
cpy
eH0

, (8.75)

y = y0 −
ẋ

ωH
= x0 −

px
ωHme

= y0 +
cpx
eH0

. (8.76)

Èç Óð. (8.68) âèäíî, ÷òî âåëè÷èíà x0 ñîõðàíÿåòñÿ.
Òàêèì îáðàçîì, ââåä¼ííûå íàìè âåëè÷èíû x0 è y0 (ñì. Óð. (8.68), (8.51)) èìåþò ôèçè-

÷åñêèé ñìûñë êîîðäèíàò öåíòðà îêðóæíîñòè, ïî êîòîðîé äâèæåòñÿ ýëåêòðîí â ïðîåêöèè
íà ïëîñêîñòü (x, y).

Ðèñ. 8.1: Ðèñóíîê èç [3], Ðèñ. 1.22.

Îäíàêî, íàäî çàìåòèü, ÷òî îïåðàòîðû x̂0 è ŷ0 íå êîììóòèðóþò [x̂0, ŷ0] 6= 0, òàê ÷òî
êîîðäèíàòû x0 è y0 íå ìîãóò îäíîâðåìåííî èìåòü îïðåäåë¼ííûå çíà÷åíèÿ.
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Òàêèì îáðàçîì, ñ ó÷¼òîì çàâèñèìîñòè y0 îò px, ôóíêöèÿ ψ(r) (8.46) îïèñûâàåò ôè-
íèòíîå äâèæåíèå â ïëîñêîñòè (x, y) è èíôèíèòíîå äâèæåíèå âäîëü îñè z.

Ñðåäíåå çíà÷åíèå âåëè÷èíû ŷ − ŷ0 äëÿ îñöèëëÿòîðà ðàâíî (ñì. Óð. (4.310))

〈ψ|(ŷ − ŷ0)2|ψ〉 =
~

meωH

(
n+

1

2

)
, n = 0, 1, 2, . . . (8.77)

ýòà âåëè÷èíà îïðåäåëÿåò êâàäðàò ðàäèóñà îêðóæíîñòè â ïëîñêîñòè (x, y), ïî êîòîðîìó â
ñðåäíåì ïðîèñõîäèò äâèæåíèå.

8.3 Ôàçà Áåððè

[M.V. Berry, Proc. R. Soc. Lond. A 392, 45 (1984)]

https://doi.org/10.1098/rspa.1984.0023

[V.K. Ignatovich, Uspekhi Fizicheskikh Nauk 183, 631 (2013)]

https://doi.org/10.3367/UFNr.0183.201306e.0631

Ðàññìîòðèì ïîâåäåíèå ñïèíà âî âíåøíåì ïîñòîÿííîì ìàãíèòíîì ïîëå. Áóäåì ñ÷èòàòü,
÷òî äèíàìèêà ñïèíà íå ñâÿçàíà ñ ïåðåìåùåíèåì ÷àñòèöû â ïðîñòðàíñòâå, ò. å. ñïèí �îò-
äåëåí� îò îðáèòàëüíîãî äâèæåíèÿ. Òàêîé ïîäõîä ïðàâîìåðåí, åñëè âíåøíåå ìàãíèòíîå
ïîëå ÿâëÿåòñÿ ïðîñòðàíñòâåííî îäíîðîäíûì. Â ýòîì ñëó÷àå âåëè÷èíà è íàïðàâëåíèå ïî-
ëÿ, äåéñòâóþùåãî íà ÷àñòèöó, â ÷àñòíîñòè íà å¼ ñïèí, íå çàâèñÿò îò òîãî, ãäå ÷àñòèöà
íàõîäèòñÿ.

Â ýòîì ñëó÷àå çà äâèæåíèå ýëåêòðîíà òîëüêî çà ñ÷¼ò ìàãíèòíîãî ïîëÿ îïèñûâàåòñÿ
òàêèì óðàâíåíèåì Øð¼äèíãåðà (ñì. Óð. (8.6))

i~
∂

∂t
ψ = µBσH0ψ . (8.78)

Â ýòîì ïàðàãðàôå ìû áóäåì çàäàâàòü íàïðÿæ¼ííîñòü ìàãíèòíîãî ïîëÿ ñ ïîìîùüþ
âåêòîðîâ B, êîòîðûå îòëè÷àþòñÿ ìíîæèòåëåì µB/~

B0 =
µB
~
H0 . (8.79)

Òîãäà ðàññìàòðèâàåìîå óðàâíåíèå Øð¼äèíãåðà ïðèìåò âèä

i
∂

∂t
ψ = σB0ψ . (8.80)

Ôóíêöèþ ψ(t) ìîæíî çàïèñàòü êàê

ψ(t) = e−iσB0tψ(0) . (8.81)
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Íàïðàâèì îñü z ïî ïîëþ B0: B0 = B0ez. Åñëè â íóëåâîé ìîìåíò âðåìåíè ñîñòîÿíèå
èìåëî îïðåäåë¼ííóþ ïðîåêöèþ ñïèíà íà íàïðàâëåíèå B0, òî åñòü

σB0ψ(0) = B0σzψ(0) = B0ψ(0) , ψ(0) =

(
1
0

)
, (8.82)

òî ìû ìîæåì çàïèñàòü

ψ(t) = e−iB0tψ(0) . (8.83)

Âèäíî, ÷òî ïîëÿðèçàöèÿ (ïðîåêöèÿ ñïèíà íà çàäàííîå íàïðàâëåíèå (B0)) ñî âðåìåíåì íå
ìåíÿåòñÿ, íî âîëíîâàÿ ôóíêöèÿ ïðèîáðåòàåò ôàçó

ϕd(t) = B0t . (8.84)

Ýòó ôàçó áóäåì íàçûâàòü äèíàìè÷åñêîé ôàçîé.
Ïóñòü òåïåðü êðîìå ïîñòîÿííîãî ïîëÿ B0 èìååòñÿ ïåðåìåííîå ïîëå

b(t) = b

 cos(2ωt)
sin(2ωt)

0

 . (8.85)

Ñóììàðíîå ïîëå èìååò âèä

B(t) = B0 + b(t) =

 b cos(2ωt)
b sin(2ωt)
B0

 (8.86)

B = (B2
0 + b2)1/2 . (8.87)

ÏîëåB(t) ìîæíî ïðåäñòàâèòü âåêòîðîì äëèíîé B, êîíåö êîòîðîãî îïèñûâàåò îêðóæíîñòü
ñ ïåðèîäîì

T =
2π

2ω
=

π

ω
. (8.88)

Ïðè ýòîì ñàì âåêòîð B(t) çà ïåðèîä T îïèñûâàåò êîíóñ.
Áóäåì ñ÷èòàòü, ÷òî ω � B0, òî åñòü óãëîâàÿ ñêîðîñòü âðàùåíèÿ âåêòîðà B çíà÷èòåëü-

íî ìåíüøå ÷àñòîòû B ïðåöåññèè ñïèíà âîêðóã ñàìîãî ïîëÿ B. ×àñòîòà ïðåöåññèè ñïèíà
(ëàðìîðîâñêàÿ ÷àñòîòà) ðàâíà

ωH =
|e|H
mec

= B . (8.89)

Ïðè òàêîì óñëîâèè ñïèí áóäåò àäèàáàòè÷åñêè ñëåäîâàòü çà èçìåíÿþùèìñÿ âî âðåìåíè
ïîëåì B(t). Âîçíèêàåò âîïðîñ: ïîñëå òîãî êàê âåêòîð B(t) ÷åðåç ïåðèîä âðåìåíè t = T

375



Ðèñ. 8.2:

âåðí¼òñÿ ê ïåðâîíà÷àëüíîìó ïîëîæåíèþB(0), áóäåò ëè ôàçà ñïèíîâîé âîëíîâîé ôóíêöèè
ðàâíà äèíàìè÷åñêîé ôàçå (ñì. Óð. (8.84))

ϕd = BT , (8.90)

êàê â ñëó÷àå íåïîäâèæíîãî âåêòîðà B, èëè íåò?
Îòâåò íà ýòîò âîïðîñ åñòü: ôàçà áóäåò îòëè÷àòüñÿ îò äèíàìè÷åñêîé ôàçû

ϕ(T ) = ϕd(T ) + ϕB , (8.91)

ãäå ϕB � ôàçà Áåððè, ðàâíàÿ ïîëîâèíå òåëåñíîãî óãëà (Ω), ïîä êîòîðûì èç íà÷àëà âåêòîðà
B âèäíà ïëîùàäü îêðóæíîñòè S = πb2, îïèñûâàåìàÿ êîíöîì âåêòîðà B

ϕB =
1

2
Ω . (8.92)

Ïðè ìàëûõ b ýòî âûðàæåíèå ïðèâîäèñÿ ê âèäó

ϕB ≈ πb2

2B2
. (8.93)

Äîêàæåì ñäåëàííûå óòâåðæäåíèÿ.
Äëÿ ýòîãî ìû àíàëèòè÷åñêè ðåøèì óðàâíåíèå Øð¼äèíãåðà âèäà

i
∂

∂t
ψ = σB(t)ψ . (8.94)
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Ïîêàæåì ñíà÷àëà ñïðàâåäëèâîñòü ñëåäóþùåãî ðàâåíñòâà

σb(t) = b(σx cos(2ωt) + σy sin(2ωt)) (8.95)

= be−iωσztσxe
iωσzt . (8.96)

Íàì ïîíàäîáÿòñÿ ðàâåíñòâà (ñì. Óð. (5.339), (5.340))

σzσxσz = −iσzσy = −σx , (8.97)

[σx, σz] = −2iσy (8.98)

σ2n
z = I , (8.99)

σ2n+1
z = σz . (8.100)

eiωtσz = I + iωtσz −
ω2t2

2!
σ2
z − i

ω3t3

3!
σ3
z . . . (8.101)

= I + iωtσz −
ω2t2

2!
I − iω

3t3

3!
σz . . . (8.102)

= cos(ωt)I + i sin(ωt)σz , (8.103)

e−iωtσz = cos(ωt)I − i sin(ωt)σz . (8.104)

e−iωσztσxe
iωσzt =

(
cos(ωt)I − i sin(ωt)σz

)
σx

(
cos(ωt)I + i sin(ωt)σz

)
(8.105)

= cos2(ωt)σx + i cos(ωt) sin(ωt)[σx, σz] + sin2(ωt)σzσxσz (8.106)

= cos2(ωt)σx + cos(ωt) sin(ωt)2σy − sin2(ωt)σx (8.107)

= cos(2ωt)σx + sin(2ωt)σy (8.108)

Ìû äîêàçàëè ðàâåíñòâî (8.96).
Ôóíêöèþ ψ(t) � ðåøåíèå óðàâíåíèÿ Øð¼äèíãåðà (8.94) áóäåì èñêàòü â âèäå

ψ(t) = e−iωtσzχ(t) . (8.109)

Ïîäñòàâèì å¼ â Óð. (8.94)

i
∂

∂t
ψ(t) = σ(B0 + b(t))ψ(t) , (8.110)

i
∂

∂t
e−iωtσzχ(t) = σ(B0 + b(t))e−iωtσzχ(t) (8.111)

ωσze
−iωtσzχ(t) + e−iωtσz i

∂

∂t
χ(t) = σ(B0 + b(t))e−iωtσzχ(t) . (8.112)
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Äîìíîæèì ýòî ðàâåíñòâî ñëåâà íà eiωtσz

i
∂

∂t
χ(t) = −ωσzχ(t) + eiωtσzσ(B0 + b)e−iωtσzχ(t) (8.113)

= σz(B0 − ω)χ(t) + eiωtσzσbe−iωtσzχ(t) (8.114)

= σz(B0 − ω)χ(t) + eiωtσzbe−iωσztσxe
iωσzte−iωtσzχ(t) (8.115)

= σz(B0 − ω)χ(t) + bσxχ(t) (8.116)

= σβχ(t) . (8.117)

Ìû èñïîëüçîâàëè Óð. (8.96) è, ÷òî

σB0 = σzB0 , (8.118)

eiωtσzσze
−iωtσz = σz . (8.119)

β =

 b
0

B0 − ω

 . (8.120)

Óðàâíåíèå

i
∂

∂t
χ(t) = σβχ(t) (8.121)

èìååò ðåøåíèå

χ(t) = e−iσβtχ(0) . (8.122)

Òîãäà ôóíêöèÿ ψ(t) çàïèøåòñÿ êàê (ñì. Óð. (8.109))

ψ(t) = e−iωtσzχ(t) = e−iωtσze−iσβtχ(0) . (8.123)

Ôóíêöèÿ ψ(0) = χ(0) îïèñûâàåò ÷àñòèöó â íóëåâîé ìîìåíò âðåìåíè. Â ÷àñòíîñòè, ìû
ìîæåì çàäàòü ïðîåêöèþ ñïèíà íà ëþáóþ îñü.

Ïóñòü ôóíêöèÿ ψ(0) íîðìèðîâàíà íà åäèíèöó

〈ψ(0)|ψ(0)〉 = 〈χ(0)|χ(0)〉 = 1 . (8.124)

Ïóñòü â íóëåâîé ìîìåíò âðåìåíè ñïèí èìåë îïðåäåë¼ííóþ ïðîåêöèþ (µ = 1/2) íà
íàïðàâëåíèå β

β =

 b
0

B0 − ω

 , (8.125)

β = |β| = [b2 + (B0 − ω)2]1/2 . (8.126)
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Òî, ÷òî ôóíêöèÿ χ(0) îïèñûâàåò ÷àñòèöó ñ ïðîåêöèåé ñïèíà µ = 1/2 íà íàïðàâëåíèå β,
îçíà÷àåò

σβχ(0) = βχ(0) . (8.127)

Àìïëèòóäà âåðîÿòíîñòè òîãî, ÷òî ïðîåêöèÿ ñïèíà â ìîìåíò âðåìåíè t áóäåò òàêàÿ æå
êàê â íóëåâîé ìîìåíò âðåìåíè

A(t) = 〈ψ(0)|ψ(t)〉 = 〈χ(0)|e−iωtσze−iσβt|χ(0)〉 (8.128)

= 〈χ(0)|e−iωtσze−iβt|χ(0)〉 = e−iβt〈χ(0)|e−iωtσz |χ(0)〉 (8.129)

= e−iβt
(
〈χ(0)| cos(ωt)|χ(0)〉 − i sin(ωt)〈χ(0)|σz|χ(0)〉

)
(8.130)

= e−iβt
(

cos(ωt)− i sin(ωt)〈χ(0)|σz|χ(0)〉
)
. (8.131)

Ìû èñïîëüçîâàëè Óð. (8.104).
Ðàññìîòðèì çíà÷åíèå àìïëèòóäû â ìîìåíò âðåìåíè t = T = π/ω (ñì. Óð. (8.88)), ïðè

ýòîì áóäåò ωT = π

A(T ) = e−iβT (−1) = e−iβT e−iωT (8.132)

= e−i(β+ω)T . (8.133)

Ïîëó÷àåì, ÷òî ïðè çàâåðøåíèè öèêëà âðàùåíèÿ ïðîåêöèÿ ñïèíà íà îñü β îñòà¼òñÿ òàêîé
æå è ó âîëíîâîé ôóíêöèè ìåíÿåòñÿ òîëüêî ôàçà

ϕ(T ) = (β + ω)T , (8.134)

Äèíàìè÷åñêàÿ ôàçà ðàâíà (ñì. Óð. (8.90))

ϕd(T ) = BT . (8.135)

Ôàçà Áåððè îïðåäåëÿåòñÿ êàê

ϕB = ϕ(T )− ϕd(T ) = (ω + β −B)T . (8.136)

Ðàññìîòðèì ñëó÷àé, êîãäà ïîëå b(t) ìåäëåííî îñöèëëèðóåò è b(t) ìàëî

ω � B0 , (8.137)

b � B0 . (8.138)

Òîãäà ôàçó Áåððè ìîæåì çàïèñàòü êàê

ϕB =

(
ω +

β2 −B2

β +B

)
T (8.139)

≈
(
ω +
−2ωB0

2B

)
T (8.140)

=

(
1− B0

B

)
ωT . (8.141)
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β2 −B2 = b2 + (B0 − ω)2 −B2
0 − b2 = −2ωB0 + ω2 ≈ −2ωB0 (8.142)

β +B = (b2 + (B0 − ω)2)1/2 +B ≈ (b2 +B2
0)1/2 +B = 2B , (8.143)

B = (B2
0 + b2)1/2 (8.144)

ϕB =

(
1− B0

B

)
ωT =

1

2

[
2π

(
1− B0

B

)]
(8.145)

= π
B −B0

B
= π

B2 −B2
0

B(B +B0)
(8.146)

= π
b2

B2(1 + B0

B
)

= π
b2

B2(1 + cos θ)
, (8.147)

ãäå θ � óãîë ìåæäó âåêòîðàìè B0 è B (ñì. Ðèñ. 8.2).
Ïðè ìàëûõ óãëàõ θ (ìàëûõ b) ìû ïîëó÷àåì

ϕB ≈ π
b2

2B2
. (8.148)

Ìû äîêàçàëè Óð. (8.93).
Åñëè áû âåêòîð B íå ìåíÿëñÿ ñî âðåìåíåì, òî çà âðåìÿ T âîëíîâàÿ ôóíêöèÿ ïîëó-

÷èëà áû ôàçó ϕd(T ) = BT (äèíàìè÷åñêàÿ ôàçà). Îäíàêî, òàê êàê âåêòîð B ìåíÿåòñÿ
ñî âðåìåíåì (ñ ïåðèîäîì T ), òî âîëíîâàÿ ôóíêöèÿ çà âðåìÿ T (â ýòîò ìîìåíò âðåìå-
íè âåêòîð B áóäåò íàõîäèòüñÿ â ñâî¼ì èçíà÷àëüíîì ïîëîæåíèè B(T ) = B(0)) ïîëó÷èò
ôàçó ϕ(T ) = ϕd(T ) + ϕB(T ). Äîïîëíèòåëüíàÿ ôàçà ϕB(T ), êîòîðóþ ïîëó÷àåò âîëíîâàÿ
ôóíêöèÿ èç-çà äâèæåíèÿ âåêòîðà B íàçûâàåòñÿ ôàçîé Áåððè.

8.4 Ïëîòíîñòü ïîòîêà âåðîÿòíîñòè è âåêòîðíûé ïîòåí-

öèàë

25.03.2022

Â ïàðàãðàôå � 3.10 ìû ââåëè ïîíÿòèå ïëîòíîñòè ïîòîêà âåðîÿòíîñòè äëÿ óðàâíåíèÿ Øð¼-
äèíãåðà

i~
∂

∂t
ψ(r, t) = Ĥψ(r, t) (8.149)
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ñ ãàìèëüòîíèàíîì âèäà

Ĥ =
p̂2

2m
+ V (r, t) (8.150)

= − ~2

2m
∆ + V (r, t) . (8.151)

Â êëàññè÷åñêîé ìåõàíèêå ïëîòíîñòü ïîòîêà ýòî ïðîèçâåäåíèå ñêîðîñòè íà ïëîòíîñòü

j(r, t) = vρ(r, t) =
p

m
ρ(r, t) (8.152)

=
p

m
ψ∗(r, t)ψ(r, t) (8.153)

=
1

2m

(
ψ∗(r, t)pψ(r, t) + (pψ(r, t))∗ψ(r, t)

)
. (8.154)

Â êâàíòîâîé ìåõàíèêå äëÿ ãàìèëüòîíèàíà (8.150) ïëîòíîñòü ïîòîêà, îòâå÷àþùàÿ âîë-
íîâîé ôóíêöèè ψ, îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

j(r, t) =
1

2m

(
ψ∗(r, t)p̂ψ(r, t) + (p̂ψ(r, t))∗ψ(r, t)

)
(8.155)

= − i~
2m

(
ψ∗(r, t)∇ψ(r, t)− ψ(r, t)∇ψ∗(r, t)

)
. (8.156)

Îïåðàòîð èìïóëüñà (p̂ = −i~∇) äåéñòâóåò òîëüêî íà ïîä÷¼ðêíóòóþ ôóíêöèþ.
Òàêæå ìû ââîäèëè ïîòíîñòü âåðîÿòíîñòè (ρ)

ρ(r, t) = ψ∗(r, t)ψ(r, t) . (8.157)

Ìû ïîêàçàëè, ÷òî äëÿ ïëîòíîñòè ïîòîêà âåðîÿòíîñòè è ïëîòíîñòè âåðîÿòíîñòè èìååò
ìåñòî óðàâíåíèåì íåðàçðûâíîñòè (ñì. Óð. (3.351))

∂

∂t
ρ(r, t) + divj(r, t) = 0 . (8.158)

Ðàññìîòðèì óðàâíåíèå Øð¼äèíãåðà

i~
∂

∂t
ψ(r, t) = Ĥψ(r, t) (8.159)

ñ ãàìèëüòîíèàíîì âèäà

Ĥ =
1

2m

(
p̂− e

c
A
)2

+ V (r, t) . (8.160)
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Ðàññìîòðèì óðàâíåíèå Øð¼äèíãåðà è êîìïëåêñíîå ñîïðÿæ¼ííîå óðàâíåíèå Øð¼äèíãåðà

i~
∂

∂t
ψ(r, t) =

(
1

2m

(
p̂− e

c
A
)2

+ V (r, t)

)
ψ(r, t) , (8.161)

−i~ ∂
∂t
ψ∗(r, t) =

(
1

2m

(
−p̂− e

c
A
)2

+ V (r, t)

)
ψ∗(r, t) . (8.162)

Óìíîæèì Óð. (8.161) íà ψ∗ è Óð. (8.162) íà ψ

i~ψ∗
∂

∂t
ψ = ψ∗

(
1

2m

(
p̂2 − p̂e

c
A− e

c
Ap̂+

e2

c2
A2

)
+ V

)
ψ , (8.163)

−i~ψ ∂
∂t
ψ∗ = ψ

(
1

2m

(
p̂2 + p̂

e

c
A+

e

c
Ap̂+

e2

c2
A2

)
+ V

)
ψ∗ . (8.164)

Âû÷èòàÿ ïîëó÷åííûå óðàâíåíèÿ, ìû ïîëó÷àåì (ïîä÷¼ðêíóòûå ÷ëåíû ñîêðàùàþòñÿ)

i~
(
ψ∗

∂

∂t
ψ + ψ

∂

∂t
ψ∗
)

=
1

2m

(
ψ∗p̂2ψ − ψp̂2ψ∗ − ψ∗p̂e

c
Aψ − ψp̂e

c
Aψ∗ (8.165)

−ψ∗ e
c
Ap̂ψ − ψe

c
Ap̂ψ∗

)
(8.166)

=
1

2m

(
ψ∗p̂2ψ − ψp̂2ψ∗ − ψ∗

(
p̂
e

c
A
)
ψ − ψ∗ e

c
Ap̂ψ (8.167)

−ψ
(
p̂
e

c
A
)
ψ∗ − ψe

c
Ap̂ψ∗ (8.168)

−ψ∗ e
c
Ap̂ψ − ψe

c
Ap̂ψ∗

)
(8.169)

=
1

2m

(
ψ∗p̂2ψ − ψp̂2ψ∗ − 2ψ∗

(
p̂
e

c
A
)
ψ (8.170)

−2ψ∗
e

c
Ap̂ψ − 2ψ

e

c
Ap̂ψ∗

)
(8.171)

=
1

2m

(
p̂(ψ∗p̂ψ − ψp̂ψ∗)− 2

e

c
p̂Aψ∗ψ

)
(8.172)

= p̂

(
1

2m
(ψ∗p̂ψ + (p̂ψ)∗ψ)− e

mc
Aψ∗ψ

)
. (8.173)

(
ψ∗

∂

∂t
ψ + ψ

∂

∂t
ψ∗
)

=
∂

∂t
ψ∗ψ . (8.174)

∂

∂t
ψ∗ψ = −∇

(
1

2m
(ψ∗p̂ψ + (p̂ψ)∗ψ)− e

mc
Aψ∗ψ

)
. (8.175)
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Ïîëó÷àåì, ÷òî ïëîòíîñòü âåðîÿòíîñòè è ïëîòíîñòü òîêà âåðîÿòíîñòè èìåþò âèä

ρ(r, t) = ψ∗ψ , (8.176)

j(r, t) =
1

2m
(ψ∗p̂ψ + (p̂ψ)∗ψ)− e

mc
Aψ∗ψ (8.177)

=
−i~
2m

(ψ∗∇ψ − ψ∇ψ∗)− e

mc
Aψ∗ψ . (8.178)

Äëÿ íèõ âûïîëíåíî óðàâíåíèå íåðàçðûâíîñòè (ñì. Óð. (3.351), (8.158))

∂

∂t
ρ(r, t) + divj(r, t) = 0 . (8.179)

Ïëîòíîñòü òîêà, ñîçäàâàåìîãî ÷àñòèöåé ñ çàðÿäîì e èìååò âèä

je(r, t) = ej(r, t) =
e

2m
(ψ∗p̂ψ + (p̂ψ)∗ψ)− e2

mc
Aψ∗ψ . (8.180)

Íàéäåííûå âûðàæåíèÿ äëÿ j è je ñîäåðæàò äâà âêëàäà. Ïåðâûé èç íèõ îòâå÷àåò òîêó,
ñâÿçàííîìó ñ èçìåíåíèåì âîëíîâîé ôóíêöèè â ïðîñòðàíñòâå. Âòîðîå ñëàãàåìîå ñîäåðæèò
âåêòîðíûé ïîòåíöèàë, è åãî âêëàä â ïëîòíîñòü ýëåêòðè÷åñêîãî òîêà íå çàâèñèò îò çíàêà
çàðÿäà íîñèòåëÿ. Åãî íàçûâàþò äèàìàãíèòíûì, îí îòëè÷åí îò íóëÿ ïðèA 6= 0 äëÿ ëþáîãî
êâàíòîâîãî ñîñòîÿíèÿ.

Êàê èçâåñòíî, âåêòîðíûé ïîòåíöèàë îïðåäåë¼í íåîäíîçíà÷íî � ê íåìó ìîæíî äîáàâèòü
ãðàäèåíò ïðîèçâîëüíîé ôóíêöèè, è ïðè ýòîì âûðàæåíèå äëÿ ñèëû Ëîðåíöà íå èçìåíèòñÿ.
Òàêîå ïðåîáðàçîâàíèå â ýëåêòðîäèíàìèêå íàçûâàþò ãðàäèåíòíûì èëè êàëèáðîâî÷íûì.
Ïðè ðåøåíèè ôèçè÷åñêèõ çàäà÷ âûáîð êàëèáðîâêè, ò.å. êîíêðåòíîãî âûðàæåíèÿ äëÿ A
îáû÷íî äèêòóåòñÿ ñîîáðàæåíèÿìè óäîáñòâà. Ïîíÿòíî, ÷òî ëþáàÿ èçìåðèìàÿ â ýêñïåðè-
ìåíòå ôèçè÷åñêàÿ âåëè÷èíà íå äîëæíà çàâèñåòü îò âûáîðà êàëèáðîâêè � îíà äîëæíà
áûòü êàëèáðîâî÷íî èíâàðèàíòíîé. Ñàì æå âåêòîð-ïîòåíöèàë A êàëèáðîâî÷íî èíâàðè-
àíòíûì íå ÿâëÿåòñÿ, â åãî îïðåäåëåíèè èìååòñÿ ïðîèçâîë. Ïîëó÷åííûå âûøå ôîðìóëû
äëÿ ïëîòíîñòè òîêà è ïëîòíîñòè ïîòîêà âåðîÿòíîñòè, êîòîðûå, êàê è ëþáûå äðóãèå íà-
áëþäàåìûå, äîëæíû áûòü êàëèáðîâî÷íî èíâàðèàíòíûìè âåëè÷èíàìè, ñîäåðæàò, îäíàêî,
âêëàäû, ïðîïîðöèîíàëüíûå A, ò.å. çàâèñÿùèå îò âûáîðà êàëèáðîâêè. Ýòî îáñòîÿòåëüñòâî
âûãëÿäèò âåñüìà ñòðàííî è íóæäàåòñÿ â äåòàëüíîì àíàëèçå.

Ñ öåëüþ ðàçîáðàòüñÿ â ñèòóàöèè ïîñìîòðèì, ÷òî ïðîèçîéä¼ò ñ âåêòîðîì ïëîòíîñòè
ïîòîêà âåðîÿòíîñòè, åñëè ïîäâåðãíóòü âîëíîâóþ ôóíêöèþ ïðåîáðàçîâàíèþ

ψ(r) → ψ(r) eiχ(r) . (8.181)

Ýòî ïðåîáðàçîâàíèå òîæå íàçûâàþò êàëèáðîâî÷íûì, à ïî÷åìó, ìû ïîéì¼ì ÷óòü ïîçæå.
Áóäåì ñ÷èòàòü êàëèáðîâî÷íîå ïðåîáðàçîâàíèå ëîêàëüíûì, ò.å. ïðèìåì, ÷òî âåùåñòâåííàÿ
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ôàçà χ(r) ÿâëÿåòñÿ, êàê è ψ(r), ôóíêöèåé êîîðäèíàò. Âûÿñíèì, êàê èçìåíèòñÿ ïåðâûé
âêëàä â ïëîòíîñòü ïîòîêà âåðîÿòíîñòè ïðè ýòîì ïðåîáðàçîâàíèè. Èòàê,

−i~
2m

(ψ∗∇ψ − ψ∇ψ∗) → −i~
2m

(ψ∗e−iχ∇ψeiχ − ψeiχ∇ψ∗e−iχ) (8.182)

=
−i~
2m

(ψ∗∇ψ + ψ∗ψi∇χ− ψ∇ψ∗ + ψψ∗i∇χ) (8.183)

=
−i~
2m

(ψ∗∇ψ − ψ∇ψ∗) +
~
m
ψψ∗∇χ . (8.184)

Ñîîòâåòñòâåííî, ïëîòíîñòü òîêà ïðè ïðåîáðàçîâàíèè (8.181) ìåíÿåòñÿ êàê

j → j +
~
m
ψψ∗∇χ . (8.185)

Êàê âèäíî, êàëèáðîâî÷íîå ïðåîáðàçîâàíèå âîëíîâîé ôóíêöèè ïðèâåëî ê ïîÿâëåíèþ ó
ïåðâîãî ñëàãàåìîãî â ôîðìóëàõ Óð. (8.177), (8.178) äîáàâêè, ïðîïîðöèîíàëüíîé ψ∗ψ. Íî
èçìåíåíèå êàëèáðîâêè íå äîëæíî ìåíÿòü âûðàæåíèé äëÿ íàáëþäàåìûõ. ×òîáû ôîðìóëà
äëÿ j îñòàëîñü íåèçìåííîé, ñëåäóåò ñäåëàòü êàëèáðîâî÷íîå ïðåîáðàçîâàíèå è âåêòîðíîãî
ïîòåíöèàëà:

A → A+
~c
e
∇χ . (8.186)

− e

mc
ψ∗ψA → − e

mc
ψ∗ψA− e

mc
ψ∗ψ

~c
e
∇χ (8.187)

= − e

mc
ψ∗ψA− ~

m
ψ∗ψ∇χ . (8.188)

Ïðè òàêèõ ïðåîáðàçîâàíèÿõ ïîñëåäíèå ÷ëåíû â Óð. (8.184) è (8.186) ñîêðàùàþòñÿ. Âûðà-
æåíèå äëÿ ïëîòíîñòè òîêà j îñòà¼òñÿ íåèçìåííûì ïðè îäíîâðåìåííûõ ïðåîáðàçîâàíèÿõ
(8.181) è (8.186).

Ýòî êàëèáðîâî÷íîå ïðåîáðàçîâàíèå âïîëíå ïðàâîìåðíî, èáî äîáàâëÿåò ê âåêòîðíîìó
ïîòåíöèàëó ãðàäèåíò ñêàëÿðíîé ôóíêöèè . Òàêèì îáðàçîì, â êâàíòîâîé ìåõàíèêå êàëèá-
ðîâî÷íîå ïðåîáðàçîâàíèå çàòðàãèâàåò îäíîâðåìåííî ôàçó âîëíîâîé ôóíêöèè è âåêòîð-
íûé ïîòåíöèàë.

Íà îñíîâàíèè ñêàçàííîãî âûøå, à òàêæå ïðèíèìàÿ âî âíèìàíèå ñòðóêòóðó óðàâíåíèÿ
Ïàóëè, ìîæíî ñäåëàòü âûâîä, ÷òî êâàíòîâàÿ ÷àñòèöà ïîäâåðæåíà âîçäåéñòâèþ íå òîëüêî
íàïðÿæ¼ííîñòåé ñèëîâûõ ïîëåé E èH , íî è äîëæíà ðåàãèðîâàòü íà íàëè÷èå âåêòîðíîãî
ïîòåíöèàëà. Îí íå âõîäèò â âûðàæåíèå äëÿ ñèëû Ëîðåíöà, îäíàêî ìîæåò âëèÿòü íà ôàçó
âîëíîâîé ôóíêöèè ÷àñòèöû. Â ñåðåäèíå ÕÕ âåêà (Â. Ýðåíáåðã è Ð. Ý. Ñèäàé, 1949; ß.
Ààðîíîâ è Ä. Áîì, 1959) áûëè ïðåäëîæåíû ñõåìû ýêñïåðèìåíòîâ, â êîòîðûõ ìîæíî áûëî
áû íàáëþäàòü òàêîå âëèÿíèå.

W. Ehrenburg and R. E. Siday, �The Refractive Index in Electron Optics and the Principles
of Dynamics�, Proc. Phys. Soc. B 62 8 (1949).
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8.5 Ýôôåêò Ààðîíîâà-Áîìà

Y. Aharonov and D. Bohm, �Signi�cance of Electromagnetic Potentials in the Quantum Theory�,
Phys. Rev. 115, 485 (1959).

https://doi.org/10.1103/PhysRev.115.485

Ðàññìîòðèì ýëåêòðîí, íàõîäÿùèéñÿ â ïðîñòðàíñòâå, ãäå åñòü íàïðÿæ¼ííîñòü ýëåêòðè-
÷åñêîãî ïîëÿ E è íàïðÿæ¼ííîñòü ìàãíèòíîãî ïîëÿ H (â âàêóóìå). Òîãäà íà ÷àñòèöó ñ
çàðÿäîì e (ïóñòü ýòî ýëåêòðîí e < 0) äåéñòâóþò ñèëà

F = eE + e[v ×H ] , (8.189)

ãäå v � ñêîðîñòü ýëåêòðîíà.
Î÷åâèäíî, ÷òî ýëåêòðîí áóäåò âåñòè ñåáÿ ïî-ðàçíîìó â ïðîñòðàíñòâå, ãäå åñòü íåíóëå-

âûå íàïðÿæ¼ííîñòè ýëåêòðè÷åñêîãî è ìàãíèòíîãî ïîëåé è â ïðîñòðàíñòâå ãäå îíè íóëåâûå.
Â ïåðâîì ñëó÷àå íà íåãî áóäåò äåéñòâîâàòü íåíóëåâàÿ ñèëà Óð. (8.189), â äðóãîì ñëó÷àå
íà íåãî íå áóäåò äåéñòâîâàòü íèêàêàÿ ñèëà.

Èç êëàññè÷åñêîé ýëåêòðîäèíàìèêè ìû çíàåì, ÷òî íàïðÿæ¼ííîñòè ýëåêòðè÷åñêîãî è
ìàãíèòíîãî ïîëåé ìîæíî âûðàçèòü ÷åðåç ïîòåíöèàë ýëåêòðîìàãíèòíîãî ïîëÿ

Aµ = (A0,A) = (ϕ,A) , (8.190)

E = −∇V − ∂

c∂t
A , (8.191)

H = [∇×A] . (8.192)

Íàïðÿæ¼ííîñòè ýëåêòðè÷åñêîãî è ìàãíèòíîãî ïîëåé ÿâëÿþòñÿ èçìåðÿåìûìè âåëè÷èíàìè.
Ïîòåíöèàë ýëåêòðîìàãíèòíîãî ïîëÿ îïðåäåë¼í ñ òî÷íîñòüþ äî êàëèáðîâî÷íîãî ïðåîáðà-
çîâàíèÿ

Aµ → Aµ +
∂

∂xµ
χ(x) , xµ = (ct, r) ,

∂

∂xµ
=

(
∂

c∂t
,−∇

)
. (8.193)
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Óðàâíåíèÿ Ìàêñâåëëà äëÿ íàïðÿæ¼ííîñòåé ïîëåé è äëÿ ïîòåíöèàëà ýëåêòðîìàãíèò-
íîãî ïîëÿ èìåþò âèä

divE = 4πρ , (8.194)

divH = 0 , (8.195)

rotH − ∂E

c∂t
= 4πj , (8.196)

rotE +
∂H

c∂t
= 0 (8.197)

è

�Aµ − ∂µ(∂νA
ν) = 4πjµ , (8.198)

ñîîòâåòñòâåííî.
Ïîòåíöèàë ýëåêòðîìàãíèòíîãî ïîëÿ Aµ ìîæíî âûáðàòü òàê, ÷òî îí áóäåò íåíóëåâîé

(íàïðèìåð, íåíóëåâàÿ êîíñòàíòà), à íàïðÿæ¼ííîñòè ýëåêòðè÷åñêîãî è ìàãíèòíîãî ïîëåé
ðàâíû íóëþ â êàêîé-òî îáëàñòè ïðîñòðàíñòâà. Ïðè ýòîì â äðóãîé îáëàñòè ïðîñòðàíñòâà,
íåäîñòóïíîé äëÿ ÷àñòèöû, íàïðÿæ¼ííîñòè áóäóò íåíóëåâûìè.

Ðàññìîòðèì äâå îáëàñòè ïðîñòðàíñòâà:

Aµ = 0 , E = 0 , H = 0 (8.199)

è

Aµ 6= 0 , E = 0 , H = 0 . (8.200)

Ýëåêòðîí, îïèñûâàåìûé â ðàìêàõ êëàññè÷åñêîé òåîðèè, áóäåò âåñòè ñåáÿ îäèíàêîâî â
ýòèõ îáëàñòÿõ ïðîñòðàíñòâà. Êëàññè÷åñêèé ýëåêòðîí íå áóäåò ÷óâñòâîâàòü èçìåíåíèå ïî-
òåíöèàëà, åñëè íàïðÿæ¼ííîñòè ïîëåé íå ìåíÿþòñÿ.

Ýëåêòðîí, îïèñûâàåìûé â ðàìêàõ êâàíòîâîé ìåõàíèêè, áóäåò âåñòè ñåáÿ ïî-ðàçíîìó
â ýòèõ îáëàñòÿõ ïðîñòðàíñòâà. Òî åñòü êâàíòîâûé ýëåêòðîí ÷óâñòâóåò èçìåíåíèå ïîòåí-
öèàëà, äàæå åñëè íàïðÿæ¼ííîñòè ïîëåé íå ìåíÿþòñÿ.

Ýòî åñòü ýôôåêò Ààðîíîâà-Áîìà.

Ýôôåêò Ààðîíîâà-Áîìà èìååò âàæíûå ïîñëåäñòâèÿ.

1. Ïîòåíöèàë ýëåêòðîìàãíèòíîãî ïîëÿ (Aµ) ôèçè÷åí, à íå ïðîñòî óäîáíàÿ ìàòåìà-
òè÷åñêàÿ àáñòðàêöèÿ äëÿ îïèñàíèÿ íàïðÿæ¼ííîñòåé ýëåêòðè÷åñêîãî è ìàãíèòíîãî
ïîëåé.

2. Ïðèíöèï íàèìåíüøåãî äåéñòâèÿ, èç êîòîðîãî ïîëó÷àåòñÿ óðàâíåíèÿ Ìàêñâåëëà äëÿ
ïîòåíöèàëà ýëåêòðîìàãíèòíîãî ïîëÿ (Aµ), ÿâëÿåòñÿ ôóíäàìåíòàëüíûì.
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3. Åñëè ìû ñòðîèì òåîðèþ èñõîäÿ èç ïîòåíöèàëà ýëåêòðîìàãíèòíîãî ïîëÿ (òî åñòü
÷àñòèöà ÷óâñòâóåò ïîòåíöèàëû), íàøà òåîðèÿ ÿâëÿåòñÿ ëîêàëüíîé.

Îäíàêî, åñëè ìû ñòðîèì òåîðèþ èñõîäÿ èç íàïðÿæ¼ííîñòåé ïîëåé (òî åñòü ÷àñòè-
öà ÷óâñòâóåò íàïðÿæ¼ííîñòè), òî íàøà òåîðèÿ îêàçûâàåòñÿ íåëîêàëüíîé. ×àñòèöà
íàõîäèòñÿ â îáëàñòè ïðîñòðàíñòâà, ãäå íàïðÿæ¼ííîñòè íóëåâûå, íî ÷óâñòâóåò (íåëî-
êàëüíî) ïðèñóòñòâèå íàïðÿæ¼ííîñòåé â äðóãîé, íåäîñòóïíîé åé, îáëàñòè ïðîñòðàí-
ñòâà.

Suppose we have a charged particle inside a �Faraday cage� connected to an external
generator which causes the potential on the cage to alternate in time. This will add to the
Hamiltonian of the particle a term V (x, t) which is, for the region inside the cage, a function
of time only. In the nonrelativistic limit (and we shall assume this almost everywhere in the
following discussions) we have, for the region inside the cage,

Ĥ = Ĥ0 + V (t) , (8.201)

where Ĥ0 is the Hamiltonian when the generator is not functioning, and V (t) = eϕ(t). If
ψ0(x, t) is a solution of the Hamiltonian Ĥ0

i~
∂

∂t
ψ0(x, t) = Ĥ0ψ0(x, t) , (8.202)

then the solution for Ĥ will be

ψ(x, t) = ψ0 e
− i

~S , S(t) =

t∫
t0

dt′ V (t′) . (8.203)

i~
∂

∂t
ψ(x, t) = i~

∂

∂t
ψ0 e

− i
~S =

(
i~
∂

∂t
ψ0

)
e−

i
~S +

(
ψ0

∂

∂t
S

)
e−

i
~S (8.204)

=
(
Ĥ0ψ0

)
e−

i
~S + (ψ0V ) e−

i
~S (8.205)

=
(
Ĥ0 + V

)
ψ0 e

− i
~S =

(
Ĥ0 + V

)
ψ(x, t) . (8.206)

The new solution di�ers from the old one just by a phase factor and this corresponds, of
course, to no change in any physical result.

Now consider a more complex experiment in which a single coherent electron beam is split
into two parts and each part is then allowed to enter a long cylindrical metal tube, as shown
in Fig. 8.3.
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Ðèñ. 8.3:

After the beams pass through the tubes, they are combined to interfere coherently at F .
By means of time-determining electrical �shutters� the beam is chopped into wave packets
that are long compared with the wavelength λ but short compared with the length of the
tubes. The potential in each tube is determined by a time delay mechanism in such a way that
the potential is zero in region I (until each packet is well inside its tube). The potential then
grows as a function of time, but di�erently in each tube. Finally, it falls back to zero, before
the electron comes near the other edge of the tube. Thus the potential is nonzero only while
the electrons are well inside the tube (region II). When the electron is in region III, there
is again no potential. The purpose of this arrangement is to ensure that the electron is in a
time-varying potential without ever being in a �eld (because the �eld does not penetrate far
from the edges of the tubes, and is nonzero only at times when the electron is far from these
edges).

Now let

ψ(x, t) = ψ
(0)
1 (x, t) + ψ

(0)
2 (x, t) (8.207)

be the wave function when the potential is absent (ψ
(0)
1 and ψ

(0)
2 representing the parts that

pass through tubes 1 and 2, respectively). But since V is a function only of t wherever ψ is
appreciable, the problem for each tube is essentially the same as that of the Faraday cage.
The solution is then

ψ = ψ
(0)
1 e−

i
~S1 + ψ

(0)
2 e−

i
~S2 (8.208)

where

S1 = e

t∫
t0

dt ϕ1 , S2 = e

t∫
t0

dt ϕ2 . (8.209)
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It is evident that the interference of the two parts at F will depend on the phase di�erence
(S1 − S2)/~. Thus, there is a physical e�ect of the potentials even though no force is ever
actually exerted on the electron. The e�ect is evidently essentially quantum-mechanical in
nature because it comes in the phenomenon of interference. We are therefore not surprised
that it does not appear in classical mechanics.

From relativistic considerations, it is easily seen that the covariance of the above conclusion
demands that there should be similar results involving the vector potential, A.

The phase di�erence, (S1 − S2)/~, can also be expressed as the integral

e

~

∮
dtϕ (8.210)

around a closed circuit in space-time, where ϕ is evaluated at the place of the center of the
wave packet. The relativistic generalization of the above integral is

e

~

∮ (
dtϕ− 1

c
dxA

)
, (8.211)

where the path of integration now goes over any closed circuit in space-time. This is the action
(with opposite sign) for the charge e in the electromagnetic �eld given by Aµ = (ϕ,A).

As another special case, let us now consider a path in space only (t = constant). The above
argument suggests that the associated phase shift of the electron wave function ought to be
(at this place this is an evidence, we will prove it below)

1

~
∆S = − e

c~

∮
dxA , (8.212)

where ∮
dxA =

∫
ds [∇×A] =

∫
dsH = Φ (8.213)

(the total magnetic �ux inside the circuit). Stokes' theorem was used.
This corresponds to another experimental situation. By means of a current �owing through

a very closely wound cylindrical solenoid of radius R, center at the origin and axis in the z
direction, we create a magnetic �eld, H , which is essentially con�ned within the solenoid.
However, the vector potential, A, evidently, cannot be zero everywhere outside the solenoid,
because the total magnetic �ux through every circuit containing the origin is equal to a
constant

Φ0 =

∫
dsH =

∮
dxA . (8.214)

To demonstrate the e�ects of the total �ux, we begin, as before, with a coherent beam of
electrons. (But now there is no need to make wave packets.) The beam is split into two parts,
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Ðèñ. 8.4:

each going on opposite sides of the solenoid, but avoiding it. (The solenoid can be shielded
from the electron beam by a thin plate which casts a shadow.) As in the former example, the
beams are brought together at F (Fig. 8.4).

The Hamiltonian for this case is

Ĥ =
1

2me

(
p̂− e

c
A
)2

. (8.215)

If ψ0(x, t) is a solution of the Hamiltonian Ĥ0 (with A = 0)

i~
∂

∂t
ψ0(x, t) = Ĥ0ψ0(x, t) , (8.216)

then the solution for Ĥ will be

ψ(x, t) = ψ0 e
− i

~S , S(x) = −e
c

x∫
x0

dx′A(x′) . (8.217)

This is an integral over a contour from x0 to x.
Consider �rst the following equalities(

p̂− e

c
A
)
e−

i
~S ψ0 = −i~∇e−

i
~S ψ0 −

e

c
Ae−

i
~S ψ0 (8.218)

= −e−
i
~S (∇S)ψ0 − e−

i
~S i~∇ψ0 −

e

c
Ae−

i
~S ψ0 (8.219)

= −e−
i
~S
(
−e
c
A
)
ψ0 − e−

i
~S i~∇ψ0 −

e

c
Ae−

i
~S ψ0 (8.220)

= e−
i
~S p̂ψ0 , (8.221)(

ˆ̂p− e

c
A
)2

e−
i
~S ψ0 = e−

i
~S p̂2ψ0 . (8.222)
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Then we can write

i~
∂

∂t
ψ(x, t) = i~

∂

∂t
ψ0 e

− i
~S = e−

i
~S i~

∂

∂t
ψ0 (8.223)

Ĥψ(x, t) =
1

2me

(
p̂− e

c
A
)2

e−
i
~S ψ0 (8.224)

=
1

2me

(
p̂− e

c
A
)
e−

i
~S p̂ψ0 (8.225)

= e−
i
~S

1

2me

p̂2ψ0 (8.226)

= e−
i
~S i~

∂

∂t
ψ0 = i~

∂

∂t
ψ(x, t) . (8.227)

In singly connected regions, where

H = [∇×A] = 0 , (8.228)

we can always obtain a solution for the above Hamiltonian by taking

ψ = ψ0e
− i

~S , (8.229)

where ψ0 is the solution when A = 0 and where

1

~
∇S = − e

c~
A . (8.230)

But, in the experiment discussed above, in which we have a multiply connected region (the

region outside the solenoid), ψ0e
− i

~S is a non-single-valued function and therefore, in general,
not a permissible solution of Schr�odinger's equation. Nevertheless, in our problem it is still
possible to use such solutions because the wave function splits into two parts ψ = ψ1 + ψ2,
where ψ1 represents the beam on one side of the solenoid and ψ2 the beam on the opposite
side. Each of these beams stays in a simply connected region. We therefore can write

ψ1 = ψ
(0)
1 e−

i
~S1 , ψ1 = ψ

(0)
2 e−

i
~S2 , (8.231)

where S1 and S2 are equal to
e
c

∫
dxA along the path of the �rst and second beams, respectively.

The interference between the two beams will evidently depend on the phase di�erence,

1

~
(S1 − S2) =

e

~c

∮
dxA =

e

~c
Φ0 . (8.232)

This e�ect will exist, even though there are no magnetic forces acting in the places where the
electron beam passes.

In order to avoid fully any possible question of contact of the electron with the magnetic
�eld we note that our result would not be changed if we surrounded the solenoid by a potential
barrier that re�ects the electrons perfectly.
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It is easy to devise hypothetical experiments in which the vector potential may in�uence
not only the interference pattern but also the momentum. To see this, consider a periodic array
of solenoids, each of which is shielded from direct contact with the beam by a small plate.
This will be essentially a grating. Consider �rst the di�raction pattern without the magnetic
�eld, which will have a discrete set of directions of strong constructive interference. The e�ect
of the vector potential will be to produce a shift of the relative phase of the wave function in
di�erent elements of the gratings. A corresponding shift will take place in the directions, and
therefore the momentum of the di�racted beam.
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Ãëàâà 9

Òåîðèÿ ðàññåÿíèÿ

08.04.2022

9.1 Ðàññåÿíèå ìèêðî÷àñòèö

Â ýòîé ãëàâå ìû áóäåì ðàññìàòðèâàòü ñòàöèîíàðíûå ñîñòîÿíèÿ. Âîëíîâàÿ ôóíêöèÿ ñòà-
öèîíàðíûõ ñîñòîÿíèé èìååò ñëåäóþùèé âèä

ψ(r, t) = ψ(r) e−iεt/~ . (9.1)

Ôóíêöèè ñòàöèîíàðíûõ ñîñòîÿíèé äîëæíû óäîâëåòâîðÿòü ñòàöèîíàðíîìó óðàâíåíèþ
Øð¼äèíãåðà (

p̂2

2me

+ V (r)

)
ψ(r) = ε ψ(r) , (9.2)(

− ~2

2me

∆ + V (r)

)
ψ(r) = ε ψ(r) . (9.3)

Îïåðàòîð èìïóëüñà

p̂ = −i~∇ . (9.4)

Ãðàäèåíò â äåêàðòîâûõ è ñôåðè÷åñêèõ êîîðäèíàòàõ

∇ = ex
∂

∂x
+ ey

∂

∂y
+ ez

∂

∂x
, (9.5)

∇ = er
∂

∂r
+ eθ

1

r

∂

∂θ
+ eϕ

1

r sin θ

∂

∂ϕ
, (9.6)
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ãäå ââåäåíû ñôåðè÷åñêèå îðòû

er =
r

r
, (9.7)

eθ =
∂

∂θ
er , (9.8)

eϕ =
1

sin θ

∂

∂ϕ
er =

1

cos θ

∂

∂ϕ
eθ . (9.9)

Îïåðàòîð Ëàïëàñà (ëàïëàñèàí) â äåêàðòîâûõ è ñôåðè÷åñêèõ êîîðäèíàòàõ

∆ =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
, (9.10)

∆ =
1

r2

∂

∂r
r2 ∂

∂r
− l̂

2

r2
, (9.11)

ãäå èñïîëüçîâàí áåçðàçìåðíûé îïåðàòîð îðáèòàëüíîãî ìîìåíòà (ìîìåíòà èìïóëüñà)

~ l̂ = [r × p] (9.12)

l̂2 = −
(

1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin θ

∂2

∂ϕ2

)
. (9.13)

Øàðîâûå ôóíêöèè

l̂2Ylm(θ, ϕ) = l(l + 1)Ylm(θ, ϕ) , (9.14)

l̂zYlm(θ, ϕ) = mYlm(θ, ϕ) . (9.15)

Ìû îãðàíè÷èìñÿ ðàññìîòðåíèåì ðàññåÿíèÿ íà êîðîòêîäåéñòâóþùèõ ïîòåíöèàëàõ, óáû-
âàþùèõ áûñòðåå 1/r3. Â ýòîì ñëó÷àå ïðè r → ∞ ÷àñòèöà ìîæåò ðàññìàòðèâàòüñÿ êàê
ñâîáîäíàÿ, òî åñòü àñèìïòîòèêà å¼ âîëíîâîé ôóíêöèè îïèñûâàåò ñâîáîäíóþ ÷àñòèöó.

Ðàññìîòðèì ñëó÷àé ñâîáîäíîé ÷àñòèöû

V (r) = 0 . (9.16)

Âîëíîâàÿ ôóíêöèÿ, îïèñûâàþùàÿ ñâîáîäíóþ ÷àñòèöó, óäîâëåòâîðÿåò ñëåäóþùåìó ñòà-
öèîíàðíîìó óðàâíåíèþ Øð¼äèíãåðà

p̂2

2me

ψ(r) = εψ(r) , (9.17)

− ~2

2me

∆ψ(r) = εψ(r) . (9.18)
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Ìû õîðîøî çíàåì ñîáñòâåííûå ôóíêöèè îïåðàòîðà èìïóëüñà

p̂φp(r) = pφp(r) (9.19)

φp(r) = C eipr/~ . (9.20)

Âûðàçèì âîëíîâûå ôóíêöèè ñâîáîäíîé ÷àñòèöû ÷åðåç ñîáñòâåííûå ôóíêöèè îïåðàòîðà
èìïóëüñà

ψ(r) = C eipr/~ (9.21)

p = |p| =
√

2meε , ε =
p2

2me

. (9.22)

Çíà÷åíèå ýíåðãèè (ε) îïðåäåëÿåò òîëüêî ìîäóëü âåêòîðà èìïóëüñà (p), ñëåäîâàòåëüíî
ñïåêòð áåñêîíå÷íî âûðîæäåííûé.

Íîðìèðîâêà ñîáñòâåííûõ ôóíêöèé. Ïîëîæèì íîðìèðîâî÷íóþ êîíñòàíòó ðàâíîé åäè-
íèöå

C = 1 , (9.23)

ψp(r) = eipr/~ , ε =
p2

2me

, (9.24)

òîãäà ôóíêöèè íîðìèðóþòñÿ ñëåäóþùèì óñëîâèåì

〈ψp|ψp′〉 =

∫
d3rψ∗p(r)ψp′(r) (9.25)

=

∫
d3re−ipr/~eirp

′/~ =

∫
d3reir(p′−p)/~ (9.26)

= (2π~)3δ(p′ − p) . (9.27)

Ðàññìîòðèì óðàâíåíèå Øð¼äèíãåðà äëÿ ñâîáîäíîé ÷àñòèöû ñ òî÷êè çðåíèÿ äâèæåíèÿ
â öåíòðàëüíîì ïîëå. Áóäåì èñêàòü ðåøåíèå ñ îïðåäåë¼ííûì îðáèòàëüíûì ìîìåíòîì (l)
è åãî ïðîåêöèåé (m) â âèäå

ψεlm(r) = C Rl(r)Ylm(θ, ϕ) , (9.28)

ãäå C � íîðìèðîâî÷íàÿ êîíñòàíòà. Óðàâíåíèå Øð¼äèíãåðà ìîæåò áûòü çàïèñàíî â âèäå

− ~2

2me

∆ψ(r) = εψ(r) (9.29)

− ~2

2me

(
1

r2

∂

∂r
r2 ∂

∂r
− l̂

2

r2

)
ψεlm(r) = εψεlm(r) (9.30)

− ~2

2me

(
∂2

∂r2
+ 2

1

r

∂

∂r
− l(l + 1)

r2

)
Rl(r) = εRl(r) (9.31)
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Ïîäåëèì Óð. (9.31) íà ε, ââåä¼ì ïåðåìåííóþ

x = r

√
2meε

~2
, r = x

√
~2

2meε
, (9.32)

x = kr , k =

√
2meε

~2
(9.33)

è äîìíîæèì ñëåâà íà x2. Òîãäà ìû ïîëó÷èì ñëåäóþùåå óðàâíåíèå(
x2 ∂

2

∂x2
+ 2x

∂

∂x
+ [x2 − l(l + 1)]

)
Rl

(
~√

2meε
x

)
= 0 , (9.34)

êîòîðîå ìîæåò áûòü ñâåäåíî ê óðàâíåíèþ äëÿ ñôåðè÷åñêèõ ôóíêöèé Áåññåëÿ. Ñôåðè÷å-
ñêèå ôóíêöèè Áåññåëÿ óäîâëåòâîðÿþò ñëåäóþùåìó óðàâíåíèþ(

x2 ∂
2

∂x2
+ 2x

∂

∂x
+ [x2 − l(l + 1)]

)
jl(x) = 0 . (9.35)

Ïîëó÷àåì, ÷òî ôóíêöèÿ Rl(r) ìîæåò áûòü âûðàæåíà ÷åðåç ñôåðè÷åñêèå ôóíêöèè Áåññåëÿ

Rl(r) = Rl

(
x

√
~2

2meε

)
= jl(x) = jl

(
r

√
2meε

~2

)
= jl(kr) . (9.36)

Ñôåðè÷åñêèå ôóíêöèè Áåññåëÿ ïðåäñòàâëÿþò ñîáîé ðåãóëÿðíîå â íóëå ðåøåíèå. Àñèìï-
òîòèêè ôóíêöèé Áåññåëÿ

jl(x) ≈ xl

(2l + 1)!!
, x→ 0 (9.37)

jl(x) ≈ 1

x
sin

(
x− πl

2

)
, x→∞ . (9.38)

Íîðìèðîâêà ôóíêöèé Áåññåëÿ

∞∫
0

dr r2jl(kr)jl(k
′r) =

π

2k2
δ(k − k′) . (9.39)

Âîëíîâûå ôóíêöèè ñâîáîäíîé ÷àñòèöû ñ îïðåäåë¼ííîé ýíåðãèåé (ε), îðáèòàëüíûì
ìîìåíòîì (l) è åãî ïðîåêöèåé (m) èìåþò âèä

ψεlm(r) = C Rεl(r)Ylm(θ, ϕ) = C jl (kr)Ylm(θ, ϕ) , (9.40)

k =

√
2meε

~2
=

p

~
, ε =

k2~2

2me

=
p2

2me

. (9.41)
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Óðîâíè ýíåðãèè âûðîæäåíû ïî îðáèòàëüíîìó ìîìåíòó (l) è åãî ïðîåêöèè (m).
Íîðìèðîâêà ôóíêöèé ψεlm(r)

〈ψεlm|ψε′l′m′〉 =

∫ ∞
0

dr r2

∫
dθ sin θ

∫
dϕψ∗εlm(r)ψε′l′m′(r) (9.42)

= |C|2
∫ ∞

0

dr r2jl(kr)jl′(k
′r)

∫
dθ sin θdϕY ∗lm(θ, ϕ)Yl′m′(θ, ϕ) (9.43)

= |C|2 π

2k2
δ(k − k′) δll′δmm′ . (9.44)

Èñïîëüçóÿ ñâîéñòâà äåëüòà-ôóíêöèè, ïåðåéä¼ì ê äåëüòà-ôóíêöèè îò ýíåðãèè

δ(k − k′) = δ(k(ε)− k(ε′)) =
1∣∣∣dk(ε)
dε

∣∣∣δ(ε− ε′) (9.45)

=

√
2ε~2

me

δ(ε− ε′) . (9.46)

Òîãäà íîðìèðîâêà ôóíêöèé ψε′l′m′ áóäåò âûãëÿäåòü êàê

〈ψεlm|ψε′l′m′〉 = |C|2 π

2k2

√
2ε~2

me

δ(ε− ε′) δll′δmm′ (9.47)

= |C|2
[
π2~6

8m3
eε

]1/2

δ(ε− ε′) δll′δmm′ . (9.48)

Ïîëîæèì íîðìèðîâî÷íóþ êîíñòàíòó C ðàâíîé

C =

[
8m3

eε

π2~6

]1/4

. (9.49)

Ðàññìîòðèì äâà íàáîðà âîëíîâûõ ôóíêöèé äëÿ ñâîáîäíîé ÷àñòèöû: ñîñòîÿíèÿ ñ îïðå-
äåë¼ííûì çíà÷åíèåì èìïóëüñà

ψp(r) = eirp/~ , (9.50)

〈ψp|ψp′〉 = (2π~)3δ(p− p′) (9.51)

è ñîñòîÿíèÿ ñ îïðåäåë¼ííûì çíà÷åíèåì îðáèòàëüíîãî ìîìåíòà è åãî ïðîåêöèè

ψεlm(r) =

[
8m3

eε

π2~6

]1/4

jl(kr)Ylm(θ, ϕ) , k =

√
2meε

~
=

p

~
, (9.52)

〈ψεlm|ψε′l′m′〉 = δ(ε− ε′) δll′δmm′ . (9.53)

Îáà ýòè íàáîðà ñîáñòâåííûõ ôóíêöèé ÿâëÿþòñÿ ïîëíûìè íàáîðàìè.
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Àñèìïòîòèêà ôóíêöèé Áåññåëÿ èìååò âèä

jl(kr) ≈
1

kr
sin

(
kr − πl

2

)
, r →∞ , (9.54)

ñëåäîâàòåëüíî ψεlm ∼ 1
r
ïðè r →∞. Ñ äðóãîé ñòîðîíû |ψp| = 1. Çäåñü íåò ïðîòèâîðå÷èÿ.

Ïîíÿòü èõ ïîâåäåíèå ìîæíî, èçó÷àÿ ðàçëîæåíèå ýêñïîíåíòû ïî ôóíêöèÿì Áåññåëÿ

eikr =
∞∑
l=0

(2l + 1) il jl(kr)Pl(cos θ) , (9.55)

=
∞∑
l=0

il 4πjl(kr)Y
∗
lm(ν)Ylm(n) , (9.56)

k =
p

~
, n =

r

|r|
, ν =

p

|p|
, cos θ = νn . (9.57)

Ðàññìîòðèì äâèæåíèå â êîðîòêîäåéñòâóþùåì ïîòåíöèàëå V (r).
Ñòàöèîíàðíîå óðàâíåíèå Øð¼äèíãåðà(

p̂2

2me

+ V (r)

)
ψ(r) = εψ(r) , (9.58)(

− ~2

2me

∆ + V (r)

)
ψ(r) = εψ(r) . (9.59)

Áóäåì ñ÷èòàòü, ÷òî ïîòåíöèàë V (r) ñòðåìèòñÿ ê íóëþ ïðè r →∞ äîñòàòî÷íî áûñòðî òàê,
÷òî ìû ìîæåì ïðåäñòàâèòü àñèìïòîòèêó ñîáñòâåííîé ôóíêöèè óðàâíåíèÿ Øð¼äèãåðà â
âèäå

ψ(r) ≈ eikr + f(θ, ϕ)
eikr

r
, r →∞ , (9.60)

ãäå

eikr − ïàäàþùàÿ (incident) âîëíà , (9.61)

f(θ, ϕ)
eikr

r
− ðàññåÿííàÿ (scattered) âîëíà . (9.62)

Ëåâàÿ ÷àñòü Óð. (9.60) îïèñûâàåò ñâîáîäíóþ ÷àñòèöó. Ôóíêöèÿ f(θ, ϕ) íàçûâàåòñÿ àì-
ïëèòóäîé ðàññåÿíèÿ.

Ïîòîê äëÿ ôóíêöèè ψ

j[ψ] =
1

2me

((p̂ψ)∗ψ + ψ∗p̂ψ) (9.63)

=
i~

2me

((∇ψ)∗ψ − ψ∗∇ψ) . (9.64)

398



Â êëàññè÷åñêîé ìåõàíèêå ïîòîê � ýòî ïðîèçâåäåíèå ïëîòíîñòè âåðîÿòíîñòè (ρ) íà ñêîðîñòü
(v)

j = v ρ . (9.65)

Ó÷èòûâàÿ, ÷òî v = p/me è ρ = |ψ|2, ëåãêî óáåäèòüñÿ, ÷òî îïðåäåëåíèå ïîòîêà Óð. (9.63)
ïåðåõîäèò â êëàññè÷åñêîå îïðåäåëåíèå ïîòîêà. Ðàçìåðíîñòü ïîòîêà m−2s−1, à åãî ôèçè÷å-
ñêèé ñìûñë � êîëè÷åñòâî ÷àñòèö, ïðîõîäÿùèõ ÷åðåç åäèíèöó ïëîùàäè (ïåðïåíäèêóëÿðíîé
âåêòîðó j) â åäèíèöó âðåìåíè. Ñîîòâåòñòâåííî, ïîòîê j, óìíîæåííûé íà ïëîùàäü S (ïåð-
ïåíäèêóëÿðíóþ âåêòîðó j), äà¼ò ÷èñëî ÷àñòèö ïðîõîäÿùèõ ÷åðåç ïëîùàäü S â åäèíèöó
âðåìåíè.

Ðàññìîòðèì ïîòîê äëÿ ïàäàþùåé âîëíû ψinc = eikr

j[eikr] =
1

2me

(
(p̂eikr)∗eikr + e−ikrp̂eikr

)
=
k~
me

=
p

me

. (9.66)

Ïîòîê ÿâëÿåòñÿ êîíñòàíòîé.
Ðàññìîòðèì ïîòîê äëÿ ðàññåÿííîé âîëíû ψscat = f(θ, ϕ) e

ikr

r
.

Ãðàäèåíò â ñôåðè÷åñêèõ êîîðäèíàòàõ

∇ = er
∂

∂r
+ eθ

1

r

∂

∂θ
+ eϕ

1

r sin θ

∂

∂ϕ
. (9.67)

Ðàññìîòðèì îòäåëüíî ãðàäèåíò ðàññåÿííîé âîëíû

∇f
eikr

r
= er

∂

∂r

(
f
eikr

r

)
+ eθ

1

r

∂

∂θ

(
f
eikr

r

)
+ eϕ

1

r sin θ

∂

∂ϕ

(
f
eikr

r

)
(9.68)

= er

(
ikf

eikr

r

)
+ er

(
−f e

ikr

r2

)
(9.69)

+eθ
eikr

r2

(
∂

∂θ
f

)
+ eϕ

eikr

r2 sin θ

(
∂

∂ϕ
f

)
(9.70)

= er

(
ikf

eikr

r

)
+ O

(
1

r2

)
. (9.71)

Òåïåðü âû÷èñëèì ïîòîê ðàññåÿííîé âîëíû

j[ψscat] =
i~

2me

((∇ψ)∗ψ − ψ∗∇ψ) (9.72)

=
i~

2me

(
er

(
−ikf ∗ e

−ikr

r

)
f
eikr

r
− f ∗ e

−ikr

r
er

(
ikf

eikr

r

))
+ O

(
1

r3

)
(9.73)

=

∣∣∣∣fr
∣∣∣∣2 k~erme

+ O

(
1

r3

)
(9.74)

=

∣∣∣∣fr
∣∣∣∣2 perme

+ O

(
1

r3

)
. (9.75)
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15.04.2022

Çàìåòèì, ÷òî ïîòîê äëÿ ôóíêöèè ψ = ψinc + ψscat (ñì. Óð. (9.60)) ðàâåí

j[ψ] = j[ψinc] + O

(
1

r

)
. (9.76)

Ìû ðàññìàòðèâàåì ñîñòîÿíèå ñ àñèìïòîòèêîé

ψ(r) ≈ eikr + f(θ, ϕ)
eikr

r
, r →∞ (9.77)

Ýëåìåíòàðíûé òåëåñíûé óãîë, ïëîùàäü è îáú¼ì èìåþò âèä

dΩ = dθ sin θ dϕ , (9.78)

dS = r2dθ sin θ dϕ = r2dΩ , (9.79)

dV = dr dS = dr r2dθ sin θ dϕ . (9.80)

Äèôôåðåíöèàëüíîå ñå÷åíèå ðàññåÿíèÿ: ÷èñëî ÷àñòèö â åäèíèöó âðåìåíè, ðàññåÿííûõ
â òåëåñíûé óãîë dΩ, äåë¼ííîå íà ïîòîê ïàäàþùèõ ÷àñòèö,

dσ =
|j [ψscat]| dS
|j[ψinc]|

, r →∞ (9.81)

=

∣∣∣j [f eikrr ]∣∣∣ dS
|j[eikr]|

, r →∞ (9.82)

=

∣∣∣∣∣fr ∣∣2 k~er
me

+ O
(

1
r3

)∣∣∣ r2dΩ∣∣∣ k~me ∣∣∣ , r →∞ (9.83)

=

∣∣∣|f |2 k~erme

∣∣∣ dΩ∣∣∣ k~me ∣∣∣ = |f |2 dΩ . (9.84)

Ñ ó÷¼òîì Óð. (9.76) ìîæíî òàêæå îïðåäåëÿòü äèôôåðåíöèàëüíîå ñå÷åíèå êàê

dσ =
|j [ψscat]| dS
|j[ψ]|

, r →∞ . (9.85)

Èç îïðåäåëåíèé Óð. (9.81), (9.85) âèäíî, ÷òî ñå÷åíèå íå çàâèñèò îò íîðìèðîâêè ôóíê-
öèè ψ.

Ïîëíîå ñå÷åíèå ðàññåÿíèÿ

σ =

∫
dσ =

∫
dΩ |f(θ, ϕ)|2 . (9.86)
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Çàìå÷àíèå:
S0 � ïëîùàäü, ïåðïåíäèêóëÿðíàÿ âåêòîðó k, ïîñòîÿííà.
j[ψinc] = j[eikr] = k~

me
� ïîòîê ïàäàþùåé âîëíû ïîñòîÿíåí.

S0 · j[ψinc] � ÷èñëî ïàäàþùèõ ÷àñòèö, ïðîõîäÿùèõ ÷åðåç ïëîùàäü S0 â åäèíèöó âðåìåíè,
ïîñòîÿííî.

S = 4πr2 � ïëîùàäü ñôåðû ðàäèóñà r, ïðîïîðöèîíàëüíà r2.

j[ψscat] = j[f e
ikr

r
] =

∣∣f
r

∣∣2 k~er
me

+ O( 1
r3

) � ïîòîê ðàññåÿííîé âîëíû ïðîïîðöèîíàëåí 1
r2
.

S · |j[ψscat]| � ÷èñëî ðàññåÿííûõ ÷àñòèö, ïðîõîäÿùèõ ÷åðåç ñôåðó ðàäèóñà r (ïðè r →∞)
â åäèíèöó âðåìåíè, ïîñòîÿííî.

Ïîäâåä¼ì èòîã ýòîãî ïàðàãðàôà. Ìû ðàññìàòðèâàåì ðàññåÿíèå êîðîòêîäåéñòâóþùèì
ïîòåíöèàëîì. Â òàêîì ïîòåíöèàëå àñèìïòîòèêà âîëíîâîé ôóíêöèè èìååò âèä

ψ(r) ≈ eikr + f(θ, ϕ)
eikr

r
, r →∞ . (9.87)

Ôóíêöèÿ f(θ, ϕ) íàçûâàåòñÿ àìïëèòóäîé ðàññåÿíèÿ. Äèôôåðåíöèàëüíîå ñå÷åíèå îïðåäå-
ëÿåòñÿ ÷åðåç àìïëèòóäó ðàññåÿíèÿ êàê

dσ = |f(θ, ϕ)|2 dΩ . (9.88)

Ðàçìåðíîñòü ñå÷åíèÿ � ïëîùàäü.
Ôèçè÷åñêèé ñìûñë äèôôåðåíöèàëüíîãî ñå÷åíèÿ ðàññåÿíèÿ � êîëè÷åñòâî ÷àñòèö ðàñ-

ñåÿííûõ â òåëåñíûé óãîë dΩ â åäèíèöó âðåìåíè, äåë¼ííîå íà ïîòîê ïàäàþùèõ ÷àñòèö.

9.2 Ôóíêöèÿ Ãðèíà è èíòåãðàëüíàÿ ôîðìà óðàâíåíèÿ

Øð¼äèíãåðà.

Âîëíîâàÿ ôóíêöèÿ, îïèñûâàþùàÿ ÷àñòèöó, ðàçâèâàåòñÿ âî âðåìåíè, ñîãëàñíî óðàâíåíèþ
Øð¼äèíãåðà

i
∂

∂t
ψ(r, t) = Ĥψ(r, t) . (9.89)

Ñòàöèîíàðíûå ñîñòîÿíèÿ

ψ(r, t) = ψ(r) e−iεt/~ . (9.90)
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Ôóíêöèè ñòàöèîíàðíûõ ñîñòîÿíèé äîëæíû óäîâëåòâîðÿòü ñòàöèîíàðíîìó óðàâíåíèþ
Øð¼äèíãåðà (

p̂2

2me

+ V (r)

)
ψ(r) = ε ψ(r) , (9.91)(

− ~2

2me

∆ + V (r)

)
ψ(r) = ε ψ(r) . (9.92)

Ìû ðàññìàòðèâàåì íåïðåðûâíûé ñïåêòð êîðîòêîäåéñòâóþùèõ ïîòåíöèàëîâ (V ·r3 → 0
ïðè r →∞). Ýíåðãèÿ òàêèõ ñîñòîÿíèé ìîæåò áûòü ïðåäñòàâëåíà â âèäå

ε =
k2~2

2me

, p = k~ . (9.93)

Âåëè÷èíà p èìååò ñìûñë ìîäóëÿ èìïóëüñà ÷àñòèöû ïðè r →∞.
Ïåðåïèøåì óðàâíåíèå Óð. (9.92) â âèäå

(∆ + k2)ψ(r) =
2me

~2
V (r)ψ(r) (9.94)

Ôóíêöèÿ Ãðèíà (Green's function) äëÿ ñâîáîäíîé ÷àñòèöû óäîâëåòâîðÿåò óðàâíåíèþ

(∆ + k2)G(r, r′) = δ(r − r′) . (9.95)

Ôóíêöèÿ Ãðèíà ñ íåîáõîäèìîé àñèìïòîòèêîé èìååò âèä

G(r, r′) = − eik|r−r
′|

4π|r − r′|
. (9.96)

Äåéñòâèòåëüíî, ðàññìîòðèì ñëó÷àé r 6= r′

(∆ + k2)G(r, r′) = 0 , r 6= r′ . (9.97)

Ðåøåíèå ýòîãî óðàâíåíèÿ ìîæíî íàéòè â âèäå

G(r, r′) = f(|r − r′|) . (9.98)

Ââèäó êîììóòàöèè ãðàäèåíòà è ñäâèãà, ôóíêöèÿ f äîëæíà óäîâëåòâîðÿòü óðàâíåíèþ

(∆ + k2)f(r) = 0 , r 6= 0 . (9.99)

Ñ ó÷¼òîì òîãî, ÷òî ôóíêöèÿ f íå çàâèñèò îò óãëîâûõ ïåðåìåííûõ, îíà äîëæíà óäîâëå-
òâîðÿòü óðàâíåíèþ

(∆ + k2)f(r) =

(
1

r2

∂

∂r
r2 ∂

∂r
+ k2

)
f(r) = 0 , r 6= 0 . (9.100)
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Íåòðóäíî óáåäèòüñÿ, ÷òî ðåøåíèåì ýòîãî óðàâíåíèÿ ÿâëÿþòñÿ ôóíêöèè

f (±)(r) = C
e±ikr

r
. (9.101)

Ñ ó÷¼òîì óðàâíåíèÿ Ïóàññîíà

∆
1

r
= −4πδ(r) (9.102)

êîíñòàíòà C äîëæíà ðàâíÿòüñÿ

C = − 1

4π
. (9.103)

Ïîëó÷àåì ñëåäóþùåå âûðàæåíèå äëÿ ôóíêöèè Ãðèíà ñ íóæíîé íàì àñèìïòîòèêîé

G(+)(r, r′) = − eik|r−r
′|

4π|r − r′|
. (9.104)

Ââåä¼ì âîëíîâóþ ôóíêöèþ ñâîáîäíîé ÷àñòèöû ψ0(r), êîòîðàÿ èìååò ýíåðãèþ ε è óäî-
âëåòâîðÿåò óðàâíåíèÿì Óð. (9.91), (9.92) ñ V (r) = 0 è, ñîîòâåòñòâåííî,

(∆ + k2)ψ0(r) = 0 . (9.105)

Ðåøåíèå óðàâíåíèÿ Øð¼äèíãåðà Óð. (9.94) äîëæíî óäîâëåòâîðÿòü ñëåäóþùåìó óðàâ-
íåíèþ

ψ(r) = ψ0(r) +

∫
d3r′G(r, r′)

2me

~2
V (r′)ψ(r′) . (9.106)

Ýòî åñòü èíòåãðàëüíàÿ ôîðìà óðàâíåíèÿ Øð¼äèíãåðà Óð. (9.91), (9.92), (9.94). Óáåäèìñÿ
â ýòîì, ïîäñòàâèâ ôóíêöèþ ψ(r) â âèäå (9.106) â Óð. (9.94)

(∆ + k2)ψ(r) = (∆ + k2)ψ0(r) + (∆ + k2)

∫
d3r′G(r, r′)

2me

~2
V (r′)ψ(r′) (9.107)

=

∫
d3r′ δ(r − r′)2me

~2
V (r′)ψ(r′) (9.108)

=
2me

~2
V (r)ψ(r) . (9.109)

Âîçüì¼ì â êà÷åñòâå ψ0 ïàäàþùóþ âîëíó

ψ0(r) = eik0r . (9.110)
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Èíòåãðàëüíîå óð. Øð¼äèíãåðà (9.106) ïðèìåò âèä

ψ(r) = eik0r +

∫
d3r′ (−1)

eik|r−r
′|

4π|r − r′|
2me

~2
V (r′)ψ(r′) . (9.111)

Äëÿ ïðîñòîòû èçëîæåíèÿ ïðåäïîëîæèì, ÷òî ïîòåíöèàë V (r) = 0 ïðè r > R. Â ýòîì
ñëó÷àå ïîäûíòåãðàëüíîå âûðàæåíèå îòëè÷íî îò íóëÿ òîëüêî ïðè |r′| < R è, ñîîòâåò-
ñòâåííî, ïðè áîëüøèõ r ìû ìîæåì ðàçëîæèòü ïîäûíòåãðàëüíîå âûðàæåíèå ïî ñòåïåíÿì
r′

r
. Çàìåòèì (áåç äîêàçàòåëüñòâà), ÷òî ýòî óòâåðæäåíèå ñïðàâåäëèâî äëÿ ïîòåíöèàëîâ

r3V (r)→ 0 ïðè r →∞.
Ïîñëåäíèé ÷ëåí ðàâåíñòâà (9.111) âåä¼ò ñåáÿ êàê 1

r
ïðè r →∞.

Àìïëèòóäà ðàññåÿíèÿ áûëà îïðåäåëåíà èç àíàëèçà àñèìïòîòèêè ôóíêöèè ψ(r) Óð. (9.60)

ψ(r) ≈ eik0r + f(θ, ϕ)
eikr

r
, r →∞ . (9.112)

Ðàññìîòðèì âèä óðàâíåíèÿ (9.111) ïðè r →∞.
Íà÷í¼ì ñ ðàññìîòðåíèÿ |r − r′| ïðè ôèêñèðîâàííîì r′ è r →∞

|r − r′|2 = r2 − 2rr′ + r′2 = r2

{
1− 2

rr′

r2
+
r′2

r2

}
= r2

{
1− 2

rr′

r2

}
+ O(r0)(9.113)

|r − r′| =

[
r2

{
1− 2

rr′

r2
+
r′2

r2

}]1/2

= r

{
1− rr

′

r2
+ O

(
1

r2

)}
(9.114)

= r − rr
′

r
+ O

(
1

r

)
. (9.115)

Çäåñü áûëî èñïîëüçîâàíî ðàçëîæåíèå â ðÿä Òåéëîðà

[1− x]1/2 = 1− 1

2
x+ O(x2) . (9.116)

Ââåä¼ì âåêòîð

k = k
r

r
, k = |k0| , ε =

k2~2

2me

=
p2

2me

. (9.117)
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Èñïîëüçóÿ Óð. (9.115), ìû ìîæåì íàïèñàòü ñëåäóþùèå îöåíêè

k|r − r′| = kr − kr′ + O

(
1

r

)
(9.118)

1

|r − r′|
=

1

r
+ O

(
1

r2

)
(9.119)

exp[ik|r − r′|] = exp

[
ikr − ikr′ + O

(
1

r

)]
(9.120)

= exp[ikr] · exp[−ikr′] + O

(
1

r

)
(9.121)

eik|r−r
′|

|r − r′|
=

eikr

r
e−ikr

′
+ O

(
1

r2

)
. (9.122)

Ïîäñòàâëÿÿ îöåíêó (9.122) â Óð. (9.111)

ψ(r) = eik0r +

∫
d3r′ (−1)

eik|r−r
′|

4π|r − r′|
2me

~2
V (r′)ψ(r′) , (9.123)

ïîëó÷àåì ñëåäóþùåå âûðàæåíèå

ψ(r) = eik0r +

∫
d3r′ (−1)

eikr

4πr
e−ikr

′ 2me

~2
V (r′)ψ(r′) + O

(
1

r2

)
(9.124)

= eik0r − 2me

4π~2

eikr

r

∫
d3r′ e−ikr

′
V (r′)ψ(r′) + O

(
1

r2

)
. (9.125)

Ñðàâíèâàÿ ïîëó÷åííîå âûðàæåíèå ñ àñèìïòîòèêîé (9.60) èëè (9.112), íàõîäèì àìïëèòóäó
ðàññåÿíèÿ

f(θ, ϕ) = − 2me

4π~2

∫
d3r′ e−ikr

′
V (r′)ψ(r′) , (9.126)

ãäå çàâèñèìîñòü îò óãëîâ θ, ϕ ñîäåðæèòñÿ â âåêòîðå

k = k(θ, ϕ) = k
r(θ, ϕ)

r
. (9.127)

Óãîë θ îòñ÷èòûâàåòñÿ îò íàïðàâëåíèÿ âåêòîðà k0.
Äèôôåðåíöèàëüíîå ñå÷åíèå ðàññåÿíèå ñâÿçàíî ñëåäóþùèì îáðàçîì ñ àìïëèòóäîé (ñì.

Óð. (9.88))

dσ = |f(θ, ϕ)|2 dΩ . (9.128)
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9.3 Ôîðìóëà Áîðíà

Îòáðîñèì â Óð. (9.125) ÷ëåíû O
(

1
r2

)
è áóäåì ðåøàòü ïîëó÷åííîå èíòåãðàëüíîå óðàâíåíèå

ψ(r) = eik0r − 2me

4π~2

eikr

r

∫
d3r′ e−ikr

′
V (r′)ψ(r′) . (9.129)

ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Ýòî åñòü ìåòîä Áîðíà (Max Born).
Íóëåâîå ïðèáëèæåíèå

ψ(0) = eik0r . (9.130)

Ïåðâîå áîðíîâñêîå ïðèáëèæåíèå

ψ(1)(r) = eik0r − 2me

4π~2

eikr

r

∫
d3r′ e−ikr

′
V (r′)ψ(0)(r′) (9.131)

= eik0r − 2me

4π~2

eikr

r

∫
d3r′ ei(k0−k)r′V (r′) . (9.132)

Âûðàæåíèå äëÿ n-îãî ïðèáëèæåíèÿ èìååò âèä

ψ(n)(r) = eik0r − 2me

4π~2

eikr

r

∫
d3r′ e−ikr

′
V (r′)ψ(n−1)(r′) . (9.133)

Óñëîâèÿ ïðèìåíèìîñòè áîðíîâñêîãî ïðèáëèæåíèÿ: íåîáõîäèìî, ÷òîáû ïîñëåäíèé ÷ëåí
â Óð. (9.132) áûë ìàë. Ýòî ìîæåò áûòü âûïîëíåíî ïðè ìàëûõ ðàññåèâàþùèõ ïîòåíöèàëàõ
V èëè ïðè áûñòðûõ ðàññåèâàåìûõ ÷àñòèöàõ

kd � 1 , (9.134)

ãäå d � ðàäèóñ äåéñòâèÿ ïîòåíöèàëà V (â ýòîì ñëó÷àå ïîäûíòåãðàëüíàÿ ôóíêöèÿ áóäåò
ñèëüíî îñöèëëèðîâàòü è, ñëåäîâàòåëüíî, èíòåãðàë áóäåò ìàë).

Ìû îãðàíè÷èìñÿ ïåðâûì áîðíîâñêèì ïðèáëèæåíèåì. Â ðàìêàõ ýòîãî ïðèáëèæåíèÿ
àìïëèòóäà èìååò ñëåäóþùèé âèä

f (1)(θ, ϕ) = − 2me

4π~2

∫
d3r′ ei(k0−k)r′V (r′) (9.135)

= − 2me

4π~2
Ṽ (k0 − k) , (9.136)

ãäå ìû ââåëè ïðÿìîå è îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå êàê

Ṽ (k) =

∫
d3r eikr V (r) , (9.137)

V (r) = (2π)−3

∫
d3k e−ikr Ṽ (k) , (9.138)
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ñîîòâåòñòâåííî.
Âåêòîð K = k0 − k îïðåäåëÿåò ïåðåäàííûé èìïóëüñ (∆p = −K~). Èñïîëüçóÿ ýòîò

âåêòîð àìïëèòóäà çàïèøåòñÿ â âèäå

f (1)(θ, ϕ) = − 2me

4π~2

∫
d3r′ eiKr

′
V (r′) (9.139)

= − 2me

4π~2
Ṽ (K) , (9.140)

Ðàññìîòðèì ïåðâîå áîðíîâñêîå ïðèáëèæåíèå äëÿ öåíòðàëüíîãî ïîëÿ V (r) = V (r)

f (1)(θ, ϕ) = − 2me

4π~2

∫
d3r′ eiKr

′
V (r′) (9.141)

= − 2me

4π~2

∞∫
0

dr′ r′2
π∫

0

dθ′ sin θ′
2π∫

0

dϕ′eiKr
′ cos θ′V (r′) . (9.142)

Çäåñü óãîë θ′ îòñ÷èòûâàåòñÿ îò íàïðàâëåíèÿ âåêòîðàK. Èíòåãðèðîâàíèå ïî óãëó ϕ′ äà¼ò
2π. Èíòåãðèðîâàíèå ïî óãëó θ′ çàìåíÿåòñÿ íà èíòåãðèðîâàíèå ïî cos θ′

f (1)(θ, ϕ) = − 2me

4π~2
2π

∞∫
0

dr′ r′2
1∫

−1

d cos θ′eiKr
′ cos θ′V (r′) (9.143)

= − 2me

4π~2
2π

∞∫
0

dr′ r′2
eiKr

′ cos θ′

iKr′

∣∣∣∣cos θ′=1

cos θ′=−1

V (r′) (9.144)

= − 2me

4π~2
2π

∞∫
0

dr′ r′2
eiKr

′ − e−iKr′

iKr′
V (r′) (9.145)

= − 2me

4π~2
2π

∞∫
0

dr′ r′2 2
sin(Kr′)

Kr′
V (r′) (9.146)

=
2me

~2K

∞∫
0

dr′ r′ sin(Kr′)V (r′) . (9.147)

Ðàññìîòðèì ìîäóëü âåêòîðà K

K = |k0 − k| = (|k0|2 + |k|2 − 2k0k)1/2 (9.148)

= (2k2 − 2k cos θ)1/2 = k
√

2(1− cos θ)1/2 = k
√

2

(
2 sin2 θ

2

)1/2

(9.149)

= 2k sin
θ

2
. (9.150)
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Óãîë θ � ýòî óãîë ìåæäó âåêòîðàìè k è k0 (ñì. Óð. (9.127)).
Çàìåòèì, ÷òî â ñëó÷àå öåíòðàëüíîãî ïîëÿ àìïëèòóäà íå çàâèñèò îò óãëà ϕ. Ðàññåÿíèå

îáëàäàåò àêñèàëüíîé ñèììåòðèåé.

9.4 Ðàññåÿíèå çàðÿæåííûõ ÷àñòèö íà ýêðàíèðîâàííîì

êóëîíîâñêîì ïîòåíöèàëå (ïîòåíöèàëå Þêàâû)

08.04.2022

Ðàññìîòðèì ðàññåÿíèÿ íà ýêðàíèðîâàííîì êóëîíîâñêîì ïîòåíöèàëå � ïîòåíöèàëå Þêàâû

V (r) = −α
r
e−λr , λ→ 0 . (9.151)

Â ïåðâîì áîðíîâñêîì ïðèáëèæåíèè ñå÷åíèå âûðàæàåòñÿ ÷åðåç Ôóðüå-îáðàç ïîòåíöè-
àëà (Óð. (9.135))

f (1)(θ, ϕ) = − 2me

4π~2

∫
d3r′ ei(k0−k)r′V (r′) (9.152)

= − 2me

4π~2
Ṽ (k0 − k) = − 2me

4π~2
Ṽ (K) , (9.153)

ãäå ìîäóëü âåêòîðà K (ïåðåäàííîãî èìïóëüñà) èìååò âèä

K = |k0 − k| = 2k sin
θ

2
. (9.154)
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f (1)(θ, ϕ) =
2me

~2K

∞∫
0

dr′ r′ sin(Kr′)V (r′) (9.155)

= −2meα

~2K

∞∫
0

dr′ r′ sin(Kr′)
e−λr

′

r′
(9.156)

= −2meα

~2K

∞∫
0

dr′
1

2i

(
eiKr

′ − e−iKr′
)
e−λr

′
(9.157)

= −2meα

~2K

1

2i

(
− 1

iK − λ
+

1

−iK − λ

)
(9.158)

= −2meα

~2K

1

2i

(
2iK

K2 + λ2

)
(9.159)

= −2meα

~2

(
1

K2 + λ2

)
(9.160)

= −2meα

~24k2

(
1

sin2 θ
2

+ λ2

)
= −meα

2p2

(
1

sin2 θ
2

+ λ2

)
. (9.161)

p = ~k (9.162)

dσ

dΩ
= |f (1)(θ, ϕ)|2 =

(
meα

2p2

)2
∣∣∣∣∣ 1

sin2 θ
2

+ λ2

∣∣∣∣∣
2

(9.163)

Ïðè λ→ 0 ýòà ôîðìóëà ïåðåõîäèò â ôîðìóëó Ðåçåðôîðäà.
Àìïëèòóäà ðàññåÿíèÿ â ïîòåíöèàëå V (r) = −α

r
(àìïëèòóäà ïðèâåäåíà â àòîìíûõ

åäèíèöàõ me = ~ = |e| = 1) èìååò âèä

f(θ, ϕ) =
α

2p2 sin2( θ
2
)

Γ(1− iα/p)
Γ(1 + iα/p)

exp

(
iα

p
ln sin2 θ

2

)
. (9.164)

Ýòà ôîðìóëà îòëè÷àåòñÿ îò Óð. (9.161) ïðè λ→ 0 ôàçîâûì ìíîæèòåëåì.

9.5 Ðàññåÿíèå çàðÿæåííûõ ÷àñòèö àòîìàìè

Ðàññìîòðèì ðàññåÿíèå çàðÿæåííûõ ÷àñòèö àòîìàìè. Áóäåì ðàññìàòðèâàòü ýòîò ïðîöåññ
â ïåðâîì áîðíîâñêîì ïðèáëèæåíèè.
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Ðàññìîòðèì óðàâíåíèå Ïóàññîíà

∆
1

r
= −4πδ(r) . (9.165)

Ïîòåíöèàë òî÷å÷íîãî çàðÿäà âåëè÷èíû |e|Z, ò.å. ïîòåíöèàë, îòâå÷àþùèé ïëîòíîñòè
çàðÿäà (e < 0)

ρnuc(r) = |e|Zδ(r) ,

∫
drρnuc(r) = |e|Z , (9.166)

äîëæåí óäîâëåòâîðÿòü óðàâíåíèþ

∆
|e|Z
r

= −4π|e|Zδ(r) = −4πρnuc(r) . (9.167)

Ýòî ðàâåíñòâî ïîçâîëÿåò íàì íàïèñàòü ñâÿçü ïëîòíîñòè ðàñïðåäåëåíèÿ çàðÿäà è ñîçäà-
âàåìûì åþ ïîòåíöèàëîì

∆Φnuc(r) = −4πρnuc(r) . (9.168)

Ïîòåíöèàëüíàÿ ýíåðãèÿ ýëåêòðîíà â ïîòåíöèàëå Φnuc(r) èìååò âèä

V nuc(r) = −|e|Φnuc(r) = −e
2Z

r
. (9.169)

Ñäåëàåì ïðåîáðàçîâàíèå Ôóðüå äëÿ ïîòåíöèàëüíîé ýíåðãèè, òî åñòü ñäåëàåì ïðåîáðàçî-
âàíèå Ôóðüå äëÿ ðàâåíñòâà

ρ(r) = − 1

4π
∆Φ(r) (9.170)

ρ̃ =

∫
d3reiqrρ(r) = − 1

4π

∫
d3reiqr∆Φ(r) (9.171)

= − 1

4π

∫
d3r(∆eiqr)Φ(r) = − 1

4π

∫
d3r(−q2)eiqrΦ(r) (9.172)

=
q2

4π
Φ̃(q) . (9.173)

Íàõîäèì ñâÿçü Ôóðüå îáðàçà ïîòåíöèàëüíîé ýíåðãèè è ïëîòíîñòè çàðÿäà

Ṽ (q) = −|e|Φ̃(q) = −4π|e|
q2

ρ̃(q) . (9.174)
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Áóäåì ðàññìàòðèâàòü àòîì êàê ÿäðî ñ çàðÿäîì |e|Z è Z øòóê ýëåêòðîíîâ ñ çàðÿäàìè
e (e < 0). Ïëîòíîñòü ðàñïðåäåëåíèÿ ýëåêòðîíîâ îáîçíà÷èì êàê ρel(r), îíà îïðåäåëÿåòñÿ
äèàãîíàëüíûì ýëåìåíòîì îäíî÷àñòè÷íîé ìàòðèöû ïëîòíîñòè

ρel(r) = −|e|nel(r) ,

∫
d3r nel(r) = Z . (9.175)

nel(r) = N

∫
d3r2 . . . d

3rN Ψ∗(r, r2, . . . , rN)Ψ(r, r2, . . . , rN) , N = Z , (9.176)

〈Ψ|Ψ〉 =

∫
d3r1d

3r2 . . . d
3rN |Ψ(r1, r2, . . . , rN)|2 = 1 , (9.177)

ãäå Ψ � âîëíîâàÿ ôóíêöèÿ àòîìíûõ ýëåêòðîíîâ.
Áóäåì ñ÷èòàòü, ïëîòíîñòü ðàñïðåäåëåíèÿ ýëåêòðîíîâ ñôåðè÷åñêè ñèììåòðè÷íà

nel(r) = nel(r) . (9.178)

Ðàññìîòðèì ïëîòíîñòü ðàñïðåäåëåíèÿ çàðÿäà àòîìå

ρ(r) = ρnuc(r) + ρel(r) (9.179)

= |e|Zδ(r)− |e|nel(r) (9.180)

ρ̃(q) =

∫
d3r eiqrρ(r) (9.181)

=

∫
d3r eiqr

(
|e|Zδ(r)− |e|nel(r)

)
(9.182)

= |e|Z − |e|
∫
d3r eiqrnel(r) = |e|Z − |e|F (q) (9.183)

Çäåñü ìû ââåëè àòîìíûé ôîðìôàêòîð

F (q) =

∫
d3r eiqrnel(r) . (9.184)

Òàê êàê ïëîòíîñòü ðàñïðåäåëåíèÿ ýëåêòðîíîâ ñôåðè÷åñêè ñèììåòðè÷íà Óð. (9.178),
òî àòîìíûé ôîðìôàêòîð òîæå ñôåðè÷åñêè ñèììåòðè÷åí

F (q) = F (q) . (9.185)

Èñïîëüçóÿ ñâÿçü ïëîòíîñòè ðàñïðåäåëåíèÿ çàðÿäà è îòâå÷àþùåãî åé ïîòåíöèàëà Óð.
(9.174)

Ṽ (q) = −4π|e|
q2

ρ̃(q) , (9.186)
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ìîæåì çàïèñàòü

Ṽ (q) = −4πe2

q2
(Z − F (q)) . (9.187)

Â ïåðâîì áîðíîâñêîì ïðèáëèæåíèè ñå÷åíèå ðàññåÿíèÿ âûðàæàåòñÿ ÷åðåç Ôóðüå-îáðàç
ïîòåíöèàëà (Óð. (9.135))

f (1)(θ, ϕ) = − 2me

4π~2

∫
d3r′ ei(k0−k)r′V (r′) (9.188)

= − 2me

4π~2
Ṽ (k0 − k) = − 2me

4π~2
Ṽ (K) , (9.189)

ãäå ìîäóëü âåêòîðà K (ïåðåäàííîãî èìïóëüñà) èìååò âèä (Óð. (9.150))

K = |k0 − k| = 2k sin
θ

2
. (9.190)

Ñå÷åíèå ðàññåÿíèå âûðàæàåòñÿ ÷åðåç àìïëèòóäó êàê

dσ

dΩ
= |f (1)(θ, ϕ)|2 (9.191)

=

(
2me

4π~2

)2(
4πe2

K2

)2

|Z − F (K)|2 (9.192)

=

(
2mee

2

~24k2

)2
∣∣Z − F (2k sin θ

2

)∣∣2
sin4 θ

2

(9.193)

Åñëè ïîëîæèòü F = 0, ÷òî îòâå÷àåò ñëó÷àþ îòñóòñòâèÿ ýëåêòðîíîâ, òî ìû ïîëó÷èì
ôîðìóëó Ðåçåðôîðäà (àìïëèòóäà áóäåò íåïðàâèëüíàÿ ñì. Óð. (9.164)).

Ðàññìîòðèì ðàññåÿíèå íà ìàëûå óãëû θ. Èì îòâå÷àþò ìàëûå çíà÷åíèÿ K èëè q. Òîãäà
àòîìíûé ôîðìôàêòîð ìîæíî ðàçëîæèòü â ðÿä Òåéëîðà

F (q) =

∫
d3r eiqrnel(r) (9.194)

eiqr = 1 + iqr − (qr)2

2!
+ . . . (9.195)

F (q) =

∫
d3r eiqrnel(r) (9.196)

=

∫
d3r nel(r) +

∫
d3r (iqr)nel(r) +

∫
d3r eiqr

(iqr)2

2
nel(r) + O(q3) (9.197)

= Z + q2C2 + q4C4 + O(q6) . (9.198)
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×ëåí ðàçëîæåíèÿ, ëèíåéíûé ïî q, ðàâåí íóëþ∫
d3r (iqr)nel(r) = 0 (9.199)∫

dΩ (iqr) = 0 . (9.200)

Ðàññìîòðèì êâàäðàòè÷íûé ÷ëåí ïî q

1

2

∫
d3r (iqr)2nel(r) =

1

2

∞∫
0

dr r2

π∫
0

dθ sin θ

2π∫
0

dϕ (−q2r2) cos2 θ nel(r) (9.201)

1

2

π∫
0

dθ sin θ

2π∫
0

dϕ cos2 θ =
1

2

2

3
2π =

2π

3
, (9.202)

∫
d3r r2nel(r) = 4π

∞∫
0

dr r4 nel(r) ∼ a2
0Z � ñì. íèæå , (9.203)

1

2

∫
d3r (iqr)2nel(r) ∼ a2

0Z q
2 , (9.204)

ãäå a0 � áîðîâñêèé ðàäèóñ (çäåñü ýòî ïðîñòî ðàçìåðíûé ìíîæèòåëü)

a0 =
~2

mee2
≈ 0.529 · 10−10 ì . (9.205)

Îöåíêà Óð. (9.203) ñëåäóåò èç ñëåäóþùèõ ðàññóæäåíèé. Ðàññìîòðèì íîðìèðîâêó ìàòðè-
öû ïëîòíîñòè Óð. (9.175) ∫

d3r nel(r) = Z . (9.206)

Ðàäèóñû àòîìîâ îòíîñèòåëüíî ñëàáî çàâèñÿò îò Z, ñì. Ðèñ. 9.1. Äëÿ áîëüøèíñòâà àòîìîâ
èõ ðàäèóñû ëåæàò â èíòåðâàëå 0.1 − 0.2 nm (1 nm = 10−9 m). Ñëåäîâàòåëüíî äëÿ îöåí-
êè ðàññìàòðèâàåìîãî èíòåãðàëà (9.203) ìàòðèöó ïëîòíîñòè ìîæíî ñ÷èòàòü îäíîðîäíîé,
ïðîïîðöèîíàëüíîé Z.

Èòàê, ìû ðàçëîæèëè àòîìíûé ôîðìôàêòîð â ðÿä ïî ÷¼òíûì ñòåïåíÿì q

F (q) = Z + q2C2 + q4C4 + O(q6) . (9.207)

Ïðè ðàññåÿíèè íà ìàëûå óãëû θ (ìàëûõ q) ìû ìîæåì îãðàíè÷èòüñÿ êâàäðàòè÷íûì
÷ëåíîì

|Z − F (q)| ≈ |C2|q2 ∼ a2
0Zq

2 . (9.208)
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Ðèñ. 9.1: Òåîðåòè÷åñêèå äàííûå äëÿ ðàäèóñà àòîìîâ. Ãðàôèê âçÿò èç [A. M.
Dolgonosov, Russian Journal of Physical Chemistry A, 82, No. 12, 2079 (2008)].

Äèôôåðåíöèàëüíîå ñå÷åíèå ðàññåÿíèÿ èìååò âèä (ñì. Óð. (9.192), q = K)

dσ

dΩ
=

(
2me

4π~2

)2(
4πe2

K2

)2

|Z − F (K)|2 (9.209)

≈
(

2me

4π~2

)2(
4πe2

K2

)2 ∣∣C2K
2
∣∣2 (9.210)

=

(
2mee

2

~2

)2

|C2|2 ∼
(

2mee
2

~2

)2

a4
0Z

2 ∼ a2
0Z

2 . (9.211)

Ìû ïîëó÷èëè, ÷òî ïðè ðàññåÿíèè íà ìàëûå óãëû äèôôåðåíöèàëüíîå ñå÷åíèå ðàññåÿ-
íèÿ íå çàâèñèò îò óãëîâ è ïðîïîðöèîíàëüíî a2

0Z
2.

9.6 Ìåòîä ïàðöèàëüíûõ âîëí

Ðàññìîòðèì ðàññåÿíèå íà öåíòðàëüíîì ïîëå V (r) = V (r).
Âûøå ìû ðàññìàòðèâàëè ïåðâîå áîðíîâñêîå ïðèáëèæåíèå Óð. (9.131), êîòîðîå ïðèìå-

íèìî äëÿ îïèñàíèÿ ðàññåÿíèÿ áûñòðûõ ÷àñòèö (ñì. Óð. (9.134)). Ðàññìîòðèì òåïåðü ìåòîä
ïàðöèàëüíûé âîëí; ðÿä ýòîãî ïðèáëèæåíèÿ áûñòðî ñõîäèòñÿ äëÿ ðàññåÿíèÿ ìåäëåííûõ
÷àñòèö (ñì. Óð. (9.264)).

Áóäåì èñêàòü ñîáñòâåííóþ ôóíêöèþ óðàâíåíèÿØð¼äèíãåðà ñ àñèìïòîòèêîé Óð. (9.60)

ψ(r) ≈ eik0r + f(θ, ϕ)
eikr

r
, r →∞ (9.212)

â âèäå ðàçëîæåíèÿ ïî ïàðöèàëüíûì âîëíàì

ψ(r) =
1

r

∞∑
l=0

l∑
m=−l

ClmPl(r)Ylm(θ, ϕ) . (9.213)
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(
p̂2

2me

+ V

)
ψ(r) = εψ(r) , (9.214)(

− ~2

2me

∆ + V

)
ψ(r) = εψ(r) , (9.215)(

− ~2

2mer2

∂

∂r
r2 ∂

∂r
+

~2l̂2

2mer2
+ V (r)

)
ψ(r) = εψ(r) . (9.216)

Ôóíêöèÿ Pl(r) äîëæíà óäîâëåòâîðÿòü óðàâíåíèþ (ñì. Óð. (5.517), (5.522), (5.528))(
− ~2

2me

∂2

∂r2
+

~2l(l + 1)

2mer2
+ V (r)

)
Pl(r) = εPl(r) . (9.217)

Ïðåîáðàçóåì ýòî óðàâíåíèå ê âèäó(
∂2

∂r2
− l(l + 1)

r2
+

2meε

~2
− 2me

~2
V (r)

)
Pl(r) = 0 , (9.218)(

∂2

∂r2
− l(l + 1)

r2
+ k2 − 2me

~2
V (r)

)
Pl(r) = 0 , (9.219)

ãäå ìû ââåëè (ñì. (9.41))

k =

√
2meε

~2
. (9.220)

Ðàññìîòðèì àñèìïòîòèêó ôóíêöèè Pl(r) ïðè r →∞. Ïî ïðåæíåìó ñ÷èòàÿ, ÷òî ïîòåí-
öèàë V êîðîòêîäåéñòâóþùèé (r3V → 0 ïðè r →∞), ìû ìîæåì çàïèñàòü (ñì. Óð (5.549))(

∂2

∂r2
+ k2

)
Pl(r) = 0 , r →∞ , (9.221)

Pl(r) = c+e
ikr − c−e−ikr = sin

(
kr − πl

2
+ δl

)
. (9.222)

Ìû âûäåëèëè ÷ëåí πl
2
èç-çà àñèìïòîòèêè ôóíêöèé Áåññåëÿ (ñì. Óð. (9.54))

jl(kr) ∼
1

kr
sin

(
kr − πl

2

)
, r →∞ . (9.223)

Ïîëó÷àåòñÿ, ÷òî âêëàä êîðîòêîäåéñòâóþùåãî ïîòåíöèàëà V â àñèìïòîòèêó ôóíêöèè Pl(r)
ïðè r → ∞ çàêëþ÷àåòñÿ òîëüêî â ïîÿâëåíèè äîïîëíèòåëüíîé ôàçû δl (ïî ñðàâíåíèþ ñî
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ñëó÷àåì V = 0, ãäå Pl(r) = const ·rjl(kr), Óð. (9.52)). Âåëè÷èíà δl íàçûâàåòñÿ ôàçîé ðàñ-
ñåÿíèÿ, îòâå÷àþùåé l-îé ïàðöèàëüíîé âîëíå. Â îáùåì ñëó÷àå ôàçû ðàññåÿíèÿ ÿâëÿþòñÿ
ôóíêöèÿìè îò âîëíîâîãî âåêòîðà δl = δl(k).

Ñå÷åíèå ðàññåÿíèÿ äîëæíî îïðåäåëÿòüñÿ ôàçàìè δl = δl(k).
Òàêèì îáðàçîì, ïðè r →∞ ôóíêöèÿ Pl(r) èìååò ñëåäóþùóþ àñèìïòîòèêó

Pl(r) ∼ sin

(
kr − πl

2
+ δl

)
=

1

2i

(
eikre−i

πl
2 eiδl − e−ikrei

πl
2 e−iδl

)
(9.224)

=
eikr

2i
(−il)eiδl − e−ikr

2i
ile−iδl . (9.225)

Ñîîòâåòñòâåííî, ôóíêöèÿ ψ(r) èìååò àñèìïòîòèêó (ñì. (9.213))

ψ(r) ∼ eikr

2ir

∞∑
l=0

l∑
m=−l

Clm(−il)eiδl Ylm(θ, ϕ) (9.226)

−e
−ikr

2ir

∞∑
l=0

l∑
m=−l

Clm(il)e−iδl Ylm(θ, ϕ) . (9.227)

Ìû õîòèì íàéòè òàêèå êîýôôèöèåíòû Clm, ÷òîáû âîëíîâàÿ ôóíêöèÿ ψ(r) èìåëà àñèìï-
òîòèêó Óð. (9.212).

Ðàññìîòðèì ñëåäóþùåå ðàâåíñòâî (ñì. Óð. (9.55)-(9.57))

eikr =
∞∑
l=0

(2l + 1) il jl(kr)Pl(cos θ) , cos θ =
kr

kr
. (9.228)

è ïðåäñòàâèì àñèìïòîòèêó (r →∞) ôóíêöèé Áåññåëÿ â âèäå

jl(kr) ∼
1

kr
sin

(
kr − πl

2

)
=

1

2ikr

(
eikr(−il)− e−ikril

)
. (9.229)

Ñ èñïîëüçîâàíèåì ýòèõ ðàâåíñòâ, àñèìïòîòèêà ôóíêöèè ψ(r) Óð. (9.212) ìîæåò áûòü
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çàïèñàíà êàê

ψ(r) ∼ eikr + f(θ, ϕ)
eikr

r
(9.230)

=

{
∞∑
l=0

(2l + 1) il jl(kr)Pl(cos θ)

}
+ f(θ, ϕ)

eikr

r
(9.231)

∼

{
∞∑
l=0

(2l + 1) il
1

2ikr
eikr(−il)Pl(cos θ)

}
(9.232)

−

{
∞∑
l=0

(2l + 1) il
1

2ikr
e−ikr(il)Pl(cos θ)

}
(9.233)

+f(θ, ϕ)
eikr

r
(9.234)

=
eikr

2ir

{
1

k

∞∑
l=0

(2l + 1)Pl(cos θ)

}
+ f(θ, ϕ)

eikr

r
(9.235)

−e
−ikr

2ir

{
1

k

∞∑
l=0

(2l + 1) (−1)lPl(cos θ)

}
(9.236)

Ñðàâíèâàÿ àñèìïòîòèêè Óð. (9.226), (9.227) è Óð. (9.235), (9.236), ìû ïîëó÷àåì, ÷òî âûðà-
æåíèå Óð. (9.226) äîëæíî ðàâíÿòüñÿ Óð. (9.235). Ñîîòâåòñòâåííî, âûðàæåíèå Óð. (9.227)
äîëæíî ðàâíÿòüñÿ Óð. (9.236).

Ðàâåíñòâî âûðàæåíèé Óð. (9.227), (9.236) îïðåäåëÿåò êîýôôèöèåíòû Clm äëÿ ôóíêöèè
ψ(r). Çàìåòèì, ÷òî âûðàæåíèå (9.236) íå çàâèñèò îò óãëà ϕ, ñëåäîâàòåëüíî

Clm ∝ δm0 . (9.237)

Àñèìïòîòèêà Óð. (9.226), (9.227) ïðèìåò âèä

ψ(r) ∼ eikr

2ir

∞∑
l=0

Cl0(−il)eiδl Ylm(θ, ϕ) (9.238)

−e
−ikr

2ir

∞∑
l=0

Cl0(il)e−iδl Yl0(θ, ϕ) . (9.239)

Ñðàâíèâàÿ (9.236) è (9.239) íàõîäèì êîýôôèöèåíòû

Cl0(il)e−iδlYl0(θ, ϕ) =
1

k
(2l + 1) (−1)lPl(cos θ) , (9.240)

Cl0Yl0(θ, ϕ) =
1

k
(2l + 1) ileiδlPl(cos θ) . (9.241)
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Èç ðàâåíñòâà (9.235) è (9.238) ìû ïîëó÷àåì

eikr

2ir

{
1

k

∞∑
l=0

(2l + 1)Pl(cos θ)

}
+ f(θ, ϕ)

eikr

r
=

eikr

2ir

∞∑
l=0

Cl0(−i)leiδl Ylm(θ, ϕ) . (9.242)

Ñîîòâåòñòâåííî, ìû èìååì

f(θ, ϕ) =
1

2i

{
∞∑
l=0

Cl0Ylm(θ, ϕ) (−i)leiδl
}
− 1

2i

{
1

k

∞∑
l=0

(2l + 1)Pl(cos θ)

}
(9.243)

=
1

2i

{
∞∑
l=0

1

k
(2l + 1)ileiδlPl(cos θ)(−i)leiδl

}
(9.244)

− 1

2i

{
1

k

∞∑
l=0

(2l + 1)Pl(cos θ)

}
(9.245)

=
1

2ik

∞∑
l=0

(2l + 1) (e2iδl − 1)Pl(cos θ) (9.246)

=
1

k

∞∑
l=0

(2l + 1) sin(δl) e
iδlPl(cos θ) . (9.247)

Àìïëèòóäà ðàññåÿíèÿ f(θ, ϕ) ïîëíîñòüþ îïðåäåëÿåòñÿ ôàçàìè δl = δl(k).
Äèôôåðåíöèàëüíîå ñå÷åíèå ðàññåÿíèÿ èìååò âèä

dσ

dΩ
= |f(θ, ϕ)|2 . (9.248)

Ðàññìîòðèì ïîëíîå ñå÷åíèå ðàññåÿíèÿ

σ =

∫
dΩ |f(θ, ϕ)|2 (9.249)

=

1∫
−1

d cos θ

2π∫
0

dϕ

∣∣∣∣∣1k
∞∑
l=0

(2l + 1) sin(δl) e
iδlPl(cos θ)

∣∣∣∣∣
2

(9.250)

=

1∫
−1

d cos θ

2π∫
0

dϕ
1

k2
(9.251)

×
∞∑

l,l′=0

(2l′ + 1) sin(δl′) e
−iδl′Pl′(cos θ)(2l + 1) sin(δl) e

iδlPl(cos θ) . (9.252)
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Èíòåãðèðîâàíèå ïî ϕ äà¼ò ìíîæèòåëü 2π. Ñ ó÷¼òîì îðòîãîíàëüíîñòè ïîëèíîìîâ Ëåæàíä-
ðà

1∫
−1

dxPl′(x)Pl(x) = δll′
2

2l + 1
(9.253)

ìû ïîëó÷àåì

σ =
4π

k2

∞∑
l=0

(2l + 1) sin2(δl) . (9.254)

Ðàññìîòðèì àìïëèòóäó ðàññåÿíèÿ íà óãîë θ = 0

f(0, 0) =
1

k

∞∑
l=0

(2l + 1) sin(δl) e
iδl . (9.255)

Ìû ó÷ëè, ÷òî

Pl(0) = 1 . (9.256)

Íàäî îòìåòèòü, ÷òî ìû òîëüêî ôîðìàëüíî ðàññìàòðèâàåì ðàññåÿíèå íà íóëåâîé óãîë, òàê
êàê ìû íå ìîæåì îòëè÷èòü âîëíó, ðàññåÿííóþ íà íóëåâîé óãîë, îò ïàäàþùåé (íåðàññå-
ÿííîé) âîëíû.

Ðàññìîòðèì òåïåðü ìíèìóþ ÷àñòü àìïëèòóäû f(0, 0)

Im{f(0, 0)} =
1

k

∞∑
l=0

(2l + 1) sin2(δl) . (9.257)

Ýòî ðàâåíñòâî ïîçâîëÿåò íàì óñòàíîâèòü ñâÿçü ìåæäó ïîëíûì ñå÷åíèåì è àìïëèòóäîé
ðàññåÿíèÿ íà íóëåâîé óãîë

σ =
4π

k
Im{f(0, 0)} . (9.258)

Ýòî ðàâåíñòâî åñòü îïòè÷åñêàÿ òåîðåìà.

9.7 Ýôôåêò Ðàìçàóåðà

Ðàññìîòðèì çàâèñèìîñòü ñå÷åíèÿ ðàññåÿíèÿ ýëåêòðîíîâ íà àòîìàõ áëàãîðîäíûõ ãàçîâ

18Ar, 36Kr è 54Xe êàê ôóíêöèþ ýíåðãèè íàëåòàþùèé ýëåêòðîíîâ, ñì. Ðèñ. 9.2. Íà ðèñóíêå
âèäíî, ÷òî ñå÷åíèÿ èìåþò óçêèé ãëóáîêèé ìèíèìóì ïðè ìàëûõ ýíåðãèÿõ ðàññåèâàåìûõ
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Ðèñ. 9.2:

ýëåêòðîíîâ (0.7 − 3 eV). Òî åñòü, â ñîîòâåòñòâóþùåì óçêîì èíòåðâàëå ýíåðãèé ýëåêòðî-
íû ïåðåñòàþò ðàññåèâàòüñÿ íà àòîìàõ; àòîìû áëàãîðîäíûõ ãàçîâ ñòàíîâÿòñÿ äëÿ íèõ
ïðîçðà÷íûì. Íàëè÷èå ýòîãî ìèíèìóìà â ñå÷åíèè ðàññåÿíèÿ íàçûâàåòñÿ ýôôåêòîì Ðàì-
çàóåðà (Carl Ramsauer). Ýòî ÿâëåíèå ÿâëÿåòñÿ êâàíòîâûì ýôôåêòîì è íå îáúÿñíÿåòñÿ â
ðàìêàõ êëàññè÷åñêîé ìåõàíèêè: ÷òî ýòî çà ìàãè÷åñêèå ýíåðãèè, ïðè êîòîðûõ íàëåòàþùèå
ýëåêòðîíû êàê áû ïåðåñòàþò âçàèìîäåéñòâîâàòü ñ àòîìàìè?

Â ðàìêàõ êâàíòîâîé ìåõàíèêè ýôôåêò Ðàìçàóåðà îáúÿñíÿåòñÿ îäíîâðåìåííûì âû-
ïîëíåíèåì äâóõ óñëîâèé

1. Ðàññåèâàþùèé ïîòåíöèàë ÿâëÿåòñÿ êîðîòêîäåéñòâóþùèì è ýíåðãèÿ íàëåòàþùèõ
ýëåêòðîíîâ ìàëà. Òîãäà âåëè÷èíà ñå÷åíèÿ îïðåäåëÿåòñÿ âêëàäîì îäíîé ïàðöèàëü-
íîé âîëíû l = 0.

2. Ýíåðãèÿ ýëåêòðîíà òàêàÿ, ÷òî âîëíîâàÿ ôóíêöèÿ ýëåêòðîíà ïðèîáðåòàåò ôàçó δ0 =
nπ (n = 0, 1, 2), òåì ñàìûì sin δ0 = 0, è âêëàä ïàðöèàëüíîé âîëíû l = 0 çàíóëÿåòñÿ.

Óêàçàííûé ìèíèìóì ñå÷åíèÿ ïðîÿâëÿåòñÿ íàèáîëåå ÷¼òêî ïðè ðàññåÿíèè ýëåêòðîíîâ
íà áëàãîðíûõ ãàçàõ, ïîòåíöèàë êîòîðûõ õîðîøî àïïðîêñèìèðóåòñÿ ñôåðè÷åñêîé ïðÿìî-
óãîëüíîé ïîòåíöèàëüíîé ÿìîé.

Ðàññìîòðèì äâèæåíèå ðàññåèâàåìîé ÷àñòèöû ñ òî÷êè çðåíèÿ êëàññè÷åñêîé ìåõàíèêè.
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Ïåðåéä¼ì â ñôåðè÷åñêèå êîîðäèíàòû è ââåä¼ì ýôôåêòèâíóþ ïîòåíöèàëüíóþ ýíåðãèþ

V e�(r) =
~2l(l + 1)

2mer2
+ V (r) . (9.259)

Ïî ñóòè, â Óð. (9.217) ìû ðàññìàòðèâàåì äâèæåíèå èìåííî ñ òàêîé ýôôåêòèâíîé ïîòåí-
öèàëüíîé ýíåðãèåé.

Áóäåì ñ÷èòàòü, ÷òî ïîòåíöèàë V êîðîòêîäåéñòâóþùèé. Ïóñòü ïîòåíöèàë çàìåòíî îò-
ëè÷åí îò íóëÿ òîëüêî íà ðàññòîÿíèÿõ r < d. Òîãäà V e� → 0 ïðè r →∞. Ïîëíóþ ýíåðãèþ
÷àñòèöû ìîæíî îïðåäåëèòü êàê å¼ êèíåòè÷åñêóþ ýíåðãèþ ïðè r →∞

ε =
p2

2me

=
~2k2

2me

. (9.260)

Ðàññìîòðèì çàêîí ñîõðàíåíèÿ ýíåðãèè

ε =
~2k2

2me

=
meṙ

2

2
+ V e� , (9.261)

~2k2

2me

≥ ~2l(l + 1)

2mer2
+ V (r) . (9.262)

Ïðè r ≈ d ðàññåèâàþùèé ïîòåíöèàë ïðåíåáðåæèìî ìàë V (r) ≈ 0, òîãäà ìû ìîæåì
çàïèñàòü

~2k2

2me

≥ ~2l(l + 1)

2med2
. (9.263)

Ìû ïîëó÷àåì, ÷òî ÷àñòèöà ìîæåò ïðèáëèçèòñÿ ê öåíòðó íà ðàññòîÿíèå r ≤ d òîëüêî
ïðè âûïîëíåíèè óñëîâèÿ

l(l + 1) ≤ k2d2 . (9.264)

Ýòî óñëîâèå äëÿ êëàññè÷åñêîé ÷àñòèöû. Äëÿ êâàíòîâîé ÷àñòèöû îíî áóäåò ðåàëèçîâû-
âàòüñÿ òåì, ÷òî âåðîÿòíîñòü íàéòè ÷àñòèöó â êëàññè÷åñêè çàïðåù¼ííîé îáëàñòè áóäåò
ýêñïîíåíöèàëüíî ìàëà.

Òàêèì îáðàçîì, ìû ìîæåì ñäåëàòü âûâîä: ïðè êîðîòêîäåéñòâóþùåì ïîòåíöèàëå (R
ìàëî) è ìåäëåííûõ ðàññåèâàåìûõ ÷àñòèöàõ (k ìàëî) âêëàä â ñå÷åíèå áóäóò äàâàòü òîëüêî
ìàëûå ïàðöèàëüíûå âîëíû (l ìàëî). Â ÷àñòíîñòè, ïðè ðàññåèâàíèè î÷åíü ìåäëåííûõ
÷àñòèö äîñòàòî÷íî ó÷èòûâàòü òîëüêî îäíó ïàðöèàëüíóþ âîëíó (l = 0) (ñì. Óð. (9.254))

σ ≈ 4π

k2
sin2(δ0) . (9.265)

Ðàññìîòðèì ðàññåÿíèå íà ñôåðè÷åñêè ñèììåòðè÷íîé ÿìå

V (r) =

{
−V0 , r ≤ d

0 , r > d
. (9.266)
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Îãðàíè÷èìñÿ âêëàäîì ïàðöèàëüíîé âîëíû l = 0

ψ(r) ≈ 1

r
P0(r)Y00 . (9.267)

Ôóíêöèÿ P0(r) äîëæíà óäîâëåòâîðÿòü óðàâíåíèþ (ñì. Óð. (9.219))(
∂2

∂r2
+ k2 − 2me

~2
V (r)

)
P0(r) = 0 , (9.268)

ãäå ìû ââåëè (ñì. (9.41))

k =

√
2meε

~2
. (9.269)

Ðàññìîòðèì Óð. (9.268) îòäåëüíî äëÿ îáëàñòåé r ≤ d è r < d(
∂2

∂r2
+K2

)
P I

0 (r) = 0 , r ≤ d , (9.270)(
∂2

∂r2
+ k2

)
P II

0 (r) = 0 , r > d , (9.271)

ãäå ìû ââåëè

K2 = k2 +
2me

~2
V0 . (9.272)

Ñ ó÷¼òîì ãðàíè÷íîãî óñëîâèÿ (P0 ∝ r ïðè r → 0, ñì. Óð. (5.542))

P0(0) = 0 (9.273)

ìû íàõîäèì ôóíêöèþ P0(r) â âèäå

P I
0 (r) = C1 sinKr , r ≤ d , (9.274)

P II
0 (r) = C2 sin(kr + δ0) , r > d . (9.275)

Ôóíêöèÿ P0(r) è å¼ ïåðâàÿ ïðîèçâîäíàÿ äîëæíû áûòü íåïðåðûâíû, â ÷àñòíîñòè, â
òî÷êå r = d

d
dr
P I

0

P I
0

=
d
dr
P II

0

P II
0

, (9.276)

k ctg(kd+ δ0) = K ctgKd . (9.277)

Ââåä¼ì îáîçíà÷åíèå

D−1 = K ctg(Kd) , (9.278)

D =
tg(Kd)

K
. (9.279)
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Òîãäà Óð. (9.277) çàïèøåòñÿ êàê

kD ctg(kd+ δ0) = 1 , (9.280)

kD
cos(kd+ δ0)

sin(kd+ δ0)
= kD

cos(kd) cos(δ0)− sin(kd) sin(δ0)

sin(kd) cos(δ0) + cos(kd) sin(δ0)
= 1 (9.281)

Ïîäåëèì ÷èñëèòåëü è çíàìåíàòåëü ïîñëåäíåãî ðàâåíñòâà íà cos(kd) cos(δ0)

kD
1− tg(kd) tg(δ0)

tg(kd) + tg(δ0)
= 1 . (9.282)

kD[1− tg(kd) tg(δ0)] = tg(kd) + tg(δ0) . (9.283)

Ïîëó÷àåì âûðàæåíèå äëÿ tg(δ0)

tg(δ0) =
kD − tg(kd)

1 + kD tg(kd)
. (9.284)

Ïðè ìàëûõ k (kd� 1) ìû ìîæåì íàïèñàòü

tg(kd) ≈ kd+ O
(
(kd)3

)
. (9.285)

Ïðè ìàëûõ k, òàêèõ ÷òî kd� 1 è kD � 1, ìû ìîæåì íàïèñàòü

tg(δ0) ≈ kD − kd
1 + kDkd

= k(D − d) + O(k2) , (9.286)

Èñïîëüçóÿ Óð. (9.279) ìû ïîëó÷àåì

tg(δ0) ≈ k(D − d) = k

(
tg(Kd)

K
− d
)

= kd

(
tg(Kd)

Kd
− 1

)
. (9.287)

Â ñëó÷àå ìàëûõ tg(δ0) (ìàëûõ k) ìû èìååì

| tg(δ0)| ≈ | sin(δ0)| . (9.288)

Òîãäà ïîëíîå ñå÷åíèå ðàññåÿíèÿ ìû ìîæåì ïðåäñòàâèòü êàê

σ =
4π

k2
sin2(δ0) ≈ 4π

k2
(kd)2

(
tg(Kd)

Kd
− 1

)2

(9.289)

= 4πd2

(
tg(Kd)

Kd
− 1

)2

. (9.290)
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Èç Óð. (9.287) è (9.290) ñëåäóåò, ÷òî ïðè âûïîëíåíèè óñëîâèÿ

tg(Kd) = Kd (9.291)

ó ôóíêöèè P0(r) íàáåãàåò ôàçà êðàòíàÿ π: δ0 = nπ (n = 0, 1, 2) è sin δ0 ñòàíîâèòñÿ ðàâíûì
íóëþ. Ïðè ìàëûõ k âêëàä â ñå÷åíèå äà¼ò òîëüêî ïàðöèàëüíàÿ âîëíà l = 0. Ñîîòâåòñòâåí-
íî, ïðè îïðåäåë¼ííûõ ìàëûõ k, êîãäà âûïîëíÿåòñÿ óñëîâèå (9.291), ñå÷åíèå ðàññåÿíèÿ
êàê ôóíêöèÿ k (èëè ýíåðãèè ε = ~2k2

2me
) èìååò ìèíèìóì, ïðèáëèæàÿñü ê íóëþ (σ ≈ 0), ñì.

Ðèñ. 9.2. Ýòî ÿâëåíèå íàçûâàþò ýôôåêòîì Ðàìçàóåðà.
Ýôôåêò Ðàìçàóåðà áûë îáíàðóæí â 1921 ãîäó ïðè ðàññåÿíèè ýëåêòðîíîâ íà àòîìàõ

18Ar, 36Kr è 54Xe. Ïîòåíöèàë ýòèõ àòîìîâ î÷åíü áûñòðî óáûâàåò è õîðîøî àïïðîêñèìè-
ðóåòñÿ ñôåðè÷åñêîé ïðÿìîóãîëüíîé ÿìîé.

Ïðè áîëåå âûñîêèõ ýíåðãèÿõ ðàññåèâàåìûõ ýëåêòðîíîâ ôóíêöèÿ P0(r) ìîæåò åù¼
íåñêîëüêî ðàç ïîëó÷èòü ôàçó êðàòíóþ π, íî ñ ðîñòîì ýíåðãèè ýëåêòðîíîâ íà÷èíàþò äà-
âàòü çàìåòíûé âêëàä ïàðöèàëüíûå âîëíû l ≥ 1. Ïîýòîìó ïðè ñëåäóþùèõ ýíåðãèÿõ, ïðè
êîòîðûõ òîæå çàíóëÿåòñÿ âêëàä ïàðöèàëüíîé âîëíû l = 0, ìèíèìóìû ñå÷åíèÿ ðàññåÿíèÿ
îáû÷íî óæå íå íàáëþäàåòñÿ.
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Ãëàâà 10

Êâàíòîâàÿ çàäà÷à ìíîãèõ òåë

06.05.2022

10.1 Ñèñòåìà òîæäåñòâåííûõ ÷àñòèö. Ïðèíöèï Ïàóëè.

Òîæäåñòâåííûìè ÷àñòèöàìè ìû íàçûâàåì ÷àñòèöû ñ îäèíàêîâûìè ôóíäàìåíòàëüíûìè
ñâîéñòâàìè, òî åñòü ñâîéñòâàìè, èçìåíèâ êîòîðûå ìû ïîëó÷èì äðóãóþ ÷àñòèöó: ìàññà
ïîêîÿ, çàðÿä, ñïèí, ñîñòàâ ÷àñòèöû (äëÿ ñîñòàâíûõ ÷àñòèö). Ýòè ñâîéñòâà íå ìåíÿþòñÿ
ïðè ïåðåõîäå îò îäíîé ñèñòåìû ïîêîÿ ê äðóãîé.

Ïðèìåðû òîæäåñòâåííûõ ÷àñòèö: ýëåêòðîíû, ôîòîíû, ïðîòîíû, íåéòðîíû, àëüôà-
÷àñòèöû. Òàêæå òîæäåñòâåííûìè ÷àñòèöàìè ÿâëÿþòñÿ êîíêðåòíûå àòîìû èëè ìîëåêóëû,
íàïðèìåð, àòîì âîäîðîäà, ìîëåêóëà âîäû.

Ïðèíöèï íåðàçëè÷èìîñòè òîæäåñòâåííûõ ÷àñòèö: òîæäåñòâåííûå ÷àñòèöû íåðàç-
ëè÷èìû.

Òîæäåñòâåííûå ÷àñòèöû, òî åñòü ÷àñòèöû, îòëè÷àþùèåñÿ, òîëüêî ýíåðãèåé, èìïóëü-
ñîì èëè ïðîåêöèÿìè ìîìåíòîâ ÿâëÿþòñÿ íåðàçëè÷èìûìè. Íàïðèìåð, ìû íå ìîæåì ïðî-
íóìåðîâàòü òîæäåñòâåííûå ÷àñòèöû è äàëåå ðàçëè÷àòü èõ ïî ýòèì íîìåðàì � âñåãäà åñòü
íåíóëåâàÿ âåðîÿòíîñòü, ÷òî êàêèå-òî ÷àñòèöû ïîìåíÿþòñÿ ìåñòàìè (èëè íîìåðàìè).

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ïðîöåññ óïðóãîãî ðàññåÿíèÿ ýëåêòðîíà íà îäíîýëåê-
òðîííîì èîíå. Çäåñü ìîæíî âûäåëèòü äâà êàíàëà: 1) íàëåòàþùèé ýëåêòðîí ïðîñòî èç-
ìåíèò ñâîþ òðàåêòîðèþ, à ñâÿçàííûé ýëåêòðîí íå ïðèìåò àêòèâíîãî ó÷àñòèÿ â ïðîöåññå
ðàññåÿíèÿ; 2) íàëåòàþùèé ýëåêòðîí è ñâÿçàííûé ýëåêòðîí ïîìåíÿþòñÿ ìåñòàìè � ïðî-
èçîéä¼ò ïåðåçàðÿäêà (íàëåòàþùèé ýëåêòðîí áóäåò çàõâà÷åí èîíîì, à ñâÿçàííûé ýëåêòðîí
ïåðåéä¼ò â íåïðåðûâíûé ñïåêòð). Ïðèíöèï íåðàçëè÷èìîñòè òîæäåñòâåííûõ ÷àñòèö ãîâî-
ðèò, ÷òî ìû íå ìîæåì ñêàçàòü êàêîé êàíàë áûë ðåàëèçîâàí: ïðîèçîøëà ïåðåçàðÿäêà èëè
íåò.
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Ðàññìîòðèì ñèñòåìó äâóõ òîæäåñòâåííûõ ÷àñòèö, îïèñûâàåìóþ âîëíîâîé ôóíêöèåé
Ψ(q1, q2), ãäå ïåðåìåííàÿ q = r, σ âêëþ÷àåò ñåáÿ êîîðäèíàòó (r) è ñïèíîâóþ ïåðåìåííóþ
(σ) Ââåä¼ì îïåðàòîð ïåðåñòàíîâîê (ñì. Óð. (2.63), (2.166))

P̂12Ψ(q1, q2) = Ψ(q2, q1) . (10.1)

Ìàòåìàòè÷åñêè ïðèíöèï íåðàçëè÷èìîñòü ÷àñòèö óòâåðæäàåò, ÷òî ôóíêöèè Ψ(q1, q2)
è Φ(q1, q2) = P̂12Ψ(q1, q2) = Ψ(q2, q1) äîëæíû îïèñûâàòü îäíî è òî æå ñîñòîÿíèå ñèñòåìû
(èëè ñîñòîÿíèÿ, îïèñûâàåìûå ôóíêöèÿìè Ψ(q1, q2) è Φ(q1, q2), ïðèíöèïèàëüíî íåðàçëè-
÷èìû). Ñëåäîâàòåëüíî, ýòè ôóíêöèè ìîãóò îòëè÷àòüñÿ òîëüêî ôàçîâûì ìíîæèòåëåì

P̂12Ψ(q1, q2) = eia12Ψ(q1, q2) . (10.2)

Ïðè÷¼ì âåëè÷èíû a12 äîëæíà áûòü êîíñòàíòîé, òî åñòü îíà íå ìîæåò çàâèñåòü íè îò
êîîðäèíàò r èëè íè îò ñïèíîâûõ ïåðåìåííûõ σ. Äåéñòâèòåëüíî, åñëè áû âåëè÷èíà a12

çàâèñåëà îò êîîðäèíàò, òî â îáùåì ñëó÷àå ñðåäíèå çíà÷åíèÿ îïåðàòîðà èìïóëüñà äëÿ
ôóíêöèé Ψ(q1, q2) è eia12(r)Ψ(q1, q2) áûëè áû ðàçíûå. ×òîáû óáåäèòüñÿ, ÷òî âåëè÷èíà a12

íå ìîæåò çàâèñåòü îò ñïèíîâûõ ïåðåìåííûõ, ìû ìîæåì ðàññìîòðåòü îïåðàòîð ïðîåêöèè
ñïèíà íà îñü z.

Çàìåòèì, ÷òî, äâàæäû ïîäåéñòâîâàâ îïåðàòîðîì ïåðåñòàíîâîê, ìû äîëæíû ïîëó÷èòü
èçíà÷àëüíóþ ôóíêöèþ

P̂12P̂12Ψ(q1, q2) = e2ia12Ψ(q1, q2) = Ψ(q1, q2) , ∀Ψ . (10.3)

Ýòî áóäåò èìåòü ìåñòî òîëüêî ïðè âûïîëíåíèè óñëîâèÿ

eia12 = ±1 . (10.4)

Òàêèì îáðàçîì, âîëíîâàÿ ôóíêöèÿ Ψ(q1, q2) äîëæíà îáëàäàòü îïðåäåë¼ííîé ÷¼òíîñòüþ
ïî ïåðåñòàíîâêàì ïåðåìåííûõ q1 è q2: ôóíêöèÿ Ψ(q1, q2) äîëæíà áûòü èëè ÷¼òíîé èëè
íå÷¼òíîé. Ýòî åñòü ñëåäñòâèå ïðèíöèïà íåðàçëè÷èìîñòè òîæäåñòâåííûõ ÷àñòèö: ôóíêöèè
Ψ(q1, q2) è Ψ(q2, q1) äîëæíû îïèñûâàòü îäíî è òî æå ñîñòîÿíèå ñèñòåìû.

Îáîáùèì ïîëó÷åííûé ðåçóëüòàò íà ñëó÷àé N òîæäåñòâåííûõ ÷àñòèö. Çàìåòèì, ÷òî
äëÿ îïåðàòîðîâ ïåðåñòàíîâîê èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà

P̂ijP̂ik = P̂jkP̂ji = P̂kiP̂kj , ∀i, j, k . (10.5)

Óáåäèìñÿ â ñïðàâåäëèâîñòè ýòèõ ðàâåíñòâ

i j k
ini a b c

P̂ik c b a

P̂ij b c a

,

i j k
ini a b c

P̂ji b a c

P̂jk b c a

,

i j k
ini a b c

P̂kj a c b

P̂ki b c a

. (10.6)
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Ïîäåéñòâóåì îïåðàòîðàìè Óð. (10.5) íà N -ýëåêòðîííóþ ôóíêöèþ

P̂ijP̂ikΨ(q1, . . . , qN) = P̂jkP̂jiΨ(q1, . . . , qN) = P̂kiP̂kjΨ(q1, . . . , qN) (10.7)

eiaijeiaikΨ(q1, . . . , qN) = eiajkeiajiΨ(q1, . . . , qN) = eiakieiakjΨ(q1, . . . , qN) . (10.8)

Ðàç P̂ij = P̂ji (∀i, j), òî äîëæíû òàêæå ðàâíÿòüñÿ êîíñòàíòû aij = aji. Ïîëó÷àåì, ÷òî

eiaij = eiajk = eiaki , ∀i, j, k = 1, . . . , N . (10.9)

Òàêèì îáðàçîì, ìû ïîëó÷àåì, ÷òî âîëíîâàÿ ôóíêöèÿ Ψ(q1, . . . , qN) äîëæíà îáëàäàòü îïðå-
äåë¼ííîé ñèììåòðèåé ïî ïåðåñòàíîâêàì ëþáûõ èíäåêñîâ: îíà äîëæíà áûòü ïîëíîñòüþ
ñèììåòðè÷íîé ôóíêöèåé

P̂ijΨ(q1, . . . , qi, . . . , qj, . . . , qN) = Ψ(q1, . . . , qi, . . . , qj, . . . , qN) , ∀i, j (10.10)

èëè ïîëíîñòüþ àíòèñèììåòðè÷íîé ôóíêöèåé

P̂ijΨ(q1, . . . , qi, . . . , qj, . . . , qN) = −Ψ(q1, . . . , qi, . . . , qj, . . . , qN) , ∀i, j . (10.11)

Ïðèíöèï Ïàóëè (ñòðîãàÿ ôîðìóëèðîâêà): âîëíîâàÿ ôóíêöèÿ, îïèñûâàþùàÿ ñèñòå-
ìó òîæäåñòâåííûõ ÷àñòèö, äîëæíà îáëàäàòü îïðåäåë¼ííîé ñèììåòðèåé ïî ïåðåñòàíîâêàì.
Äëÿ òîæäåñòâåííûõ ÷àñòèö ñ öåëûì ñïèíîì âîëíîâàÿ ôóíêöèÿ äîëæíà áûòü ïîëíîñòüþ
ñèììåòðè÷íîé ïî ïåðåñòàíîâêàì. Äëÿ òîæäåñòâåííûõ ÷àñòèö ñ ïîëóöåëûì ñïèíîì âîë-
íîâàÿ ôóíêöèÿ äîëæíà áûòü ïîëíîñòüþ àíòèñèììåòðè÷íîé ïî ïåðåñòàíîâêàì.

×àñòèöû ñ öåëûì ñïèíîì íàçûâàþò áîçîíàìè, èõ âîëíîâàÿ ôóíêöèÿ ñèììåòðè÷íà
ïî ïåðåñòàíîâêàì. ×àñòèöû ñ ïîëóöåëûì ñïèíîì íàçûâàþò ôåðìèîíàìè, èõ âîëíîâàÿ
ôóíêöèÿ àíòèñèììåòðè÷íà ïî ïåðåñòàíîâêàì.

×àñòèöû ñ öåëûì ñïèíîì (áîçîíû): ôîòîí (s = 1); áîçîí Õèããñà, àëüôà-÷àñòèöà (ÿäðî
àòîìà ãåëèÿ 4He � äâà ïðîòîíà è äâà íåéòðîíà) (s = 0).

×àñòèöû ñ ïîëóöåëûì ñïèíîì (ôåðìèîíû): ýëåêòðîí, ïðîòîí, íåéòðîí (s = 1/2).

10.2 Îäíî÷àñòè÷íîå ïðèáëèæåíèå

Ðàññìîòðèì îäíî÷àñòè÷íîå ïðèáëèæåíèå äëÿ îïèñàíèÿ ñèñòåìû äâóõ ýëåêòðîíîâ â ïîëå
ÿäðà. Â ýòîì ïðèáëèæåíèè äâóõýëåêòðîííûé ãàìèëüòîíèàí èìååò ñëåäóþùèé âèä

Ĥ = ĥ(q1) + ĥ(q2) , (10.12)

ĥ(q) =
p̂2

2me

+ V̂ (r) , (10.13)
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ãäå V̂ (r) � ýôôåêòèâíûé îäíî÷àñòè÷íûé ïîòåíöèàë, îïèñûâàþùèé âçàèìîäåéñòâèå ñ
âíåøíèì ïîëåì (ïîëåì ÿäðà) è ïðèáëèæ¼ííî ó÷èòûâàþùèé ìåæýëåêòðîííîå âçàèìîäåé-
ñòâèå. Ïóñòü ìû çíàåì ñïåêòð è ñîáñòâåííûå ôóíêöèè îäíî÷àñòè÷íîãî ãàìèëüòîíèàíà
ĥ(q)

ĥ(q)φn(q) = εnφn(q) , (10.14)

〈φn1|φn′1〉 = δn1,n′1
. (10.15)

Çäåñü ñëîæíûé ñèìâîë n = (n, l,m) îïèñûâàåò ãëàâíîå êâàíòîâîå ÷èñëî è äðóãèå âîçìîæ-
íûå êâàíòîâûå ÷èñëà. Ñîáñòâåííûå ôóíêöèè {φn} îáðàçóþò ïîëíóþ ñèñòåìó ôóíêöèé â
ïðîñòðàíñòâå ôóíêöèé ïåðåìåííîé q.

Ñîáñòâåííûå ôóíêöèè ðàññìàòðèâàåìîãî äâóõýëåêòðîííîãî ãàìèëüòîíèàíà ìîæíî ïðåä-
ñòàâèòü â âèäå

ĤΦn1,n2(q1, q2) = En1,n2Φn1,n2(q1, q2) , ∀n1, n2 , (10.16)

Φn1,n2(q1, q2) = φn1(q1)φn2(q2) , (10.17)

En1,n2 = εn1 + εn2 , (10.18)

〈Φn1,n2|Φn′1,n
′
2
〉 = δn1,n′1

δn2,n′2
. (10.19)

Ôóíêöèè {Φn1,n2(q1, q2)} îáðàçóþò ïîëíóþ ñèñòåìó ôóíêöèé â ïðîñòðàíñòâå ôóíêöèé ïå-
ðåìåííûõ (q1, q2).

Îäíàêî, ìû åù¼ íå ó÷ëè ïðèíöèï Ïàóëè � âîëíîâàÿ ôóíêöèÿ ýëåêòðîíîâ äîëæíà áûòü
àíòèñèììåòðè÷íîé ïî ïåðåñòàíîâêàì. Àíòèñèììåòðèçîâàííûå ôóíêöèè Φn1,n2(q1, q2) èìå-
þò âèä

Ψn1,n2(q1, q2) =
1√
2

(Φn1,n2(q1, q2)− Φn2,n1(q1, q2)) (10.20)

=
1√
2

(φn1(q1)φn2(q2)− φn2(q1)φn1(q2)) , (10.21)

Ψn1,n2(q1, q2) = −Ψn1,n2(q2, q1) , (10.22)

〈Ψn1,n2|Ψn1,n2〉 = −〈Ψn1,n2|Ψn2,n1〉 = 1 , (10.23)

ĤΦn1,n2(q1, q2) = En1,n2Φn1,n2(q1, q2) , (10.24)

En1,n2 = εn1 + εn2 . (10.25)

Ìíîæèòåëü 1√
2
ââåä¼í äëÿ íîðìèðîâêè. Ôóíêöèþ Óð. (10.20) óäîáíî çàïèñàòü â âèäå

äåòåðìèíàíòà ñëåäóþùåé ìàòðèöû

Ψn1,n2(q1, q2) =
1√
2!

det

(
φn1(q1) φn2(q1)
φn1(q2) φn2(q2)

)
. (10.26)

Ýòîò äåòåðìèíàíò íàçûâàåòñÿ äåòåðìèíàíòîì Ñëýòåðà (John Slater). Äëÿ äåòåðìèíàíòà
Ñëýòåðà ÷àñòî èñïîëüçóþò ñëåäóþùåå îáîçíà÷åíèå

det{φn1(q1), φn2(q2)} ≡ det

(
φn1(q1) φn2(q1)
φn1(q2) φn2(q2)

)
. (10.27)
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Äåòåðìèíàíò Ñëýòåðà óäîáíî çàïèñûâàòü ñ èñïîëüçîâàíèåì åäèíè÷íîãî àíòèñèììåò-
ðè÷íîãî òåíçîðà

ε1,2 = −ε2,1 = 1 , (10.28)

ε1,1 = ε2,2 = 0 . (10.29)

det{φn1(q1), φn2(q2)} =
2∑

i1,i2=1

εi1,i2 φni1 (q1)φni2 (q2) . (10.30)

Ôóíêöèè Óð. (10.20), (10.26) îïèñûâàþò ñèñòåìó äâóõ ýëåêòðîíîâ â îäíî÷àñòè÷íîì
ïðèáëèæåíèè.

Çàìåòèì, ÷òî

Ψn1,n2(q1, q2) = −Ψn2,n1(q1, q2) . (10.31)

Ñëåäîâàòåëüíî, ìû èìååì

Ψn,n(q1, q2) = 0 . (10.32)

Çàìåòèì òàêæå, ÷òî, åñëè ôóíêöèè φn1(q) è φn2(q) íå ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìû-
ìè, òî åñòü φn1(q) = const · φn2(q), òî ñîîòâåòñòâóþùèé èì äåòåðìèíàíò Ñëýòåðà ðàâåí
íóëþ.

Ôóíêöèè {Ψn1,n2(q1, q2)} îáðàçóþò ïîëíûé íàáîð â ïðîñòðàíñòâå àíòèñèììåòðè÷íûõ
(ïî ïåðåñòàíîâêàì) ôóíêöèé ïåðåìåííûõ (q1, q2). Ñîîòâåòñòâåííî, ïðîèçâîëüíàÿ àíòè-
ñèììåòðè÷íàÿ ôóíêöèÿ ìîæåò áûòü ðàçëîæåíà ïî äåòåðìèíàíòàì Ñëýòåðà

Ψ(q1, q2) =
∑
n1<n2

Cn1,n2 Ψn1,n2(q1, q2) , (10.33)

Cn1,n2 = 〈Ψn1,n2|Ψ〉 . (10.34)

Â îáùåì ñëó÷àå âîëíîâóþ ôóíêöèþ äâóõ ýëåêòðîíîâ ìîæíî ïðåäñòàâèòü êàê ëèíåéíóþ
êîìáèíàöèþ äåòåðìèíàíòîâ Ñëýòåðà.

Ðàññìîòðèì îäíî÷àñòè÷íîå ïðèáëèæåíèå äëÿ îïèñàíèÿ ñèñòåìû N ýëåêòðîíîâ â ïîëå
ÿäðà. Â ýòîì ïðèáëèæåíèè ãàìèëüòîíèàí ñèñòåìû N -ýëåêòðîíîâ èìååò ñëåäóþùèé âèä

Ĥ =
N∑
i=1

ĥ(qi) , (10.35)

ĥ(q) =
p̂2

2me

+ V̂ (r) , (10.36)
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ãäå V̂ (r) � ýôôåêòèâíûé îäíî÷àñòè÷íûé ïîòåíöèàë, îïèñûâàþùèé âçàèìîäåéñòâèå ñ
âíåøíèì ïîëåì (ïîëåì ÿäðà) è ïðèáëèæ¼ííî ó÷èòûâàþùèé ìåæýëåêòðîííîå âçàèìîäåé-
ñòâèå. Ïóñòü ìû çíàåì ñïåêòð è ñîáñòâåííûå ôóíêöèè îäíî÷àñòè÷íîãî ãàìèëüòîíèàíà
ĥ(q)

ĥ(q)φn(q) = εnφn(q) . (10.37)

Çäåñü ñëîæíûé ñèìâîë n = (n, l,m) îïèñûâàåò ãëàâíîå êâàíòîâîå ÷èñëî è äðóãèå âîçìîæ-
íûå êâàíòîâûå ÷èñëà. Ñîáñòâåííûå ôóíêöèè {φn} îáðàçóþò ïîëíóþ ñèñòåìó ôóíêöèé â
ïðîñòðàíñòâå ôóíêöèé ïåðåìåííîé q.

Ñîáñòâåííûå ôóíêöèè ðàññìàòðèâàåìîãîN -ýëåêòðîííîãî ãàìèëüòîíèàíà ìîæíî ïðåä-
ñòàâèòü â âèäå

ĤΦn1,...,nN (q1, . . . , qN) = EΦn1,...,nN (q1, . . . , qN) , (10.38)

Φn1,...,nN (q1, . . . , qN) = φn1(q1)φn2(q2) . . . φnN (qN) , (10.39)

E = εn1 + εn2 + . . .+ εnN . (10.40)

Ôóíêöèè Φn1,...,nN (q1, . . . , qN) îáðàçóþò ïîëíóþ ñèñòåìó ôóíêöèé â ïðîñòðàíñòâå ôóíêöèé
ïåðåìåííûõ (q1, . . . , qN).

Ñîîòâåòñòâóþùèå àíòèñèììåòðèçîâàííûå ôóíêöèè, îïèñûâàþùèå N -ýëåêòðîíîâ èìå-
þò âèä

Ψn1,...,nN (q1, . . . , qN) =
1√
N !

det{φn1(q1), φn2(q2), . . . , φnN (qN)} (10.41)

=
1√
N !

det


φn1(q1) φn2(q1) · · · φnN (q1)
φn1(q2) φn2(q2) · · · φnN (q2)
· · · · · · · · · · · ·

φn1(qN) φn2(qN) · · · φnN (qN)

 (10.42)

=
1√
N !

N∑
i1,...,iN=1

εi1,i2,...,in φni1 (q1)φni2 (q2) . . . φniN (qN) , (10.43)

〈Ψn1,...,nN |Ψn1,...,nN 〉 = 1 , (10.44)

ĤΨn1,...,nN (q1, . . . , qN) = EΨn1,...,nN (q1, . . . , qN) , (10.45)

E = εn1 + εn2 + . . .+ εnN . (10.46)

ãäå ìû ââåëè εi1,i2,...,in � åäèíè÷íûé àíòèñèììåòðè÷íûé òåíçîð ðàíãà N .
Çàìåòèì, ÷òî åñëè êàêèå-òî äâå ôóíêöèè â äåòåðìèíàíòå Ñëýòåðà, íàïðèìåð φni(q) è

φn′i(q), íå ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè, òî åñòü φni(q) = const · φn′i(q), òî äåòåðìè-
íàíò Ñëýòåðà ðàâåí íóëþ. Áîëåå òîãî, ÷òîáû äåòåðìèíàíò Ñëýòåðà îòëè÷àëñÿ îò íóëÿ
íåîáõîäèìî, ÷òîáû âñå N ôóíêöèé φni(q) (i = 1, . . . , N) áûëè ëèíåéíî íåçàâèñèìûå.
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Ôóíêöèè Óð. (10.41)�(10.43) îïèñûâàþò ñèñòåìó N ýëåêòðîíîâ â îäíî÷àñòè÷íîì ïðè-
áëèæåíèè. Â ðàìêàõ ýòîãî ïðèáëèæåíèÿ ìîæíî ãîâîðèòü, ÷òî ìû èìååì ñèñòåìó ýëåê-
òðîíîâ, íàõîäÿùèõñÿ â îäíîýëåêòðîííûõ ñîñòîÿíèÿõ n1, n2, . . . , nN .

Ïðèâåä¼ì ïðèíöèï Ïàóëè â îðèãèíàëüíîé ôîðìóëèðîâêå:
W. Pauli, � �Uber den Zusammenhang des Abschlusses der Elektronengruppen im Atom mit der
Komplexstruktur der Spektren�, Zeitschrift f�ur Physik, 31, 765 (1925).

https://doi.org/10.1007/BF02980631

Â îäíî÷àñòè÷íîì ïðèáëèæåíèè, ýëåêòðîíû íå ìîãóò íàõîäèòüñÿ â äâóõ îäèíàêîâûõ îä-
íî÷àñòè÷íûõ ñîñòîÿíèÿõ.

Ýòî óòâåðæäåíèå âåðíî äëÿ ëþáûõ òîæäåñòâåííûõ ÷àñòèö ñ ïîëóöåëûì ñïèíîì.

Ôóíêöèè {Ψn1,n2(q1, . . . , qN)} îáðàçóþò ïîëíûé íàáîð â ïðîñòðàíñòâå àíòèñèììåòðè÷-
íûõ (ïî ïåðåñòàíîâêàì) ôóíêöèé ïåðåìåííûõ (q1, . . . , qN). Ñîîòâåòñòâåííî, ïðîèçâîëüíàÿ
àíòèñèììåòðè÷íàÿ ôóíêöèÿ ìîæåò áûòü ðàçëîæåíà ïî äåòåðìèíàíòàì Ñëýòåðà

Ψ(q1, . . . , qN) =
∑

n1<n2<...<nN

Cn1,...,nN Ψn1,...,nN (q1, . . . , qN) , (10.47)

Cn1,...,nN = 〈Ψn1,...,nN |Ψ〉 . (10.48)

Ñîîòâåòñòâåííî, â îáùåì ñëó÷àå âîëíîâóþ ôóíêöèþ äâóõ ýëåêòðîíîâ ìîæíî ïðåäñòàâèòü
êàê ëèíåéíóþ êîìáèíàöèþ äåòåðìèíàíòîâ Ñëýòåðà.

Âåðí¼ìñÿ ê îäíî÷àñòè÷íîìó ïðèáëèæåíèþ, ê ôóíêöèÿì âèäà Óð. (10.41)-(10.43). Ñëå-
äóÿ ðàáîòå [W. Pauli, ZfP 31, 765 (1925)] ðàññìîòðèì êàê çàïîëíÿþòñÿ ýëåêòðîííûå îáî-
ëî÷êè â àòîìàõ.

Ïðèâåä¼ì îñíîâíûå ñîñòîÿíèÿ ýëåêòðîííûõ îáîëî÷åê àòîìîâ â îäíîýëåêòðîííîì
ïðèáëèæåíèè.
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Íåðåëÿòèâèñòñêèé ïîäõîä (nlml,ms), ñì. Óð. (5.601), (5.603),

Àòîì : Âîçìîæíûå çíà÷åíèÿ ml,ms : Ýëåêòðîííàÿ
: : êîíôèãóðàöèÿ

1H : 1sml=0,ms=
1
2

: 1s

2He : 1sml=0,ms=
1
2
, 1sml=0,ms=− 1

2
: 1s2

3Li : 1s2, 2sml=0,ms=
1
2

: 1s2, 2s

4Be : 1s2, 2sml=0,ms=
1
2
, 2sml=0,ms=− 1

2
: 1s2, 2s2

5B : 1s2, 2s2, 2pml=−1,ms=
1
2

: 1s2, 2s2, 2p

6C : 1s2, 2s2, 2pml=−1,ms=
1
2
, 2pml=0,ms=

1
2

: 1s2, 2s2, 2p2

7N : 1s2, 2s2, 2pml=−1,ms=
1
2
, 2pml=0,ms=

1
2

2pml=1,ms=
1
2

: 1s2, 2s2, 2p3

8O : 1s2, 2s2, 2pml=−1,ms=
1
2
, 2pml=0,ms=

1
2

2pml=1,ms=
1
2

2pml=1,ms=− 1
2

: 1s2, 2s2, 2p4

9F : 1s2, 2s2, 2pml=−1,ms=
1
2
, 2pml=0,ms=

1
2
, 2pml=1,ms=

1
2
,

2pml=1,ms=− 1
2
, 2pml=0,ms=− 1

2
: 1s2, 2s2, 2p5

10Ne : 1s2, 2s2, 2pml=−1,ms=
1
2
, 2pml=0,ms=

1
2
, 2pml=1,ms=

1
2
,

2pml=1,ms=− 1
2
, 2pml=0,ms=− 1

2
, 2pml=−1,ms=− 1

2
: 1s2, 2s2, 2p6

11Na : 1s2, 2s2, 2p6, 3sml=0,ms=
1
2

: 1s2, 2s2, 2p6, 3s

· · · ,

(10.49)

ãäå ml, ms � ïðîåêöèè îðáèòàëüíîãî è ñïèíîâîãî ìîìåíòîâ íà îñü z, ñîîòâåòñòâåííî.
Â ýòîé òàáëèöå çíà÷åíèÿ ïðîåêöèé ml, ms âî ìíîãîì ïðèâåäåíû ïðîèçâîëüíûìè îáðà-
çîì. Çäåñü ýëåêòðîííàÿ êîíôèãóðàöèÿ îïðåäåëÿåòñÿ ïîñëåäíèì ñòîëáöîì òàáëèöû.
Ñîîòâåòñòâåííî, áîëüøèíñòâî óðîâíåé ýíåðãèè, îòâå÷àþùèå óêàçàííûì êîíôèãóðàöèÿì,
ÿâëÿþòñÿ âûðîæäåííûìè ïî âîçìîæíûì ïðîåêöèÿì ml, ms. Â áîëåå ñòðîãîì ïîäõîäå
íåîáõîäèìî ñòðîèòü ìíîãîýëåêòðîííûå êîíôèãóðàöèè ñ îïðåäåë¼ííûì îðáèòàëüíûì ìî-
ìåíòîì L è ñïèíîì S âñåé êîíôèãóðàöèè (è èõ ïðîåêöèÿìè).

Çäåñü èñïîëüçîâàíà nl-ñõåìà çàïîëíåíèÿ ñîñòîÿíèé. Â ïåðâóþ î÷åðåäü çàïîëíÿþòñÿ
ñîñòîÿíèÿ ñ ìèíèìàëüíûì ãëàâíûì êâàíòîâûì ÷èñëîì n, à ïðè îäèíàêîâûõ çíà÷åíèÿõ
n â ïåðâóþ î÷åðåäü çàïîëíÿþòñÿ ñîñòîÿíèÿ ñ íàèìåíüøèìè çíà÷åíèÿìè îðáèòàëüíîãî
ìîìåíòà l. Ýòà ñõåìà ðàáîòàåò äëÿ ïåðâûõ òð¼õ ïåðèîäîâ (Z ≤ 18) ïåðèîäè÷åñêîé ñèñòåìû
õèìè÷åñêèõ ýëåìåíòîâ Ä.È. Ìåíäåëååâà.

Äëÿ ýëåìåíòîâ Z ≥ 19 èñïîëüçóþò (n + l, n)-ñõåìó çàïîëíåíèÿ ñîñòîÿíèé. Â ïåðâóþ
î÷åðåäü çàïîëíÿþòñÿ ñîñòîÿíèÿ ñ ìèíèìàëüíûì n+ l, à ïðè îäèíàêîâûõ çíà÷åíèÿõ n+ l
â ïåðâóþ î÷åðåäü çàïîëíÿþòñÿ ñîñòîÿíèÿ ñ íàèìåíüøèìè çíà÷åíèÿìè n. Îòìåòèì, ÷òî
(n+ l, n)-ñõåìà íå âñåãäà ïðàâèëüíî ðàáîòàåò.

Ýëåêòðîíû ñ îäèíàêîâûìè n, l è ðàçëè÷íûìè ml, ms îáðàçóþò nl-îáîëî÷êó. Îáîëî÷-
êà nlN , ãäå N � ÷èñëî ýëåêòðîíîâ â îáîëî÷êå, íàçûâàåòñÿ çàìêíóòîé èëè çàïîëíåííîé,
åñëè â íåé ïðèñóòñòâóþò ýëåêòðîíû ñî âñåìè âîçìîæíûìè ïðîåêöèÿìè ml è ms, òî åñòü,
åñëè N = 2(2l + 1). Íàïðèìåð, 1s2, 2s2 è 2p6 îáîëî÷êè ÿâëÿþòñÿ çàìêíóòûìè. Ó àòîìîâ

432



áëàãîðîäíûõ ãàçîâ (2He, 10Ne, 18Ar, 36Kr, 54Xe, 86Rn) â îñíîâíîì ñîñòîÿíèè âñå îáîëî÷êè
çàìêíóòûå (ñîîòâåòñòâåííî, L = 0, S = 0).

Ðåëÿòèâèñòñêèé ïîäõîä (nlj,m), ñì. Óð. (6.649), (6.651),

1H : 1s 1
2
,m= 1

2
,

2He : 1s 1
2
,m= 1

2
, 1s 1

2
,m=− 1

2

3Li : (1s 1
2
)2, 2s 1

2
,m= 1

2

4Be : (1s 1
2
)2, 2s 1

2
,m= 1

2
, 2s 1

2
,m=− 1

2
,

5B : (1s 1
2
)2, (2s 1

2
)2, 2p 1

2
,m= 1

2

6C : (1s 1
2
)2, (2s 1

2
)2, 2p 1

2
,m= 1

2
, 2p 1

2
,m=− 1

2

7N : (1s 1
2
)2, (2s 1

2
)2, (2p 1

2
)2, 2p 3

2
,m= 3

2

8O : (1s 1
2
)2, (2s 1

2
)2, (2p 1

2
)2, 2p 3

2
,m= 3

2
, 2p 3

2
,m= 1

2

9F : (1s 1
2
)2, (2s 1

2
)2, (2p 1

2
)2, 2p 3

2
,m= 3

2
, 2p 3

2
,m= 1

2
, 2p 3

2
,m=− 1

2

10Ne : (1s 1
2
)2, (2s 1

2
)2, (2p 1

2
)2, 2p 3

2
,m= 3

2
, 2p 3

2
,m= 1

2
, 2p 3

2
,m=− 1

2
, 2p 3

2
,m=− 3

2

11Na : (1s 1
2
)2, (2s 1

2
)2, (2p 1

2
)2, (2p 3

2
)4, 3s 1

2
,m= 1

2

· · · .

, (10.50)

ãäå m � ïðîåêöèÿ ïîëíîãî óãëîâîãî ìîìåíòà íà îñü z.
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Ãëàâà 11

Ìàòðèöà ïëîòíîñòè

11.1 Ìàòðèöà ïëîòíîñòè

Ìû èñïîëüçóåì ìàòðèöó ïëîòíîñòè â ñëåäóþùèõ ñëó÷àÿõ

1. Èçó÷àåìàÿ ñèñòåìà íàõîäèòñÿ â ñòàòèñòè÷åñêîì ñîñòîÿíèè

2. Èçó÷àåìàÿ ñèñòåìà ÿâëÿåòñÿ ÷àñòüþ äðóãîé ñèñòåìû, òî åñòü èçó÷àåìàÿ ñèñòåìà íå
çàìêíóòà

Ïóñòü íàì çàäàí ãàìèëüòîíèàí ñèñòåìû è ìû çíàåì åãî ñïåêòð è ñîáñòâåííûå ôóíêöèè

Ĥψi = εiψi , (11.1)

〈ψi|ψj〉 = δij . (11.2)

Ââåä¼ì âåðîÿòíîñòü òîãî, ÷òî ïîäñèñòåìà íàõîäèòñÿ â i-îì êâàíòîâîì ñîñòîÿíèè (ψi):
wi. Áóäåì ñ÷èòàòü, ÷òî íàì çàäàí íàáîð âåðîÿòíîñòåé {wi}, íîðìèðóåìûõ ñëåäóþùèì
îáðàçîì ∑

i

wi = 1 . (11.3)

Ñóììèðîâàíèå ìîæåò èäòè êàê ïî âñåì âîçìîæíûì ñîñòîÿíèÿì ψi, òàê è ïî èõ îãðàíè-
÷åííîìó ÷èñëó.

Ñîñòîÿíèå íàçûâàåòñÿ ñìåøàííûì, åñëè íàì çàäàíû òîëüêî âåðîÿòíîñòè òîãî, ÷òî
ñèñòåìà ìîæåò íàõîäèòüñÿ â îïðåäåë¼ííûõ i-ûõ ñîñòîÿíèÿõ {ψi}. Âîëíîâàÿ ôóíêöèÿ ñìå-
øàííîãî ñîñòîÿíèÿ â îáùåì ñëó÷àå íå çàäàíà.

Ñîñòîÿíèå íàçûâàåòñÿ ÷èñòûì, åñëè íàì çàäàíà âîëíîâàÿ ôóíêöèÿ (òî åñòü ôóíê-
öèÿ, óäîâëåòâîðÿþùàÿ ñîîòâåòñòâóþùåìó óðàâíåíèþ Øð¼äèíãåðà), îïèñûâàþùàÿ ýòî
ñîñòîÿíèå. Âûøå ìû èìåëè äåëî òîëüêî ñ ÷èñòûìè ñîñòîÿíèÿìè ñèñòåìû.
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Ðàññìîòðèì ñëó÷àé ÷èñòîãî ñîñòîÿíèÿ, êîãäà âîëíîâàÿ ôóíêöèÿ ñîñòîÿíèÿ çàäàíà êàê
ñóïåðïîçèöèÿ i-ûõ ñîñòîÿíèé

ψ =
∑
i

ciψi (11.4)

〈ψi|ψj〉 = δi,j . (11.5)

Çäåñü íàì çàäàíû êîýôôèöèåíòû {ci}. Ôèçè÷åñêèé ñìûñë êîýôôèöèåíòîâ ci:

|ci|2 = wi , (11.6)

ãäå wi � âåðîÿòíîñòü òîãî, ÷òî ïðè èçìåðåíèè ñèñòåìà áóäåò îáíàðóæåíà â i-îì ñîñòîÿíèè.
Â ñëó÷àå ñìåøàííîãî ñîñòîÿíèÿ (êâàíòîâîñòàòèñòè÷åñêîãî) íàì èçâåñòíû âîëíîâûå

ôóíêöèè i-òûõ ñîñòîÿíèé {ψi} è êâàäðàòû ìîäóëåé êîýôôèöèåíòîâ |ci|2. Ôèçè÷åñêèé
ñìûñë |ci|2 � âåðîÿòíîñòü òîãî, ÷òî ñèñòåìà íàõîäèòñÿ â i-îì ñîñòîÿíèè. Çäåñü ìû íå
ìîæåì ïîñòðîèòü âîëíîâóþ ôóíêöèþ.

Îïðåäåëèì ñðåäíåå çíà÷åíèå ôèçè÷åñêîé âåëè÷èíû F , îòâå÷àþùåé îïåðàòîðó F̂ , â
äàííîì ñìåøàííîì (ñòàòèñòè÷åñêîì) ñîñòîÿíèè êàê

F =
∑
i

wiF i , (11.7)

F i = 〈ψi|F̂ |ψi〉 . (11.8)

F i � ñðåäíåå çíà÷åíèå âåëè÷èíû F â i-îì ñîñòîÿíèè.
Çàìåòèì, ÷òî ýòî îïðåäåëåíèå ñðåäíåãî çíà÷åíèÿ âåëè÷èíû F îòëè÷àåòñÿ îò ïðèíÿòîãî

îïðåäåëåíèÿ äëÿ ÷èñòîãî ñîñòîÿíèÿ, òî åñòü äëÿ ñîñòîÿíèÿ, èìåþùåãî âîëíîâóþ ôóíê-
öèþ. Äåéñòâèòåëüíî, ðàññìîòðèì ñðåäíåå çíà÷åíèÿ äëÿ ôóíêöèè, çàäàííîé Óð. (11.4),

F = 〈ψ|F̂ |ψ〉 =
∑
ij

c∗i cj〈φi|F̂ |φj〉 (11.9)

=
∑
i

|ci|2〈φi|F̂ |φi〉+
∑
i<j

(
c∗i cj〈φi|F̂ |φj〉+ c∗jci〈φj|F̂ |φi〉

)
(11.10)

=
∑
i

wiF i + 2 Re

{∑
i<j

c∗i cj〈φi|F̂ |φj〉

}
. (11.11)

Âèäíî, ÷òî îïðåäåëåíèÿ Óð. (11.7) è Óð. (11.9) îòëè÷àþòñÿ ïîñëåäíèì ÷ëåíîì â Óð.
(11.11). Çàìåòèì, ÷òî åñëè ïîëîæèòü F̂ = Ĥ, òî ïîñëåäíèé ÷ëåí â Óð. (11.11) áóäåò ðàâåí
íóëþ è ñðåäíèå çíà÷åíèÿ Óð. (11.7), è Óð. (11.9) áóäóò ñîâïàäàòü.

Ðàññìîòðèì ýðìèòîâñêèé îïåðàòîð Â+ = Â, ïóñòü ìû çíàåì åãî ñïåêòð è ñîáñòâåííûå
ôóíêöèè

Âφn(x) = anφn(x) (11.12)

〈φn|φm〉 = δnm . (11.13)
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Ñîáñòâåííûå ôóíêöèè îïåðàòîðà Â îáðàçóþò ïîëíûé íàáîð.
Ôóíêöèþ ψi, îïèñûâàþùóþ i-îå ñîñòîÿíèå ñèñòåìû, ðàçëîæèì ïî ôóíêöèÿì φn

ψi(r) =
∑
n

d(i)
n φn(x) (11.14)

d(i)
n = 〈φn|ψi〉 (11.15)

δii′ = 〈ψi|ψi′〉 =
∑
nm

d(i)∗
n d(i′)

m 〈φn|φm〉 (11.16)

=
∑
n

d(i)∗
n d(i′)

n . (11.17)

13.05.2022

Â âûðàæåíèè äëÿ ñðåäíåãî çíà÷åíèÿ âåëè÷èíû F â i-îì ñîñòîÿíèè (ψi) ïðåäñòàâèì â
âèäå ðàçëîæåíèÿ Óð. (11.14)

F i = 〈ψi|F̂ |ψi〉 (11.18)

=

〈∑
n

d(i)
n φn

∣∣∣∣∣ F̂
∣∣∣∣∣∑
m

d(i)
m φm

〉
(11.19)

=
∑
nm

d(i)∗
n d(i)

m 〈φn|F̂ |φm〉 =
∑
nm

d(i)∗
n d(i)

m Fnm , (11.20)

ãäå ìû ââåëè

Fnm = 〈φn|F̂ |φm〉 . (11.21)

Ñðåäíåå çíà÷åíèå âåëè÷èíû F â ñìåøàííîì ñòàòèñòè÷åñêîì ñîñòîÿíèè ìîæíî ïðåä-
ñòàâèòü â âèäå

F =
∑
i

wiF i =
∑
i

wi
∑
nm

d(i)∗
n d(i)

m Fnm . (11.22)

Ââåä¼ì ìàòðèöó ïëîòíîñòè äëÿ äàííîãî ñòàòèñòè÷åñêîãî ñîñòîÿíèÿ

ρmn =
∑
i

wid
(i)∗
n d(i)

m , (11.23)

òîãäà âûðàæåíèå äëÿ ñðåäíåãî çíà÷åíèÿ âåëè÷èíû F ïðèìåò âèä

F =
∑
i

wiF i =
∑
nm

ρmn Fnm = Tr(ρ̂F̂ ) . (11.24)

Ìàòðèöû ρ̂ è F̂ [(ρ̂)mn = ρmn è (F̂ )nm = Fnm] çàâèñÿò îò îïåðàòîðà Â, îò åãî ñîáñòâåííûõ
ôóíêöèé φn, à F = Tr(ρ̂F̂ ) íå çàâèñèò îò îïåðàòîðà Â.
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Ðàññìîòðèì îòäåëüíî ñëó÷àé, êîãäà îïåðàòîð Â åñòü îïåðàòîð êîîðäèíàòû x̂ (ñì. Óð.
(2.54), (2.294) )

x̂φx0(x) = xφx0(x) = x0φx0(x) , (11.25)

φx0(x) = δ(x− x0) , (11.26)

〈φx0|φx1〉 = δ(x0 − x1) . (11.27)

Â ýòîì ñëó÷àå ìàòðèöà ïëîòíîñòè çàïèñûâàåòñÿ, êàê

d(i)
x = 〈φx|ψi〉 = ψi(x) , (11.28)

ρ(x′;x) = ρxx′ =
∑
i

wid
(i)+
x′ d(i)

x =
∑
i

wiψ
+
i (x′)ψi(x) . (11.29)

Çäåñü ìàòðèöåé ïëîòíîñòè îáû÷íî íàçûâàþò ôóíêöèþ ρ(x′;x).

F =
∑
i

wi〈ψi|F̂ |ψi〉 (11.30)

=
∑
i

wi

∫
dxψ+

i (x)F̂ (x)ψ(x) (11.31)

=

∫
dx

[
F̂ (x′)

∑
i

wiψ
+
i (x)ψ(x′)

]
x′=x

(11.32)

=

∫
dx
[
F̂ (x)ρ(x′;x)

]
x′=x

≡ Tr
x

(
F̂ (x)ρ(x′;x)

)
. (11.33)

Â Óð. (11.33) îïåðàòîð F̂ (x) ñíà÷àëà äåéñòâóåò íà ïåðåìåííûå x, çàòåì ïåðåìåííàÿ x′

êëàä¼òñÿ ðàâíîé x (x′ = x), çàòåì ïðîèçâîäèòñÿ èíòåãðèðîâàíèå (âçÿòèå ñëåäà) ïî ïåðå-
ìåííîé x.

11.2 Ñâîéñòâà ìàòðèöû ïëîòíîñòè. Ñòàòèñòè÷åñêèé îïå-

ðàòîð

Â ïðåäûäóùåì ïàðàãðàôå ìû ââåëè ìàòðèöó ïëîòíîñòè (ñì. Óð. (11.23), (11.29))

ρmn =
∑
i

wid
(i)∗
n d(i)

m , (11.34)

ρ(x′;x) =
∑
i

wiψ
+
i (x′)ψi(x) . (11.35)
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Ìàòðèöà ïëîòíîñòè åñòü ýðìèòîâñêàÿ ìàòðèöà

ρ+
mn = ρ∗nm =

∑
i

wid
(i)
m d

(i)∗
n = ρmn , (11.36)

ρ(x′;x)∗ =
∑
i

wiψ
t
i(x
′)ψ∗i (x) =

∑
i

wiψ
+
i (x)ψi(x

′) = ρ(x′;x) . (11.37)

Ðàññìîòðèì ôèçè÷åñêèé ñìûñë äèàãîíàëüíûõ ýëåìåíòîâ ìàòðèöû ïëîòíîñòè

ρnn =
∑
i

wid
(i)∗
n d(i)

n =
∑
i

wi|d(i)
n |2 . (11.38)

Ââåä¼ì îïåðàòîð ïðîåêöèè íà ñîñòîÿíèå φn

P̂n = |φn〉〈φn| (11.39)

P̂n|f〉 = 〈φn|f〉 · |φn〉 (11.40)

P̂+
n = P̂n , P̂ 2

n = P̂n . (11.41)

Óð. (11.41) ïîêàçûâàþò, ÷òî îïåðàòîð P̂n ÿâëÿåòñÿ ïðîåêòîðîì (ñì. Óð. (2.155)).
Ðàññìîòðèì ñðåäíèå çíà÷åíèÿ îïåðàòîðà P̂n â èññëåäóåìîì íàìè ñìåøàííîì ñîñòîÿíèè

(ñì. Óð. (11.15))

Pn =
∑
i

wi(Pn)i (11.42)

(Pn)i = 〈ψi|P̂n|ψi〉 = 〈ψi|φn〉〈φn|ψi〉 = |d(i)
n |2 . (11.43)

Ïîëó÷àåì, ÷òî ñðåäíåå çíà÷åíèå ïðîåêòîðà P̂n, íà ñìåøàííîì ñîñòîÿíèè èìååò âèä

Pn =
∑
i

wi|d(i)
n |2 = ρnn . (11.44)

Ôèçè÷åñêèé ñìûñë ρnn � âåðîÿòíîñòü òîãî, ÷òî ïðè èçìåðåíèè ñèñòåìà áóäåò îáíàðóæåíà
â ñîñòîÿíèè φn.

Ôèçè÷åñêèé ñìûñë ρ(x, x) � ïëîòíîñòü âåðîÿòíîñòè íàéòè ÷àñòèöó â òî÷êå x.

Ðàññìîòðèì íîðìèðîâêó ìàòðèöû ïëîòíîñòè (ñì. Óð. (11.3), (11.16))

∑
n

ρnn =
∑
n

∑
i

wi|d(i)
n |2 =

(∑
i

wi

)(∑
n

|d(i)
n |2
)

= 1 , (11.45)∑
n

ρnn = Tr(ρ̂) = 1 . (11.46)
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Â ñëó÷àå, êîãäà Â = x̂, íîðìèðîâêà âûãëÿäèò, êàê∫
dx ρ(x;x) =

∫
dx
∑
i

wi|ψ(i)(x)|2 =

(∑
i

wi

)∫
dx |ψ(i)(x)|2 = 1 . (11.47)

Ðàññìîòðèì, êàê â òåðìèíàõ ìàòðèöû ïëîòíîñòè ìîæíî îïèñàòü ÷èñòîå ñîñòîÿíèå.
Ïóñòü ÷èñòîå ñîñòîÿíèå îïèñûâàåòñÿ âîëíîâîé ôóíêöèåé ψi0

ψ = ψi0 , (11.48)

âîçüì¼ì ñëåäóþùèé íàáîð âåðîÿòíîñòåé

wi0 = 1 (11.49)

wi 6=i0 = 0 (11.50)

wi = δi,i0 . (11.51)

Òîãäà ìàòðèöà ïëîòíîñòè ïðèìåò âèä

ρpuremn =
∑
i

wid
(i)∗
n d(i)

m = d(i0)∗
n d(i0)

m . (11.52)

Ðàññìîòðèì ñîñòîÿíèå, îïèñûâàåìîå ψi0 , â A-ïðåäñòàâëåíèè

ψi0(r) =
∑
n

d(i0)
n φn(r) ⇐⇒ d(i0) : (d(i0))n = d(i0)

n , (11.53)

ãäå ìû ââåëè áåñêîíå÷íîìåðíûé âåêòîð

d(i0) = (d
(i0)
1 , d

(i0)
2 , d

(i0)
3 , · · · ) . (11.54)

Ïîëó÷àåì, ÷òî âîëíîâàÿ ôóíêöèÿ ψi0 è âåêòîð d
(i0) îïðåäåëÿþòñÿ äðóã ÷åðåç äðóãà.

Ìû âèäèì, ÷òî â ñëó÷àå ÷èñòîãî ñîñòîÿíèÿ ψi0 ìàòðèöó ïëîòíîñòè ìîæíî çàïèñàòü
êàê ïðÿìîå ïðîèçâåäåíèå ôóíêöèé ψi0 â A-ïðåäñòàâëåíèè

ρpuremn = (d(i0) ⊗ d(i0)+)mn = d(i0)
m d(i0)∗

n = d(i0)∗
n d(i0)

m . (11.55)

Â ñëó÷àå, êîãäà Â = x̂, ìàòðèöà ïëîòíîñòè, îïèñûâàþùàÿ ÷èñòîå ñîñòîÿíèå ñ âîëíîâîé
ôóíêöèåé ψi0 , èìååò âèä

ρpure(x′;x) = ψ+
i0

(x′)ψi0(x) . (11.56)

439



Â ñëó÷àå ÷èñòîãî ñîñòîÿíèÿ ìàòðèöà ïëîòíîñòè ÿâëÿåòñÿ ïðîåêòîðîì

((ρpure)2)mn =
∑
k

ρmkρkn =
∑
k

d
(i0)∗
k d(i0)

m d(i0)∗
n d

(i0)
k = d(i0)∗

n d(i0)
m

∑
k

d
(i0)∗
k d

(i0)
k (11.57)

= d(i0)∗
n d(i0)

m = ρpuremn . (11.58)

Óáåäèìñÿ, ÷òî â ñëó÷àå ñìåøàííîãî ñîñòîÿíèÿ ìàòðèöà ïëîòíîñòè íå ÿâëÿåòñÿ ïðîåê-
òîðîì (ñì. Óð. (11.16))

(ρ2)mn =
∑
k

ρmkρkn =
∑
k

(∑
i

wid
(i)∗
k d(i)

m

) (∑
i′

wi′d
(i′)∗
n d

(i′)
k

)
(11.59)

=
∑
i,i′

wiwi′d
(i′)∗
n d(i)

m

∑
k

d
(i)∗
k d

(i′)
k =

∑
i,i′

wiwi′d
(i′)∗
n d(i)

m δi,i′ (11.60)

=
∑
i

w2
i d

(i)∗
n d(i)

m , (11.61)

ρmn =
∑
i

wid
(i)∗
n d(i)

m . (11.62)

×òîáû èìåëî ìåñòî ðàâåíñòâî (ρ2)mn = ρmn, íåîáõîäèìî âûïîëíåíèå

w2
i = wi , ∀i , (11.63)

wi = 0 èëè wi = 1 . (11.64)

Èç íîðìèðîâêè âåðîÿòíîñòåé ∑
i

wi = 1 (11.65)

ñëåäóåò, ÷òî òîëüêî îäíà âåðîÿòíîñòü èç {wi} îòëè÷íà îò íóëÿ, ïóñòü ýòî áóäåò wi0 = 1.
Ïîëó÷àåì, ÷òî ðàâåíñòâî (ρ2)mn = ρmn áóäåò èìåòü ìåñòî òîëüêî äëÿ ÷èñòîãî ñîñòîÿíèÿ,
ñîîòâåòñòâåííî, äëÿ ñìåøàííîãî ñîñòîÿíèÿ ýòî ðàâåíñòâî íå èìååò ìåñòî.

Ìàòðèöà ïëîòíîñòè ρmn îïðåäåëÿåò ñòàòèñòè÷åñêèé îïåðàòîð ρ̂

〈φm|ρ̂|φn〉 = ρmn , (11.66)

Ê =
∑
n

|φm〉〈φm| , (11.67)

ρ̂|f〉 = Êρ̂Ê|f〉 (11.68)

=

(∑
m

|φm〉〈φm|

)
ρ̂

(∑
n

|φn〉〈φn|

)
|f〉 (11.69)

=
∑
mn

|φm〉ρmn〈φn|f〉 . (11.70)
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Â ñëó÷àå, êîãäà Â = x̂, ìàòðèöà ïëîòíîñòè, îïèñûâàþùàÿ ÷èñòîå ñîñòîÿíèå ñ âîëíîâîé
ôóíêöèåé ψi0 , èìååò âèä (φx0(x) = δ(x− x0))

〈φx|ρ̂|φx′〉 = ρ(x′;x) , (11.71)

Ê =

∫
dx |φx〉〈φx| , (11.72)

ρ̂f(x) = 〈φx|Êρ̂Ê|f〉 =

∫
dx′
∫
dx′′ 〈φx|φx′′〉〈φx′′ |ρ̂|φx′〉〈φx′|f〉 (11.73)

=

∫
dx′
∫
dx′′ δ(x− x′′)ρ(x′;x′′)f(x′) (11.74)

=

∫
dx′ ρ(x′;x)f(x′) . (11.75)

Èç Óð. (11.58) ñëåäóåò, ÷òî â ñëó÷àå ÷èñòîãî ñîñòîÿíèÿ ñòàòèñòè÷åñêèé îïåðàòîð ÿâ-
ëÿåòñÿ ïðîåêòîðîì

ρ̂2 = ρ̂ , ρ̂+ = ρ̂ . (11.76)

Ýòî âåðíî òîëüêî äëÿ ÷èñòîãî ñîñòîÿíèÿ, êîòîðîå ìû îïèñûâàåì ñîîòâåòñòâóþùåé ìàò-
ðèöåé ïëîòíîñòè èëè ñòàòèñòè÷åñêèì îïåðàòîðîì.

11.3 Ïðèìåðû ÷èñòûõ è ñìåøàííûõ ñîñòîÿíèé ÷àñòèöû

ñî ñïèíîì s = 1/2

Ðàññìîòðèì îïåðàòîð ñïèíà (ñì. ïàðàãðàô 5.7)

ŝ =
1

2
σ , ŝ2 =

3

4
I , (11.77)

ãäå I � åäèíè÷íàÿ ìàòðèöà,

ŝx =
1

2

(
0 1
1 0

)
, ŝy =

1

2

(
0 −i
i 0

)
, ŝz =

1

2

(
1 0
0 −1

)
. (11.78)

Âîëíîâàÿ ôóíêöèÿ ñîñòîÿíèé ñ îïðåäåë¼ííîé ïðîåêöèåé ñïèíà íà îñü z èìååò ñëåäó-
þùóþ ñïèíîðíóþ çàâèñèìîñòü

ŝzχµ = µχµ , (11.79)

χ 1
2

=

(
1
0

)
, χ− 1

2
=

(
0
1

)
(11.80)
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Ðàññìîòðèì ÷èñòîå ñîñòîÿíèå, îïèñûâàåìîå ñëåäóþùåé ôóíêöèåé

χ =
1√
2

(
1
1

)
=

1√
2
χ 1

2
+

1√
2
χ− 1

2
. (11.81)

Çàìåòèì, ÷òî

ŝxχ =
1

2
χ , (11.82)

òî åñòü ýòà ôóíêöèÿ îïèñûâàåò ñîñòîÿíèå, èìåþùåå îïðåäåë¼ííóþ ïðîåêöèþ ñïèíà íà
îñü x.

Ïîñòðîèì ñîîòâåòñòâóþùóþ ìàòðèöó ïëîòíîñòè (ñì. Óð. (11.52), (11.55))

ρ = χ⊗ χ∗ =

 1
2

1
2

1
2

1
2

 , (11.83)

ρnm = (χ)m(χ)∗n . (11.84)

Åù¼ ðàç óáåæäàåìñÿ, ÷òî â ñëó÷àå ÷èñòîãî ñîñòîÿíèÿ ìàòðèöà ïëîòíîñòè � ïðîåêòîð

ρ2 = ρ . (11.85)

sx = Tr(ŝxρ̂) = Tr

1

2

(
0 1
1 0

) 1
2

1
2

1
2

1
2

 (11.86)

=
1

2
Tr

 1
2

1
2

1
2

1
2

 =
1

2
(11.87)

sy = Tr(ŝyρ̂) = Tr

1

2

(
0 −i
i 0

) 1
2

1
2

1
2

1
2

 (11.88)

=
1

2
Tr

 − i
2
− i

2

i
2

i
2

 = 0 (11.89)

sz = Tr(ŝzρ̂) = Tr

1

2

(
1 0
0 −1

) 1
2

1
2

1
2

1
2

 (11.90)

=
1

2
Tr

 1
2

1
2

−1
2
−1

2

 = 0 (11.91)
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Ñïèí íàïðàâëåí ïî îñè x.
Ðàññìîòðèì ñìåøàííîå ñîñòîÿíèå

ρ =

 1
2

0

0 1
2

 (11.92)

ρ11 ≡ ρ+ 1
2
,+ 1

2
� âåðîÿòíîñòü òîãî, ÷òî ïðîåêöèÿ ñïèíà íà îñü z ðàâíà +1

2
.

ρ22 ≡ ρ− 1
2
,− 1

2
� âåðîÿòíîñòü òîãî, ÷òî ïðîåêöèÿ ñïèíà íà îñü z ðàâíà −1

2
.

ρ2 =

 1
4

0

0 1
4

 6= ρ (11.93)

sx = Tr(ŝxρ̂) = Tr

1

2

(
0 1
1 0

) 1
2

0

0 1
2

 (11.94)

=
1

2
Tr

 0 1
2

1
2

0

 = 0 (11.95)

sy = Tr(ŝyρ̂) = Tr

1

2

(
0 −i
i 0

) 1
2

0

0 1
2

 (11.96)

=
1

2
Tr

 0 − i
2

i
2

0

 = 0 (11.97)

sz = Tr(ŝzρ̂) = Tr

1

2

(
1 0
0 −1

) 1
2

0

0 1
2

 (11.98)

=
1

2
Tr

 1
2

0

0 −1
2

 = 0 (11.99)

Îðèåíòàöèÿ ñïèíà õàîòè÷íà.
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11.4 Êâàíòîâîå óðàâíåíèå Ëèóâèëëÿ

Ìàòðèöà ïëîòíîñòè îïèñûâàåò êâàíòîâîñòàòèñòè÷åñêèå ñîñòîÿíèÿ ñèñòåìû, ïîýòîìó äîëæ-
íà, êàê è âîëíîâàÿ ôóíêöèÿ, óäîâëåòâîðÿòü ôóíäàìåíòàëüíîìó óðàâíåíèþ.

Ðàññìîòðèì ðàçëîæåíèå âîëíîâûõ ôóíêöèé i-ûõ ñîñòîÿíèé (ñì. (11.1)) ïî ñîáñòâåí-
íûì ôóíêöèÿì ýðìèòîâñêîãî îïåðàòîðà Â (ñì. (11.12))

ψi(r, t) =
∑
k

a
(i)
k (t)φk(r) . (11.100)

Âîëíîâûå ôóíêöèè ψi äîëæíû óäîâëåòâîðÿòü óðàâíåíèþ Øð¼äèíãåðà

i~
∂

∂t
ψi(r, t) = Ĥψi(r, t) . (11.101)

Ïðåäñòàâèì â ýòîì óðàâíåíèè ôóíêöèè ψi â âèäå ðàçëîæåíèÿ (11.100)

i~
∑
k

∂a
(i)
k (t)

∂t
φk(r) =

∑
k

a
(i)
k (t)Ĥφk(r) (11.102)

∫
drφ+

n (r)i~
∑
k

∂a
(i)
k (t)

∂t
φk(r) =

∫
drφ+

n (r)
∑
k

a
(i)
k (t)Ĥφk(r) (11.103)

i~
∑
k

∂a
(i)
k (t)

∂t
δnk =

∑
k

a
(i)
k (t)

∫
drφ∗n(r)Ĥφk(r) (11.104)

i~
∂a

(i)
n (t)

∂t
=

∑
k

a
(i)
k (t)Hnk . (11.105)

Ìû ââåëè ìàòðèöó

Hnk =

∫
dr φ+

n (r)Ĥφk(r) . (11.106)

Àíàëîãè÷íûì îáðàçîì ìîæíî ïîëó÷èòü óðàâíåíèå

−i~∂a
(i)∗
n (t)

∂t
=

∑
k

a
(i)∗
k (t)H∗nk =

∑
k

a
(i)∗
k (t)Hkn . (11.107)

Óð. (11.105) ìîæíî ðàññìàòðèâàòü êàê óðàâíåíèå Øð¼äèíãåðà â Â ïðåäñòàâëåíèè.
Ïðè âûâîäå óðàâíåíèÿ äëÿ ìàòðèöû ïëîòíîñòè îãðàíè÷èìñÿ ñëó÷àåì, êîãäà wi =

const, íå çàâèñÿò îò âðåìåíè

ρmn(t) =
∑
i

wia
(i)∗
n (t)a(i)

m (t) , (11.108)

444



i~
∂ρmn
∂t

=
∑
i

wii~
∂

∂t
a(i)∗
n (t)a(i)

m (t) (11.109)

=
∑
i

wi

(
i~
∂a

(i)∗
n (t)

∂t
a(i)
m (t) + a(i)∗

n (t)i~
∂a

(i)
m (t)

∂t

)
(11.110)

=
∑
i

wi

(
−
∑
k

a
(i)∗
k (t)Hkna

(i)
m (t) + a(i)∗

n (t)
∑
k

Hmka
(i)
k (t)

)
(11.111)

=
∑
k

(−ρmkHkn +Hmkρkn) (11.112)

= [Ĥ, ρ̂]mn . (11.113)

Ìû ïîëó÷àåì êâàíòîâîå óðàâíåíèå Ëèóâèëëÿ äëÿ ìàòðèöû ïëîòíîñòè

i~
∂ρmn
∂t

= [Ĥ, ρ̂]mn (11.114)

è äëÿ ñîîòâåòñòâóþùåãî ñòàòèñòè÷åñêîãî îïåðàòîðà

i~
∂ρ̂

∂t
= [Ĥ, ρ̂] . (11.115)

11.5 Ìàòðèöà ïëîòíîñòè ïîäñèñòåìû

Ðàññìîòðèì ñëó÷àé, êîãäà èçó÷àåìàÿ íàìè ñèñòåìà ÿâëÿåòñÿ ïîäñèñòåìîé áîëüøîé ñè-
ñòåìû. Ïóñòü ïåðåìåííûå x

x = x1, x2, x3, . . . (11.116)

îòâå÷àþò íàøåé ïîäñèñòåìå, à ïåðåìåííûå X

X = X1, X2, X3, . . . (11.117)

îòâå÷àþò îñòàëüíîé ÷àñòè áîëüøîé ñèñòåìû. Òàêèì îáðàçîì, áîëüøàÿ ñèñòåìà îïèñûâà-
åòñÿ âîëíîâîé ôóíêöèåé ψ(x,X) èëè ìàòðèöåé ïëîòíîñòüþ ρ(x,X;x′,X ′).

Ïóñòü íàøà ïîäñèñòåìà âçàèìîäåéñòâóåò ñ îñòàëüíîé ÷àñòüþ áîëüøîé ñèñòåìû è, òåì
ñàìûì, íå ìîæåò èìåòü âîëíîâóþ ôóíêöèþ. Ðàññìîòðèì, êàê å¼ ìîæíî îïèñàòü ñ ïîìî-
ùüþ ìàòðèöû ïëîòíîñòè.

Ïóñòü íàñ èíòåðåñóþò ñðåäíèå çíà÷åíèÿ âåëè÷èíû F , îòâå÷àþùåé îïåðàòîðó F̂ (x),
êîòîðûé äåéñòâóåò òîëüêî íà ïåðåìåííûå íàøåé ïîäñèñòåìû

F = 〈ψ|F̂ (x)|ψ〉 =

∫
dx

∫
dX ψ+(x,X)F̂ (x)ψ(x,X) . (11.118)
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Ââåä¼ì ìàòðèöó ïëîòíîñòè äëÿ íàøåé ïîäñèñòåìû, êàê

ρ(x′;x) =

∫
dX ψ+(x′,X)ψ(x,X) , (11.119)

òîãäà ñðåäíåå çíà÷åíèå âåëè÷èíû F ìîæíî çàïèñàòü, êàê

F = 〈ψ|F̂ (x)|ψ〉 =

∫
dx
[
F̂ (x)ρ(x′;x)

]
x′=x

. (11.120)

Åñëè áîëüøàÿ ñèñòåìà îïèñûâàåòñÿ ìàòðèöåé ïëîòíîñòè ρ(x,X;x′,X ′), òî ñðåäíåå
çíà÷åíèå âåëè÷èíû F ìîæíî ïðåäñòàâèòü, êàê

F =

∫
dx

∫
dX

[
F̂ (x)ρ(x′,X ′;x,X)

]
x′=x,X′=X

. (11.121)

Ââåä¼ì ìàòðèöó ïëîòíîñòè äëÿ íàøåé ïîäñèñòåìû, êàê

ρ(x′;x) =

∫
dX ρ(x′,X;x,X) , (11.122)

òîãäà ñðåäíåå çíà÷åíèå âåëè÷èíû F îïÿòü áóäåò äàâàòüñÿ Óð. (11.120)

F =

∫
dx
[
F̂ (x)ρ(x′;x)

]
x′=x

. (11.123)

Ïóñòü ìû èìååì ýðìèòîâñêèé îïåðàòîð, äåéñòâóþùèé òîëüêî íà ïåðåìåííûå íàøåé
ïîäñèñòåìû (x),

Â(x)φn(x) = anφn(x) , (11.124)

〈φn|φm〉 =

∫
dxφ+

n (x)φm(x) = δnm . (11.125)

Ïóñòü ñîñòîÿíèå íàøåé ïîäñèñòåìû õàðàêòåðèçóåòñÿ êâàíòîâûì ÷èñëîì n (çíà÷åíèåì
ôèçè÷åñêîé âåëè÷èíû an), òîãäà ýòîìó ñîñòîÿíèþ áóäåò îòâå÷àòü ôóíêöèÿ φn(x). Ýòà
ôóíêöèÿ íå ÿâëÿåòñÿ âîëíîâîé ôóíêöèåé, òàê êàê îíà íå óäîâëåòâîðÿåò óðàâíåíèþ Øð¼-
äèíãåðà (òàê êàê íàøà ïîäñèñòåìà íå çàìêíóòà, ó íå¼ íåò ãàìèëüòîíèàíà).

Ïóñòü ìû òàêæå èìååì ýðìèòîâñêèé îïåðàòîð, äåéñòâóþùèé òîëüêî íà ïåðåìåííûå
îñòàâøåéñÿ ÷àñòè ñèñòåìû (X),

B̂(X)φ̃N(X) = bN φ̃N(X) , (11.126)

〈φ̃N |φ̃M〉 =

∫
dX φ̃+

N(X)φ̃M(X) = δNM . (11.127)
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Ïóñòü ñîñòîÿíèå îñòàâøåéñÿ ÷àñòè áîëüøîé ñèñòåìû õàðàêòåðèçóåòñÿ êâàíòîâûì ÷èñëîì
N (çíà÷åíèåì ôèçè÷åñêîé âåëè÷èíû BN), òîãäà ýòîìó ñîñòîÿíèþ áóäåò îòâå÷àòü ôóíêöèÿ
ΦN(X).

Â êà÷åñòâå ïîëíîãî íàáîðà ôóíêöèé ïåðåìåííûõ (x,X) âîçüì¼ì ñëåäóþùèå ôóíêöèè

ΦnN(x,X) = φn(x)φ̃N(X) (11.128)

〈ΦnN |ΦmM〉 =

∫
dx

∫
dX Φ+

nN(x,X)ΦmM(x,X) = δnmδNM . (11.129)

Íàáîð ôóíêöèé {ΦnN(x,X)} ýêâèâàëåíòåí íàáîðó ôóíêöèé {φn(x)} â Óð. (11.12).
Ðàññìîòðèì îïåðàòîð F̂ (x), êîòîðûé äåéñòâóåò òîëüêî íà ïåðåìåííûå ìàëîé ïîäñè-

ñòåìû

FnN,mM =

∫
dx

∫
dX φ+

n (x)φ̃+
N(X)F̂ (x)φm(x)φ̃M(X) (11.130)

=

∫
dxφ+

n (x)F̂ (x)φm(x)

∫
dX φ̃+

N(X)φ̃M(X) (11.131)

=

∫
dxφ+

n (x)F̂ (x)φm(x)δNM (11.132)

= Fnm δNM , (11.133)

ãäå Fnm � ìàòðè÷íûé ýëåìåíò îïåðàòîðà F̂ (x), âû÷èñëåííûé íà ôóíêöèÿõ ìàëîé ïîäñè-
ñòåìû

Fnm =

∫
dxφ+

n (x)F̂ (x)φm(x) . (11.134)

Ïóñòü íàì çàäàíà ìàòðèöà ïëîòíîñòè áîëüøîé ñèñòåìû ρsysmM,nN (îíà çàäàíà â ïðåä-

ñòàâëåíèè îïåðàòîðîâ Â(x) è B̂(X)), òîãäà ñðåäíåå çíà÷åíèå âåëè÷èíû F (åé îòâå÷àåò
îïåðàòîð F̂ (x)) ìîæíî çàïèñàòü, êàê (ñì. Óð. (11.24))

F = Tr
mM

(ρ̂sysF̂ ) =
∑
mM

∑
nN

ρsysmM,nNFnN,mM (11.135)

=
∑
mM

∑
nN

ρsysmM,nNFnm δNM (11.136)

=
∑
mn

Fnm
∑
N

ρsysmN,nN . (11.137)

Ìàòðèöåé íàøåé ïîäñèñòåìû ÿâëÿåòñÿ ñâ¼ðòêà ìàòðèöû ïëîòíîñòè áîëüøîé ñèñòåìû ïî
èíäåêñàì îñòàâøåéñÿ ïîäñèñòåìû

ρmn =
∑
N

ρsysmN,nN . (11.138)
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Ñîîòâåòñòâåííî, ñòàòèñòè÷åñêèì îïåðàòîðîì íàøåé ïîäñèñòåìû ÿâëÿåòñÿ ñâ¼ðòêà ñòàòè-
ñòè÷åñêîãî îïåðàòîðà áîëüøîé ñèñòåìû ïî èíäåêñàì îñòàâøåéñÿ ïîäñèñòåìû

ρ̂ = Tr
N

(ρ̂sys) . (11.139)

Ñðåäíåå çíà÷åíèå âåëè÷èíû F (îïåðàòîðà íàøåé ïîäñèñòåìû F̂ (x)) âûðàæàåòñÿ ÷åðåç
ñòàòèñòè÷åñêèé îïåðàòîð íàøåé ïîäñèñòåìû, êàê

F = Tr
n

(ρ̂F̂ ) . (11.140)
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Ãëàâà 12

Ââåäåíèå â òåîðèþ ìîëåêóë

20.05.2022

12.1 Àäèàáàòè÷åñêîå ïðèáëèæåíèå (ïðèáëèæåíèå Áîðíà-

Îïïåíãåéìåðà)

À.Ñ. Äàâûäîâ, �Êâàíòîâàÿ ìåõàíèêà� (1973), § 129 �Òåîðèÿ àäèàáàòè÷åñêîãî ïðèáëèæå-
íèÿ�.

Ðàññìîòðèì íåðåëÿòèâèñòñêèé ãàìèëüòîíèàí, îïèñûâàþùèé ñèñòåìó ýëåêòðîíîâ è
äâóõ ÿäåð,

Ĥ = T̂R + T̂r + V (r,R) , (12.1)

ãäå R = (R1,R2, . . .) � êîîðäèíàòû ÿäåð, r = (r1, r2, . . .) � êîîðäèíàòû ýëåêòðîíîâ. Ïóñòü
ÿäðà èìåþò çàðÿäû Zα è ìàññû Mα (α = 1, 2, . . .). Îïåðàòîðû T̂R è T̂r � îïåðàòîðû
êèíåòè÷åñêîé ýíåðãèè ÿäåð è ýëåêòðîíîâ

T̂R =
∑
α

P̂ 2
α

2Mα

, P̂α = −i~∇Rα , (12.2)

T̂r =
N∑
i=1

p̂2
i

2me

, (12.3)

V (r,R) � ïîòåíöèàëüíàÿ ýíåðãèÿ êóëîíîâñêîãî âçàèìîäåéñòâèÿ ìåæäó ÷àñòèöàìè

V (r,R) =
∑
α<β

e2ZαZβ
|Rα −Rβ|

+
∑
i<j

e2

|ri − rj|
−
∑
α

∑
i

e2Zα
|Rα − ri|

. (12.4)

Ïåðâûå äâà ÷ëåíà îïèñûâàþò êóëîíîâñêîå îòòàëêèâàíèå ìåæäó ÿäðàìè è îòòàëêèâàíèå
ìåæäó ýëåêòðîíàìè, ñîîòâåòñòâåííî. Ïîñëåäíèé ÷ëåí îïèñûâàåò êóëîíîâñêîå ïðèòÿæåíèå
ìåæäó ýëåêòðîíàìè è ÿäðàìè.
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Çàìåòèì, ÷òî TR � T r, òî åñòü, ÷òî ñðåäíÿÿ êèíåòè÷åñêàÿ ýíåðãèÿ ÿäåð ìíîãî ìåíü-
øå, ÷åì ñðåäíÿÿ êèíåòè÷åñêàÿ ýíåðãèÿ ýëåêòðîíîâ. Äåéñòâèòåëüíî, ñ îäíîé ñòîðîíû ìàñ-
ñû ÿäåð çíà÷èòåëüíî òÿæåëåå ìàññ ýëåêòðîíîâ

Mα ≈ 1823 · Aα ·me , ãäå A = Z +Nneutron� ÷èñëî íóêëîíîâ â ÿäðå . (12.5)

Äëÿ Z = 2 ïîëó÷àåìM ≈ 7×103me. Ñ äðóãîé ñòîðîíû, ýëåêòðîíû äâèæóòñÿ çíà÷èòåëüíî
áûñòðåå ÿäåð. Ìû ïîëó÷àëè îöåíêó äëÿ õàðàêòåðíîãî èìïóëüñà 1s-ýëåêòðîíà (ñì. Óð.
(5.642))

p1s = Z a.u. , p1s = mec αZ . (12.6)

Ìîæíî îöåíèòü ñêîðîñòü ýëåêòðîíîâ êàê v ≈ cαZ. Äëÿ Z = 2, ìû ïîëó÷àåì v ≈ 0.014c ≈
4× 106 m/s.

Òàê êàê ÿäðà äâèæóòñÿ î÷åíü ìåäëåííî, ïîëó÷àåì, ÷òî êèíåòè÷åñêàÿ ýíåðãèÿ ýëåê-
òðîíîâ çíà÷èòåëüíî áîëüøå êèíåòè÷åñêîé ýíåðãèè ÿäåð.

Ïðåäñòàâèì ãàìèëüòîíèàí Óð. (12.1) â âèäå

Ĥ = Ĥ0(R) + T̂R , (12.7)

Ĥ0(R) = T̂r + V (r,R) . (12.8)

Áóäåì ñ÷èòàòü îïåðàòîð êèíåòè÷åñêîé ýíåðãèè ÿäåð (T̂R) âîçìóùåíèåì ê ãàìèëüòîíèàíó
Ĥ0(R).

Ïóñòü ìû ìîæåì íàéòè ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ ãàìèëüòîíèàíà
Ĥ0(R) äëÿ ôèêñèðîâàííûõ ïîëîæåíèé ÿäåð R

Ĥ0(R)ϕn(R, r) = εn(R)ϕn(R, r) , (12.9)

〈ϕn|ϕn′〉 = δn,n′ , 〈ϕε|ϕε′〉 = δ(ε− ε′) . (12.10)

Ãàìèëüòîíèàí Ĥ0(R) ìîæåò èìåòü äèñêðåòíûé è íåïðåðûâíûé ñïåêòð. Çäåñü ñîáñòâåííûå
ôóíêöèè (ϕn(R, r)) è ñîáñòâåííûå çíà÷åíèÿ (εn(R)) çàâèñÿò îò ïîëîæåíèÿ ÿäåð R êàê îò
ïàðàìåòðà. Ôóíêöèè {ϕn(R, r)} îáðàçóþò ïîëíûé íàáîð. Ñîîòâåòñòâåííî, ñîáñòâåííóþ
ôóíêöèþ ïîëíîãî ãàìèëüòîíèàíà

ĤΨν(R, r) = EνΨν(R, r) (12.11)

ìîæíî èñêàòü â âèäå

Ψν(R, r) =
∑
n

Φνn(R)ϕn(R, r) . (12.12)
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Çäåñü çíàê ñóììèðîâàíèå ïîäðàçóìåâàåò òàêæå è èíòåãðèðîâàíèå ïî íåïðåðûâíîìó ñïåê-
òðó. Ïîäñòàâèì Óð. (12.12) â Óð. (12.11)∑

n

ĤΦνn(R)ϕn(R, r) = Eν
∑
n

Φνn(R)ϕn(R, r) . (12.13)

Äîìíîæèì ñëåâà íà ϕ∗m(R, r) è ïðîèíòåãðèðóåì ïî r∑
n

∫
drϕ∗m(R, r)ĤΦνn(R)ϕn(R, r) = Eν

∑
n

Φνn(R)

∫
dr ϕ∗m(R, r)ϕn(R, r) (12.14)

= Eν
∑
n

Φνn(R)δmn (12.15)

= EνΦνm(R) = ξ . (12.16)

Ðàññìîòðèì òåïåðü ëåâóþ ÷àñòü Óð. (12.14)

ξ =
∑
n

(∫
dr ϕ∗m(R, r)Ĥ0(R)Φνn(R)ϕn(R, r) (12.17)

+

∫
dr ϕ∗m(R, r)T̂RΦνn(R)ϕn(R, r)

)
. (12.18)

Âîñïîëüçóåìñÿ Óð. (12.9)

ξ =
∑
n

(
εn(R)Φνn(R)

∫
dr ϕ∗m(R, r)ϕn(R, r) (12.19)

+

∫
dr ϕ∗m(R, r)T̂RΦνn(R)ϕn(R, r)

)
(12.20)

= εm(R)Φνm(R) +

∫
dr ϕ∗m(R, r)T̂RΦνn(R)ϕn(R, r) . (12.21)

Â Óð. (12.19) âîñïîëüçîâàëèñü (12.10). Îïåðàòîð T̂R ñîäåðæèò äâå ïðîèçâîäíûå ïî êî-
îðäèíàòàì ÿäåð. Îò ÿäåðíûõ êîîðäèíàò çàâèñÿò êàê ôóíêöèè Φνn(R), òàê è ϕn(R, r).
Âûäåëèì ÷ëåíû, â êîòîðûõ ïðîèçâîäíûå ïî ÿäåðíûì êîîðäèíàòàì ïàäàþò òîëüêî íà
ôóíêöèè Φνn(R)

ξ = εm(R)Φνm(R) +
∑
n

(∫
dr ϕ∗m(R, r)

{
T̂RΦνn(R)

}
ϕn(R, r) (12.22)

+
∑
α=1,2

∫
dr ϕ∗m(R, r)

(
− ~2

Mα

)
{∇RαΦνn(R)} {∇Rαϕn(R, r)} (12.23)

+
∑
α=1,2

∫
dr ϕ∗m(R, r)

(
− ~2

Mα

)
Φνn(R) {∆Rαϕn(R, r)}

)
. (12.24)
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Ôèãóðíûå ñêîáêè ïîêàçûâàþò, íà ÷òî äåéñòâóþò ïðîèçâîäíûå. Â Óð. (12.22) âîñïîëüçó-
åìñÿ Óð. (12.10) è ñëåäóþùèå äâà ÷ëåíà çàïèøåì ñ ïîìîùüþ îïåðàòîðà Λ̂mn

ξ = εm(R)Φνm(R) + T̂RΦνm(R) (12.25)

+
∑
n

Λ̂mnΦνn(R) . (12.26)

Âûïåøèì îïåðàòîð Λ̂mn â ÿâíîì âèäå

Λ̂mnf(R) =
∑
α=1,2

∫
dr ϕ∗m(R, r)

(
− ~2

Mα

)
{∇Rαf(R)} {∇Rαϕn(R, r)} (12.27)

+
∑
α=1,2

∫
dr ϕ∗m(R, r)

(
− ~2

Mα

)
f(R) {∆Rαϕn(R, r)} (12.28)

Îáúåäèíÿÿ Óð. (12.16) è Óð. (12.25), (12.26), ìû ïðèõîäèì ê óðàâíåíèþ

(T̂R + εm(R))Φνm(R) +
∑
n

Λ̂mnΦνn(R) = EνΦνm(R) . (12.29)

Â ðàìêàõ àäèàáàòè÷åñêîãî ïðèáëèæåíèÿ èëè ïðèáëèæåíèÿ Áîðíà-Îïïåíãåéìåðà îïå-
ðàòîð Λ̂mn ñ÷èòàþò ìàëûì è îòáðàñûâàþò. Ìàëîñòü îïåðàòîðà Λ̂mn îáåñïå÷èâàåòñÿ ìàëî-
ñòüþ∇Rαϕn(R, r), òàê êàê ìû ìîæåì ñ÷èòàòü, ÷òî ýëåêòðîííàÿ ôóíêöèÿ ñëàáî ìåíÿåòñÿ
ïðè ìàëîì èçìåíåíèè ïîëîæåíèé ÿäåð. Óðàâíåíèå íà ôóíêöèè Φνm(R) ïðèíèìàåò âèä
(12.29)

(T̂R + εm(R))Φνm(R) = EνΦνm(R) . (12.30)

Ïîëó÷àåì, ÷òî ôóíêöèÿ Φνm(R) äëÿ êàæäîãîm óäîâëåòâîðÿåò íåçàâèñèìîìó óðàâíåíèþ.
Ñôîðìóëèðóåì àäèàáàòè÷åñêîå ïðèáëèæåíèå èëè ïðèáëèæåíèå

Áîðíà-Îïïåíãåéìåðà ñëåäóþùèì îáðàçîì. Âîëíîâàÿ ôóíêöèÿ ìîëåêóëû (ñèñòåìû ÿäåð
è ýëåêòðîíîâ) ïðåäñòàâëÿåòñÿ â âèäå

Ψν,n(R, r) = Φν,n(R)ϕn(R, r) , (12.31)

ãäå ýëåêòðîííàÿ ôóíêöèÿ ϕn(R, r) óäîâëåòâîðÿåò óðàâíåíèþ Óð. (12.9), â êîòîðì ÿäåð-
íûå êîîðäèíàòû R ÿâëÿþòñÿ ïàðàìåòðàìè, à ôóíêöèÿ Φν,n(R) óäîâëåòâîðÿåò óðàâíåíèþ
Óð. (12.30). Çàìåòèì, ÷òî â Óð. (12.30) ñîáñòâåííîå çíà÷åíèå εn(R) èãðàåò ðîëü ïîòåíöè-
àëà, â êîòîðîì äâèæóòñÿ ÿäðà.

Êâàíòîâûå ÷èñëà n íóìåðóþò ýëåêòðîííûå óðîâíè ýíåðãèè ìîëåêóëû � ôóíêöèè
εn(R). Ïîëîæåíèå ìèíèìóìà ôóíêöèè εn(R) (åñëè îí åñòü äëÿ äàííîãî n) îïðåäåëÿåò
ñðåäíèå êîîðäèíàòû ÿäåð (ðàññòîÿíèÿ ìåæäó ÿäðàìè) â ìîëåêóëå.

Äëÿ ôèêñèðîâàííîãî ýëåêòðîííîãî óðîâíÿ n (òî åñòü ôóíêöèè εm(R)) êâàíòîâûå ÷èñ-
ëà ν íóìåðóþò êîëåáàòåëüíûå óðîâíè ìîëåêóëû.
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Ïðè ó÷¼òå âðàùåíèÿ ìîëåêóëû êîëåáàòåëüíûå óðîâíè ðàñùåïëÿþòñÿ íà âðàùàòåëü-
íûå óðîâíè ìîëåêóë.

Íà Ðèñ. 12.1 ïîêàçàíû äâà ýëåêòðîííûõ óðîâíÿ ýíåðãèè äâóõàòîìíîé ìîëåêóëû êàê
ôóíêöèè ðàññòîÿíèÿ ìåæäó àòîìíûìè ÿäðàìè. Îáå êðèâûå èìåþò ÷¼òêèå ìèíèìóìû,
êîòîðûå îïðåäåëÿþò ïîëîæåíèÿ ðàâíîâåñèÿ ÿäåð � ðàññòîÿíèå ìåæäó ÿäðàìè â ìîëåêóëå.

Ðèñ. 12.1: Äâà ýëåêòðîííûõ óðîâíÿ ýíåðãèè äâóõàòîìíîé ìîëåêóëû (ôóíêöèÿ εn(R)
ïîêàçàíà êàê ôóíêöèÿ ðàññòîÿíèÿ ìåæäó ÿäðàìè, n = 0 � íèæíÿÿ êðèâàÿ, n = 1 �
âåðõíÿÿ êðèâàÿ). Êîëåáàòåëüíûå óðîâíè ìîëåêóëû ïðîíóìåðîâàíû ν ′ è ν ′′. Âåðòè-
êàëüíàÿ ñòðåëêà ïîêàçûâàåò âîçáóæäåíèå ýëåêòðîííî-êîëåáàòåëüíîãî óðîâíÿ.

12.2 Ñèñòåìà äâóõ ýëåêòðîíîâ

Ðàññìîòðèì íåðåëÿòèâèñòñêèé ñëó÷àé, êîãäà ãàìèëüòîíèàí ñèñòåìû äâóõ ýëåêòðîíîâ íå
çàâèñèò îò ñïèíà. Òîãäà ìîæíî ðàññìàòðèâàòü ñîñòîÿíèÿ äâóõ ýëåêòðîíîâ ñ îïðåäåë¼í-
íûì çíà÷åíèåì ñïèíà.

Ïóñòü ãàìèëüòîíèàí èìååò ñëåäóþùèé âèä

Ĥ =
p̂2

1

2me

+ V (r1) +
p̂2

2

2me

+ V (r2) +
e2

|r1 − r2|
, (12.32)

ãäå V (r) � âíåøíåå ïîëå (íàïðèìåð, ïîëå ÿäðà èëè ÿäåð), r1, r2 � ðàäèóñ âåêòîðû ïåðâîãî
è âòîðîãî ýëåêòðîíà, ñîîòâåòñòâåííî. Ïåðâûé è òðåòèé ÷ëåíû îïèñûâàþ êèíåòè÷åñêóþ
ýíåðãèþ ýëåêòðîíîâ. Âòîðîé è ÷åòâ¼ðòûé ÷ëåíû îïèñûâàþò âçàèìîäåéñòâèå ýëåêòðîíîâ
ñ âíåøíèì ïîëåì. Ïîñëåäíèé ÷ëåí îïèñûâàåò êóëîíîâñêîå îòòàëêèâàíèå ìåæäó ýëåêòðî-
íàìè. Çäåñü âàæíî, ÷òî ýòîò ãàìèëüòîíèàí íå çàâèñèò îò ñïèíîâûõ ïåðåìåííûõ.
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Äëÿ íåðåëÿòèâèñòñêîé ÷àñòèöû ñî ñïèíîì s = 1
2
îïåðàòîð ñïèíà èìååò âèä

ŝ =
1

2
σ̂ , (12.33)

ãäå σ � ìàòðèöû Ïàóëè (ñì. Óð. (5.325)). Îòìåòèì, ÷òî ôèçè÷åñêîé âåëè÷èíå � ñïèíó �
ñîîòâåòñòâóåò îïåðàòîð ~ŝ, ãäå ~ � ïîñòîÿííàÿ Ïëàíêà.

Ìû ââîäèì îïåðàòîð êâàäðàòà ñïèíà è îïåðàòîð ïðîåêöèè ñïèíà íà îñü z

ŝ2 = ŝ2
x + ŝ2

y + ŝ2
z =

3

4

(
1 0
0 1

)
, (12.34)

ŝz =
1

2

(
1 0
0 −1

)
. (12.35)

Ñîáñòâåííûå ôóíêöèè îïåðàòîðîâ ŝ2 è ŝz åñòü ñïèíîðû

ŝ2ϕµ =
3

4
ϕµ , ŝzϕµ = µϕµ , (12.36)

ϕ 1
2

=

(
1
0

)
, ϕ− 1

2
=

(
0
1

)
. (12.37)

Â ïàðàãðàôå 5.8 ìû ðàññìàòðèâàëè ïðÿìîå ïðîèçâåäåíèå äâóõ ïðîñòðàíñòâ ñî (ñïè-
íîâûì) ìîìåíòîì s = 1

2
, òî åñòü ìû ðàññìàòðèâàëè ñëîæåíèå äâóõ ñïèíîâ s = 1

2
. Â

îáúåäèí¼ííîì ïðîñòðàíñòâå ìû ââîäèì îïåðàòîð ñïèíà, êàê

Ŝ = ŝ(1) + ŝ(2) . (12.38)

Èñïîëüçóÿ áàçèñíûå ôóíêöèè â ïåðâîì è âòîðîì ïðîñòðàíñòâå

ŝ(1)
z ϕ(1)

µ1
= µ1ϕ

(1)
µ1
, (12.39)

ŝ(2)
z ϕ(2)

µ2
= µ2ϕ

(2)
µ2
, (12.40)

áàçèñíûå ôóíêöèè â îáúåäèí¼ííîì ïðîñòðàíñòâå ìîæíî çàäàòü â âèäå

Φ̃µ1µ2 = ϕ(1)
µ1
ϕ(2)
µ2
, µ1,2 = ±1

2
. (12.41)

Áàçèñíûå ôóíêöèè Φ̃µ1µ2 ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè îïåðàòîðà Ŝz

ŜzΦ̃µ1µ2 = (µ1 + µ2)Φ̃µ1µ2 , (12.42)

íî íå âñå èç íèõ ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè îïåðàòîðà Ŝ2.
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Ìû ïîñòðîèëè ñëåäóþùèå ñîáñòâåííûå ôóíêöèè îïåðàòîðîâ Ŝ2 è Ŝz (ñì. Óð. (5.442)-
(5.451))

Ŝ2ΦS,M = S(S + 1)ΦS,M , (12.43)

ŜzΦS,M = MΦS,M . (12.44)

ΦS=0,M=0 =
1√
2

(
ϕ

(1)

− 1
2

ϕ
(2)
1
2

− ϕ(1)
1
2

ϕ
(2)

− 1
2

)
, (12.45)

ΦS=1,M=1 = ϕ
(1)
1
2

ϕ
(2)
1
2

, (12.46)

ΦS=1,M=0 =
1√
2

(
ϕ

(1)

− 1
2

ϕ
(2)
1
2

+ ϕ
(1)
1
2

ϕ
(2)

− 1
2

)
, (12.47)

ΦS=1,M=−1 = ϕ
(1)

− 1
2

ϕ
(2)

− 1
2

. (12.48)

Ýòè ôóíêöèè òàêæå ìîæíî ïðåäñòàâèòü â âèäå

ΦS=0,M=0 =
1√
2

((
0
1

)(1)(
1
0

)(2)

−
(

1
0

)(1)(
0
1

)(2)
)
, (12.49)

ΦS=1,M=1 =

(
1
0

)(1)(
1
0

)(2)

, (12.50)

ΦS=1,M=0 =
1√
2

((
0
1

)(1)(
1
0

)(2)

+

(
1
0

)(1)(
0
1

)(2)
)
, (12.51)

ΦS=1,M=−1 =

(
0
1

)(1)(
0
1

)(2)

. (12.52)

Óäîáíî çàäàâàòü ñïèíîð â âèäå ôóíêöèè îò äèñêðåòíîé ïåðåìåííîé σ = ±1:

χ(σ) ⇔
(

χ(1)
χ(−1)

)
= χ(1)

(
1
0

)
+ χ(−1)

(
0
1

)
= χ(1)ϕ 1

2
+ χ(−1)ϕ− 1

2
. (12.53)

Äâóõ÷àñòè÷íàÿ ñïèíîðíàÿ ôóíêöèÿ áóäåò èìåòü âèä

X(σ1, σ2) ⇔ X(1, 1)ϕ
(1)
1
2

ϕ
(2)
1
2

+X(−1, 1)ϕ
(1)

− 1
2

ϕ
(2)
1
2

+X(1,−1)ϕ
(1)
1
2

ϕ
(2)

− 1
2

(12.54)

+X(−1,−1)ϕ
(1)

− 1
2

ϕ
(2)

− 1
2

. (12.55)

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ôóíêöèþ ΦS=0,M=0(σ1, σ2) (ñì. Óð. (12.45)):

ΦS=0,M=0(1, 1) = 0 , ΦS=0,M=0(−1, 1) =
1√
2
, (12.56)

ΦS=0,M=0(1,−1) = − 1√
2
, ΦS=0,M=0(−1,−1) = 0 . (12.57)
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Çàìåòèì, ÷òî ôóíêöèÿ ñî ñïèíîì S = 0 (12.45) àíòèñèììåòðè÷íàÿ ïî ïåðåñòàíîâêàì
àðãóìåíòîâ, à ôóíêöèè ñî ñïèíîì S = 1 (12.46)-(12.48) ñèììåòðè÷íûå

ΦS=0,M=0(σ1, σ2) = −ΦS=0,M=0(σ2, σ1) , (12.58)

ΦS=1,M=0,±1(σ1, σ2) = ΦS=1,M=0,±1(σ2, σ1) . (12.59)

Ñîñòîÿíèå ñî ñïèíîì S = 0 íàçûâàþò ñèíãëåòíûì (ñèíãëåò), òàê êàê ïðîåêöèÿ
ñïèíà ìîæåò ïðèíèìàòü òîëüêî îäíî çíà÷åíèå M = 0.

Ñîñòîÿíèÿ ñî ñïèíîì S = 1 íàçûâàþò òðèïëåòíûìè (òðèïëåò), òàê êàê ïðîåêöèÿ
ñïèíà ìîæåò ïðèíèìàòü òðè çíà÷åíèÿ M = 0,±1.

Òàê êàê ìû ðàññìàòðèâàåì ñëó÷àé, êîãäà ãàìèëüòîíèàíû ñèñòåìû äâóõ ýëåêòðîíîâ íå
çàâèñèò îò ñïèíîâûõ ïåðåìåííûõ, âîëíîâûå ôóíêöèè ìîãóò áûòü ïðåäñòàâëåíû â âèäå

Ψ(r1, σ1, r2σ2) = Ψ(r1, r2)Φ(σ1, σ2) . (12.60)

Â ñèëó ïðèíöèïà Ïàóëè âîëíîâûå ôóíêöèè ñèñòåìû äâóõ ýëåêòðîíîâ äîëæíû áûòü ïîë-
íîñòüþ àíòèñèììåòðè÷íûìè ïî ïåðåñòàíîâêàì ïåðåìåííûõ ïåðâîãî è âòîðîãî ýëåêòðîíîâ

Ψ(r1, σ1, r2σ2) = −Ψ(r2, σ2, r1σ1) . (12.61)

Ñîîòâåòñòâåííî, âîëíîâûå ôóíêöèè ñèíãëåòíûõ è òðèïëåòíûõ ñîñòîÿíèé ìîæíî ïðåäñòà-
âèòü â âèäå

ΨS(r1, σ1, r2σ2) = ΨS(r1, r2)ΦS=0,M=0(σ1, σ2) , (12.62)

ΨS(r1, r2) = ΨS(r2, r1) � ñèììåòðè÷íàÿ . (12.63)

ΨT(r1, σ1, r2σ2) = ΨT(r1, r2)ΦS=1,M(σ1, σ2) , (12.64)

ΨT(r1, r2) = −ΨT(r2, r1) � àíòèñèììåòðè÷íàÿ . (12.65)

Òî åñòü êîîðäèíàòíàÿ ôóíêöèÿ ñèíãëåòíîãî ñîñòîÿíèÿ ñèñòåìû äâóõ ýëåêòðîíîâ äîëæ-
íà áûòü ñèììåòðè÷íîé, à êîîðäèíàòíàÿ ôóíêöèÿ òðèïëåòíîãî ñîñòîÿíèÿ äîëæíà áûòü
àíòèñèììåòðè÷íîé. Òîãäà óñëîâèå (12.61) áóäåò âûïîëíåíî

ΨS,T(r1, σ1, r2σ2) = −ΨS,T(r2, σ2, r1σ1) . (12.66)

Ðàññìîòðèì ÷àñòíûé ñëó÷àé: àòîì ãåëèÿ (2He) èëè äâóõýëåêòðîííûé èîí. Îãðàíè÷èì-
ñÿ îäíî÷àòè÷íûì ïðèáëèæåíèåì. Îñíîâíîå ñîñòîÿíèå àòîìà ãåëèÿ èëè äâóõýëåêòðîííîãî
èîíà çàäà¼òñÿ äâóìÿ 1s-ýëåêòðîíàìè (ñì. Óð. (10.49) ). Â ýòîì ñëó÷àå àíòèñèììåòðè÷-
íàÿ êîîðäèíàòíàÿ ôóíêöèÿ, ñîñòàâëåííàÿ èç äâóõ îäèíàêîâûõ 1s-ýëåêòðîííûõ ôóíêöèé
áóäåò ðàâíà íóëþ

Ψa,a(r1, r2) = φa(r1)φa(r1) , a = 1s = (n = 1, l = 0,ml = 0) , (12.67)

ÂΨn,n(r1, r2) = Ψa,a(r1, r2)−Ψa,a(r2, r1) = 0 . (12.68)
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Ñîîòâåòñòâåííî, â ýòîì ñëó÷àå îñíîâíîå ñîñòîÿíèå ìîæåò èìåòü òîëüêî ñïèí S = 0, òî
åñòü îíî ÿâëÿåòñÿ ñèíãëåòîì.

Â ñëó÷àå âîçáóæä¼ííîãî ñîñòîÿíèÿ, ñîñòîÿùåãî èç äâóõ íåýêâèâàëåíòíûõ ýëåêòðîíîâ
(íàïðèìåð, 1s- è 2s-ýëåêòðîíîâ), âîçìîæíû ñîñòîÿíèÿ êàê ñî ñïèíîì S = 0, òàê è ñî
ñïèíîì S = 1.

Â ñëó÷àå âîçáóæä¼ííîãî ñîñòîÿíèÿ, ñîñòîÿùåãî èç äâóõ 2s-ýëåêòðîíîâ, îïÿòü âîçìîæ-
íû ñîñòîÿíèÿ òîëüêî ñî ñïèíîì S = 0.

Áåç äîêàçàòåëüñòâà: ñóììà îðáèòàëüíîãî è ñïèíîâîãî ìîìåíòîâ äâóõýëåêòðîííîé êîí-
ôèãóðàöèè, ñîñòàâëåííîé èç äâóõ ýêâèâàëåíòíûõ ýëåêòðîíîâ (n1 = n2, l1 = l2), äîëæíà
áûòü ÷¼òíîé: L+ S = even. Îðáèòàëüíûé ìîìåíò (L) îïðåäåëÿåòñÿ êîîðäèíàòíîé ôóíê-
öèåé (Ψ(r1, r2)).

12.3 Ìîëåêóëà âîäîðîäà. Êîâàëåíòíàÿ ñâÿçü

[W. Heitler, F. London, Z. Phys. 44, 455 (1927).]

http://dx.doi.org/10.1007/BF01397394

À.Ñ. Äàâûäîâ, �Êâàíòîâàÿ ìåõàíèêà� (1973), § 130 �Ìîëåêóëà âîäîðîäà�.
Ðàññìîòðèì ìîëåêóëó âîäîðîäà, êîòîðàÿ ñîñòîèò èç äâóõ ïðîòîíîâ (A è B) è äâóõ

ýëåêòðîíîâ (1 è 2). Íà Ðèñ. 12.2 ïîêàçàíû ðàñòîÿíèÿ ìåæäó ÷àñòèöàìè.

Ðèñ. 12.2: Ìîëåêóëà âîäîðîäà

Ðàññìîòðèì ìîëåêóëó âîäîðîäà â àäèàáàòè÷åñêîì ïðèáëèæåíèè. Áóäåì ñ÷èòàòü, ÷òî
ÿäðà A è B íàõîäÿòñÿ íà ðàññòîÿíèè R äðóã îò äðóãà. Çäåñü R âûñòóïàåò â ðîëè ïàðà-
ìåòðà. Ïóñòü ïîëîæåíèÿ ïðîòîíîâ îïèñûâàåòñÿ âåêòîðàìè RA è Rb, òîãäàR = |RA−RB|.
Ïîëîæåíèÿ ýëåêòðîíîâ áóäåì îïèñûâàòü âåêòîðàìè r1 è r2. Ãàìèëüòîíèàí ñèñòåìû èìååò
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âèä

Ĥ0(R) =
p2

1

2me

+
p2

2

2me

− e2

|RA − r1|
− e2

|RA − r2|
− e2

|RB − r1|
− e2

|RB − r2|
(12.69)

+
e2

|r1 − r2|
+

e2

|RA −RB|
(12.70)

=
p2

1

2me

+
p2

2

2me

− e2

r1A

− e2

r2A

− e2

r1B

− e2

r2B

+
e2

r12

+
e2

R
, (12.71)

Èíäåêñ 0 ó ãàìèëüòîíèàíà ïîêàçûâàåò, ÷òî â í¼ì îòñóòñòâóþò ÷ëåíû, îïèñûâàþùèå êè-
íåòè÷åñêóþ ýíåðãèþ ÿäåð.

Ýëåêòðîííóþ çàäà÷ó (ñì. Óð. (12.9))

Ĥ0(R)ϕn(R, r1, r2) = εn(R)ϕn(R, r1, r2) , (12.72)

〈ϕn|ϕn′〉 = δn,n′ , 〈ϕε|ϕε′〉 = δ(ε− ε′) (12.73)

áóäåì ðåøàòü ïî òåîðèè âîçìóùåíèé.
Â ïàðàãðàôå § 5.12 ìû èçó÷àëè âîëíîâûå ôóíêöèè 1s-ýëåêòðîíà (ñì. Óð. (5.639)).

Êîîðäèíàòíàÿ ôóíêöèÿ 1s-ýëåêòðîíà èìååò âèä

ψ1s(r) = 2e−r Y00 , (12.74)

ãäå Y00 = 1√
4π

� ñôåðè÷åñêàÿ ôóíêöèÿ Óð. (5.106). Ýòà ôóíêöèÿ íå çàâèñèò îò óãëîâûõ
ïåðåìåííûõ, ñîîòâåòñòâåííî, èíòåãðèðîâàíèå ïî óãëîâûì ïåðåìåííûì áóäåò ñâîäèòüñÿ ê
äîìíîæåíèþ íà 4π.

Ââåä¼ì îäíî÷àñòè÷íûå ãàìèëüòîíèàíû, îïèñûâàþùèå i-ûé ýëåêòðîí â ïîëå ÿäðà, íà-
õîäÿùåãîñÿ â òî÷êå Ra èëè RB, ñîîòâåòñòâåííî,

ĥA(r) =
p̂2

2me

− e2

|RA − r|
, (12.75)

ĥB(r) =
p̂2

2me

− e2

|RB − r|
. (12.76)

Ñîáñòâåííûå ôóíêöèè ýòèõ ãàìèëüòîíèàíîâ, îòâå÷àþùèõ 1s-ñîñòîÿíèþ èìåþò âèä

ψA(r) = 2e−|RA−r|Y00 , Y00 =
1√
4π

(12.77)

ψB(r) = 2e−|RB−r|Y00 . (12.78)

Ìû îïóñòèëè ñïèíîâóþ çàâèñèìîñòü.∫
d3rψ∗A(r)ψA(r) =

∫
d3rψ∗B(r)ψB(r) = 1 . (12.79)

458



ĥA(r)ψA(r) = ε1sψA(r) , (12.80)

ĥB(r)ψB(r) = ε1sψB(r) . (12.81)

Ââåä¼ì òàêæå èíòåãðàë ïåðåêðûòèÿ

K =

∫
d3rψ∗A(r)ψB(r) =

∫
d3rψ∗B(r)ψA(r) = 4

∞∫
0

dr r2e−|RA−r|−|RB−r| . (12.82)

Èíòåãðàë K ìîæíî ïîñ÷èòàòü àíàëèòè÷åñêè

K =

(
1 +R +

R2

3

)
e−R . (12.83)

Ñèíãëåòíîìó è òðèïëåòíîìó ñîñòîÿíèþ îòâå÷àþò ñèììåòðè÷íàÿ è àíòèñèììåòðè÷-
íàÿ ïî ïåðåñòàíîâêàì àðãóìåíòîâ ïåðâîãî è âòîðîãî ýëåêòðîíà êîîðäèíàòíàÿ ôóíêöèÿ
ϕ(0)S,T (R, r1, r2), ñîîòâåòñòâåííî, (ñì. Óð. (12.62)-(12.65) )

ϕ(0)S(R, r1, r2) =
1√

2(1 +K2)
(ψA(r1)ψB(r2) + ψA(r2)ψB(r1)) , (12.84)

ϕ(0)T (R, r1, r2) =
1√

2(1−K2)
(ψA(r1)ψB(r2)− ψA(r2)ψB(r1)) . (12.85)

Ýòè ôóíêöèè íîðìèðîâàíû íà åäèíèöó.∫
d3r1d

3r2 ϕ
(0)S∗(R, r1, r2)ϕ(0)S(R, r1, r2) = (12.86)

=

∫
d3r1d

3r2 ϕ
(0)T∗(R, r1, r2)ϕ(0)T (R, r1, r2) = 1 . (12.87)

Â � 7.1 ìû ñôîðìóëèðîâàëè òåîðèþ âîçìóùåíèé. Èñïîëüçóÿ ôîðìóëû Óð. (7.78),
(7.79), ýíåðãèþ ñ ó÷¼òîì ïåðâîé ïîïðàâêè òåîðèè âîçìóùåíèé ìîæíî ïðåäñòàâèòü â âèäå

En = E(0)
n + ∆E(1)

n (12.88)

= 〈Ψ(0)
n |Ĥ0|Ψ(0)

n 〉+ 〈Ψ(0)
n |V̂ |Ψ(0)

n 〉 (12.89)

= 〈Ψ(0)
n |
(
Ĥ0 + V̂

)
|Ψ(0)

n 〉 = 〈Ψ(0)
n |Ĥ|Ψ(0)

n 〉 . (12.90)

Ïðèìåíèòåëüíî ê íàøåé çàäà÷å, ïîëíîìó (âîçìóù¼ííîìó) ãàìèëüòîíèàíó Ĥ Óð. (12.90)

ñîîòâåòñòâóåò îïåðàòîð Ĥ0(R) Óð. (12.71). Çà íåâîçìóù¼ííûå ôóíêöèè Ψ
(0)
n ïðèìåì ôóíê-

öèè Óð. (12.84), (12.85). Ìû çäåñü íå óêàçûâàåì, êàê ó íàñ âûãëÿäèò íåâîçìóù¼ííûé
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îïåðàòîð Ĥ0 Óð. (12.90) è êàê âûãëÿäèò âîçìóùåíèå V̂ ïî îòäåëüíîñòè. Íåâîçìóù¼ííûå
ôóíêöèè ϕ(0)S(R, r1, r2), ϕ(0)T (R, r1, r2) ìû âçÿëè íå êàê ðåøåíèå êàêîãî-òî íåâîçìóù¼í-
íîãî ãàìèëüòîíèàíà, à íàïèñàëè èõ èç îáùèõ ñîîáðàæåíèé. Òàêîé ïîäõîä ïîçâîëèò íàì
áûñòðî ïîëó÷èòü íåïëîõîé ðåçóëüòàò, íî çàòî ìû íå ñìîæåì ðàññìàòðèâàòü ïîïðàâêè
ñëåäóþùèõ ïîðÿäêîâ.

Óðîâíè ýíåðãèè â ñèíãëåòíîì è òðèïëåòíîì ñîñòîÿíèè (ñ ó÷¼òîì ïîïðàâîê ïåðâîãî
ïîðÿäêà òåîðèè âîçìóùåíèé) èìåþò âèä

εS(R) =

∫
d3r1d

3r2 ϕ
(0)S∗(R, r1, r2)Ĥ0(R)ϕ(0)S(R, r1, r2) , (12.91)

εT (R) =

∫
d3r1d

3r2 ϕ
(0)T∗(R, r1, r2)Ĥ0(R)ϕ(0)T (R, r1, r2) . (12.92)

Ñ ó÷¼òîì Óð. (12.75), (12.76) ãàìèëüòîíèàí (12.71) çàïèñûâàåòñÿ, êàê

Ĥ0(R) = ĥ1 + ĥ2 −
e2

r2A

− e2

r1B

+
e2

r12

+
e2

R
, (12.93)

εS(R) =

∫
dr1dr2ϕ

(0)S+(R, r1, r2)Ĥ0(R)ϕ(0)S(R, r1, r2) (12.94)

=
1

2(1 +K2)

∫
dr1dr2ψ

∗
A(r1)ψ∗B(r2)

(
ĥA(r1) + ĥB(r2)− e2

r2A

− e2

r1B

+
e2

r12

+
e2

R

)
(12.95)

×ψA(r1)ψB(r2) (12.96)

+
1

2(1 +K2)

∫
dr1dr2ψ

∗
A(r2)ψ∗B(r1)

(
ĥA(r1) + ĥB(r2)− e2

r2A

− e2

r1B

+
e2

r12

+
e2

R

)
(12.97)

×ψA(r2)ψB(r1) (12.98)

+
1

2(1 +K2)

∫
dr1dr2ψ

∗
A(r1)ψ∗B(r2)

(
ĥA(r1) + ĥB(r2)− e2

r2A

− e2

r1B

+
e2

r12

+
e2

R

)
(12.99)

×ψA(r2)ψB(r1) (12.100)

+
1

2(1 +K2)

∫
dr1dr2ψ

∗
A(r2)ψ∗B(r1)

(
ĥA(r1) + ĥB(r2)− e2

r2A

− e2

r1B

+
e2

r12

+
e2

R

)
(12.101)

×ψA(r1)ψB(r2) , (12.102)

Çàìåòèì, ÷òî ÷ëåíû (12.95)-(12.98) è (12.99)-(12.102) äàþò îäèíàêîâûé âêëàä.
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εS(R) = 2ε1s +
e2

R
(12.103)

− 1

1 +K2

∫
dr2ψ

∗
B(r2)

e2

r2A

ψB(r2) (12.104)

− 1

1 +K2

∫
dr1ψ

∗
A(r1)

e2

r1B

ψA(r1) (12.105)

+
1

1 +K2

∫
dr1dr2ψ

∗
A(r1)ψ∗B(r2)

e2

r12

ψA(r1)ψB(r2) (12.106)

− 1

1 +K2

∫
dr1dr2ψ

∗
A(r1)ψ∗B(r2)

e2

r2A

ψB(r1)ψA(r2) (12.107)

− 1

1 +K2

∫
dr1dr2ψ

∗
A(r1)ψ∗B(r2)

e2

r1B

ψA(r2)ψB(r1) (12.108)

+
1

1 +K2

∫
dr1dr2ψ

∗
A(r1)ψ∗B(r2)

e2

r12

ψA(r2)ψB(r1) , (12.109)

εT (R) = 2ε1s +
e2

R
(12.110)

− 1

1−K2

∫
dr2ψ

∗
B(r2)

e2

r2A

ψB(r2) (12.111)

− 1

1−K2

∫
dr1ψ

∗
A(r1)

e2

r1B

ψA(r1) (12.112)

+
1

1−K2

∫
dr1dr2ψ

∗
A(r1)ψ∗B(r2)

e2

r12

ψ∗A(r1)ψB(r2) (12.113)

+
1

1−K2

∫
dr1dr2ψ

∗
A(r1)ψ∗B(r2)

e2

r2A

ψB(r1)ψA(r2) (12.114)

+
1

1−K2

∫
dr1dr2ψ

∗
A(r1)ψ∗B(r2)

e2

r1B

ψA(r2)ψB(r1) (12.115)

− 1

1−K2

∫
dr1dr2ψ

∗
A(r1)ψ∗B(r2)

e2

r12

ψA(r2)ψB(r1) , (12.116)

×ëåíû (12.104), (12.105) ó ñèíãëåòíîãî óðîâíÿ ýíåðãèè è (12.111), (12.112) ó òðèïëåò-
íîãî óðîâíÿ ýíåðãèè îïèñûâàþò âçàèìîäåéñòâèå ýëåêòðîíîâ ñ ñîîòâåòñòâóþùèì äàëüíèì
ÿäðîì: 2-îé ýëåêòðîí ñ ÿäðîì A, 1-ûé ýëåêòðîí ñ ÿäðîì B. ×ëåí (12.106) è (12.113) îïèñû-
âàåò êóëîíîâñêîå îòòàëêèâàíèå ìåæäó ýëåêòðîííûìè ïëîòíîñòÿìè |ψA(r1)|2 è |ψB(r2)|2.

×ëåíû (12.107)-(12.109) ó ñèíãëåòíîãî óðîâíÿ ýíåðãèè è (12.114), (12.116) ó òðèïëåò-
íîãî óðîâíÿ ýíåðãèè íàçûâàþòñÿ îáìåííûìè ÷ëåíàìè, ó íèõ íåò êëàññè÷åñêîé èíòåðïðå-
òàöèè. Èõ ïðèñóòñòâèå � ýòî êâàíòîâûé ýôôåêò.
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×ëåíû (12.107)-(12.108) îòðèöàòåëüíû, èõ ìîäóëü ðàñò¼ò ïðè R → 0. Èìåííî ýòè
÷ëåíû îáåñïå÷èâàþò íàëè÷èå ìèíèìóìà ó ñèíãëåòíîãî óðîâíÿ εS(R), òî åñòü ïîëîæåíèå
óñòîé÷èâîãî ðàâíîâåñèÿ. Îáðàçîâàíèå ìîëåêóëû âîäîðîäà âîçìîæíî òîëüêî â ñèíãëåòíîì
ñîñòîÿíèè.

Ãðàôèêè ôóíêöèé ∆εS(R) = εS(R) − 2ε1s è ∆εT (R) = εT (R) − 2ε1s ïðèâåä¼íû íà
Ðèñ. 12.3.

Ðèñ. 12.3: Ìîëåêóëà âîäîðîäà

Ïîëîæåíèå ìèíèìóìà R0 ≈ 1.5 [a.u.] = 1.5 · 0.520 · 10−10 m = 0.8m (òî÷íîå çíà÷åíèå:
R0 ≈ 0.74) äà¼ò ñðåäíåå ðàññòîÿíèå ìåæäó ÿäðàìè â ìîëåêóëå âîäîðîäà. Ýíåðãèÿ äèññîöè-
àöèè ìîëåêóëû âîäîðîäà åñòü ìîäóëü ìèíèìóìà ôóíêöèè ∆εS(R) = εS(R)− 2ε1s ≈ 2.5 eV
(òî÷íîå çíà÷åíèå: ∆εS(R) ≈ 4.5 eV).

Ðàññìîòðèì ýëåêòðîííûå ïëîòíîñòè ñèíãëåòíîãî è òðèïëåòíîãî ñîñòîÿíèé

|ϕ(0)S(R, r1, r2)|2 =
1

2(1 +K2)
|(ψA(r1)ψB(r2) + ψA(r2)ψB(r1))|2 , (12.117)

|ϕ(0)T (R, r1, r2)|2 =
1

2(1−K2)
|(ψA(r1)ψB(r2)− ψA(r2)ψB(r1))|2 . (12.118)

Çàìåòèì, ÷òî äëÿ òðèïëåòíîãî ñîñòîÿíèÿ |ϕ(0)T (R, r, r)|2 = 0, à äëÿ ñèíãëåòíîãî ñîñòîÿ-
íèÿ |ϕ(0)S(R, r, r)|2 6= 0. Ýòî ïðèâîäèò ê òîìó, ÷òî â ñèíãëåòíîì ñîñòîÿíèè ýëåêòðîííàÿ
ïëîòíîñòü èìååò ìàêñèìóì â ìåæúÿäåðíîé îáëàñòè. Â òðèïëåòíîì ñîñòîÿíèè, íàîáîðîò,
â îáëàñòè ìåæäó ÿäðàìè ýëåêòðîííàÿ ïëîòíîñòü î÷åíü ìàëà.
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Ìû âèäèì, ÷òî ýíåðãèè ñèíãëåòíîãî è òðèïëåòíîãî ñîñòîÿíèé îòëè÷àþòñÿ äðóã îò
äðóãà, õîòÿ ñïèíîâûå ïåðåìåííûå â èñõîäíûé ãàìèëüòîíèàí íå âõîäÿò. Ýòî çíà÷èò, ÷òî
ñïèíû ýëåêòðîíîâ, íå ó÷àñòâóþùèå â êàêèõ-ëèáî ñèëîâûõ âçàèìîäåéñòâèÿõ, âëèÿþò íà
ýíåðãèþ ìîëåêóëû. Ýòî âëèÿíèå ïðîÿâëÿåòñÿ â âèäå îáìåííîãî âçàèìîäåéñòâèÿ. Îáìåí-
íîå âçàèìîäåéñòâèå åñòü ÷èñòî êâàíòîâûé ýôôåêò, ïîðîæä¼ííûé â êîíå÷íîì ñ÷¼òå òîæäå-
ñòâåííîñòüþ îäèíàêîâûõ ìèêðî÷àñòèö, ñëåäñòâèåì êîòîðîé ÿâëÿåòñÿ ñèììåòðèÿ ìíîãî-
÷àñòè÷íûõ âîëíîâûõ ôóíêöèé. Ó îáìåííîãî âçàèìîäåéñòâèÿ íåò êëàññè÷åñêèõ àíàëîãîâ,
â ìàêðîìèðå îíî îòñóòñòâóåò.

Äëÿ òðèïëåòà ïîëíàÿ ýíåðãèÿ ñèñòåìû ïðè ñáëèæåíèè ÿäåð ðàñò¼ò. Äëÿ ñèíãëåòà æå
ýòà ýíåðãèÿ ïðè óìåíüøåíèè R óáûâàåò è ïåðåä òåì, êàê íà÷àòü ðàñòè ïðè R → 0,
ïðîõîäèò ÷åðåç ìèíèìóì â òî÷êå R0 6= 0. Îòñþäà ñëåäóåò, ÷òî ìîëåêóëå Í2 îòâå÷àåò
ñèíãëåòíîå ñîñòîÿíèå äâóõ ýëåêòðîíîâ. Òàê âîçíèêàåò ïðèòÿæåíèå ìåæäó íåéòðàëüíûìè
àòîìàìè, òî åñòü õèìè÷åñêàÿ ñâÿçü, êîòîðóþ íàçûâàþò êîâàëåíòíîé.

Ðàññìîòðèì ñëó÷àé ñèíãëåòíîãî ñîñòîÿíèÿ, êîãäà ìîëåêóëà âîäîðîäà ñóùåñòâóåò. Ïî-
ñìîòðèì, êàê áóäóò âåñòè ñåáÿ ýëåêòðîíû, åñëè ïîìåñòèòü èõ â ýëåêòðè÷åñêîå ïîëå äâóõ
ðàçíåñ¼ííûõ â ïðîñòðàíñòâå ÿäåð. Îáà ýëåêòðîíà, î÷åâèäíî, áóäóò ñòðåìèòüñÿ äåðæàòüñÿ
â ìåæúÿäåðíîé îáëàñòè, â öåíòðå ìîëåêóëû, ðåàãèðóÿ íà êóëîíîâñêîå ïðèòÿæåíèå ïðî-
òîíîâ. Õîòÿ êóëîíîâñêîå îòòàëêèâàíèå ñàìèõ ýëåêòðîíîâ áóäåò â êàêîé-òî ìåðå ïðåïÿò-
ñòâîâàòü ýòîìó, ýëåêòðîíû ñôîðìèðóþò îòðèöàòåëüíûé çàðÿä, ðàñïðåäåëåííûé ìåæäó
ÿäðàìè, ïðèòÿãèâàþùèé ýòè ÿäðà è ýêðàíèðóþùèé èõ âçàèìíîå îòòàëêèâàíèå. Â ðå-
çóëüòàòå âîçíèêíåò óñòîé÷èâàÿ ïðîñòðàíñòâåííàÿ êîíôèãóðàöèÿ, îòâå÷àþùàÿ ìîëåêóëå
âîäîðîäà.

Â ñëó÷àå òðèïëåòà ýëåêòðîíû íàõîäÿòñÿ â îäèíàêîâîì ñïèíîâîì ñîñòîÿíèè. Ïîýòîìó
â äîïîëíåíèå ê êóëîíîâñêîìó îòòàëêèâàíèþ çäåñü â äåëî âêëþ÷àþòñÿ ôåðìèåâñêèå àí-
òèêîððåëÿöèè, òî åñòü òåíäåíöèÿ ê ïðåáûâàíèþ â ðàçëè÷íûõ êîîðäèíàòíûõ ñîñòîÿíèÿõ.
Îíà ïðîÿâëÿåòñÿ â ñòðåìëåíèè ýëåêòðîíîâ íàõîäèòüñÿ íà âîçìîæíî áîëüøåì âçàèìíîì
óäàëåíèè. Ýòî ïðèâîäèò ê îòæàòèþ ýëåêòðîíîâ â ïåðèôåðèéíûå îáëàñòè è ê ñèëüíîìó
ðàçðåæåíèþ ýëåêòðîííîãî îáëàêà â ïðîñòðàíñòâå ìåæäó ÿäðàìè. Ýêðàíèðîâêà ìåæú-
ÿäåðíîãî îòòàëêèâàíèÿ ðàäèêàëüíî îñëàáëÿåòñÿ è ñòàíîâèòñÿ íåäîñòàòî÷íîé äëÿ ñòàáè-
ëèçàöèè ñâÿçàííîãî ñîñòîÿíèÿ àòîìîâ. Çàðÿäîâàÿ êîíôèãóðàöèÿ ñèñòåìû ïðèíèìàåò âèä
èñêëþ÷àþùèé îáðàçîâàíèå ìîëåêóëû.
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